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Classroom Resource Materials Editorial Board
Susan G. Staples, Editor

Jennifer Bergner
Caren L. Diefenderfer

Christina Eubanks-Turner
Christopher Hallstrom

Cynthia J. Huffman
Brian Paul Katz

Paul R. Klingsberg
Brian Lins

Mary Eugenia Morley
Philip P. Mummert

Darryl Yong



CLASSROOM RESOURCE MATERIALS

Classroom Resource Materials is intended to provide supplementary classroom material for
students—laboratory exercises, projects, historical information, textbooks with unusual ap-
proaches for presenting mathematical ideas, career information, etc.

101 Careers in Mathematics, 3rd edition edited by Andrew Sterrett
Archimedes: What Did He Do Besides Cry Eureka?, Sherman Stein
Arithmetical Wonderland, Andrew C. F. Liu
Calculus: An Active Approach with Projects, Stephen Hilbert, Diane Driscoll Schwartz, Stan

Seltzer, John Maceli, and Eric Robinson
Calculus Mysteries and Thrillers, R. Grant Woods
Conjecture and Proof, Miklós Laczkovich
Counterexamples in Calculus, Sergiy Klymchuk
Creative Mathematics, H. S. Wall
Environmental Mathematics in the Classroom, edited by B. A. Fusaro and P. C. Kenschaft
Excursions in Classical Analysis: Pathways to Advanced Problem Solving and Undergraduate

Research, by Hongwei Chen
Explorations in Complex Analysis, Michael A. Brilleslyper, Michael J. Dorff, Jane M.

McDougall, James S. Rolf, Lisbeth E. Schaubroeck, Richard L. Stankewitz, and Kenneth
Stephenson

Exploratory Examples for Real Analysis, Joanne E. Snow and Kirk E. Weller
Exploring Advanced Euclidean Geometry with GeoGebra, Gerard A. Venema
Game Theory Through Examples, Erich Prisner
Geometry From Africa: Mathematical and Educational Explorations, Paulus Gerdes
The Heart of Calculus: Explorations and Applications, Philip Anselone and John Lee
Historical Modules for the Teaching and Learning of Mathematics (CD), edited by Victor Katz

and Karen Dee Michalowicz
Identification Numbers and Check Digit Schemes, Joseph Kirtland
Interdisciplinary Lively Application Projects, edited by Chris Arney
Inverse Problems: Activities for Undergraduates, Charles W. Groetsch
Keeping it R.E.A.L.: Research Experiences for All Learners, Carla D. Martin and Anthony

Tongen
Laboratory Experiences in Group Theory, Ellen Maycock Parker
Learn from the Masters, Frank Swetz, John Fauvel, Otto Bekken, Bengt Johansson, and Victor

Katz
Math Made Visual: Creating Images for Understanding Mathematics, Claudi Alsina and Roger

B. Nelsen
Mathematics Galore!: The First Five Years of the St. Marks Institute of Mathematics, James

Tanton
Methods for Euclidean Geometry, Owen Byer, Felix Lazebnik, and Deirdre L. Smeltzer
Ordinary Differential Equations: A Brief Eclectic Tour, David A. Sánchez
Oval Track and Other Permutation Puzzles, John O. Kiltinen
Paradoxes and Sophisms in Calculus, Sergiy Klymchuk and Susan Staples
A Primer of Abstract Mathematics, Robert B. Ash



Proofs Without Words, Roger B. Nelsen
Proofs Without Words II, Roger B. Nelsen
Rediscovering Mathematics: You Do the Math, Shai Simonson
She Does Math!, edited by Marla Parker
Solve This: Math Activities for Students and Clubs, James S. Tanton
Student Manual for Mathematics for Business Decisions Part 1: Probability and Simulation,

David Williamson, Marilou Mendel, Julie Tarr, and Deborah Yoklic
Student Manual for Mathematics for Business Decisions Part 2: Calculus and Optimization,

David Williamson, Marilou Mendel, Julie Tarr, and Deborah Yoklic
Teaching Statistics Using Baseball, Jim Albert
Visual Group Theory, Nathan C. Carter
Which Numbers are Real?, Michael Henle
Writing Projects for Mathematics Courses: Crushed Clowns, Cars, and Coffee to Go, Annalisa

Crannell, Gavin LaRose, Thomas Ratliff, and Elyn Rykken

MAA Service Center
P.O. Box 91112

Washington, DC 20090-1112
1-800-331-1MAA FAX: 1-301-206-9789



Contents

Preface to a Preliminary Edition ix
Introduction xi

0 Review of Arithmetic 1
0.1 Counting Numbers 1
0.2 Integers 13
0.3 Inequalities 18
0.4 Extras 23

1 Divisibility 27
1.1 Basic Properties of Divisibility 27
1.2 The Arithmetic of Divisibility 31
1.3 Divisibility Problems 34
1.4 Extras 38

2 Congruence 45
2.1 The Division Algorithm 46
2.2 Basic Properties and Arithmetic of Congruence 50
2.3 Congruence and Divisibility 54
2.4 Extras 59

3 Common Divisors and Multiples 65
3.1 Greatest Common Divisors and the Euclidean Algorithm 66
3.2 Relatively Prime Numbers 73
3.3 Least Common Multiples 77
3.4 Extras 81

4 Linear Diophantine Equations 91
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Preface to a Preliminary Edition
by Martin Gardner

Andy Liu, since 1980 a distinguished professor of mathematics at the University of Alberta,
Edmonton, Canada, is one of the world’s leading experts in problem solving. He is also noted
for what has been called a “unique ability to present difficult concepts in a clear and logical
manner”. His extremely bright young pupils, of both genders, are constantly winning prizes in
tough mathematics competitions.

Andy has won many awards, the most recent being the 2003 Adrien Pouliot Award from
the Canadian Mathematical Society for his contribution to Canadian mathematics education,
and the 2004 Deborah and Franklin Tepper Haimo Award from the Mathematical Association
of America for his excellence in mathematics teaching. He has edited a Book Review column
for Crux Mathematicorum and a Problem Corner for Math Horizons.

Andy has finally drawn upon his vast experience as a teacher of elementary mathematics
to produce the textbook you now hold—a book that covers everything a talented student would
want to know about arithmetic. The book’s wealth of stimulating problems starts with divisibility
tests—simple rules for every integer up to 12, except 7—to a final chapter on numeration
systems. Along the way are topics not usually found in such textbooks, such as the chapter on
Diophantine Equations. Every problem is clearly stated, and every answer and every proof easy
to understand.

Andy is a great believer in using recreational mathematics to trigger a student’s interest.
An admirer of mathematician/author Lewis Carroll, Andy sprinkled his book liberally with
characters from Alice in Wonderland and Through the Looking Glass, especially in amusing
dialogues between Alice and the Tweedle twins.

Arithmetical Wonderland is a book every teacher of the elementary grades should read and
have on hand. Congratulations, friend Andy, for a difficult task well done!

Norman, Oklahoma, USA,
February, 2009.
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Introduction

We are deeply saddened by the passing of Martin Gardner on May 22, 2010. It is the end of
an era in the world of popular and recreational mathematics. Thus this book is dedicated to his
memory.

Martin’s legacy in popular and recreational mathematics is legendary, though he modestly
insisted that he was not a mathematician but a mathematics journalist. His background was
in literature and philosophy, and his most famous book is The Annotated Alice. In honor of
Martin, we invited the denizens of Lewis Carroll’s Alice in Wonderland and its companion
volume Through the Looking Glass to grace the pages of this volume and guide us through our
mathematical adventures.

We strongly believe that the primary reason many students are having difficulty with
mathematics is that they are bothered by the language of mathematics. By having Alice and the
twins, Tweedledum and Tweedledee, serve as the protagonists in this volume, it is hoped that
the students may find the conversational style less daunting to read than formal mathematics.

Alice and the twins are featured prominently in Chapter Zero, which is intended as assigned
reading. They also introduce us to all subsequent chapters. As the students become more
comfortable with the subject, the conversations recede to the background so as not to be overly
distracting.

We have taken many excerpts from both books, but also bent them to our purpose. We
hope Lewis Carroll would pardon the liberty we had taken, especially in mixing the characters
between the two books. We wish to arouse sufficient interest in the students so that they would
actually read and enjoy these two books, other works of Lewis Carroll, and classical literature
in general.

At the University of Alberta, this book is used as a text for a contents course, offered by the
Faculty of Science, for students in the elementary education program. These students also take
Curriculum and Instruction courses from the Faculty of Education. Although the book has these
students in mind all the time, it does not offer much pedagogical advice. We leave this to
the experts.

Even as a text for a contents course, the book is still somewhat idiosyncratic and unorthodox.
Many instructors may see it more as a classroom resource. Also, because its entry point is set
at the ground level, the book is very suitable for self-study, life-long learning as well as liberal
arts education.

It should be emphasized that we are not trying to teach mathematics in the elementary school
classroom, but what lies behind the subject. It is impossible to satisfy everyone, but much thought

xi



xii Introduction

has been devoted to how we could serve both average students and highly motivated and talented
students.

In the selection of material to be covered, we have restricted our attention to arithmetic
only. This affords an in-depth study, as opposed to a broader coverage that would necessarily be
more superficial. Nevertheless, even within the confines of arithmetic, we have covered a lot of
ground. Thus there are plenty of options in steering through the book.

We have included a lot of proofs, so that our treatment of the subject is on solid ground.
Some of the arguments are given in everyday language. For instance, the introduction to the
Euclidean Algorithm is via selling apples and bananas, and its justification is via the comparison
of two photographs. How much proof should be covered is at the discretion of the instructor.

A cursory scan of the Table of Contents reveals that this book consists of eight chapters,
each divided into four sections. The last section of each chapter is titled Extras and consists of
related optional material, such as the Cancellation Law for the multiplication of congruences in
Section 3.4. With this preamble, we now embark on a quick tour of the text.

Chapter Zero on the Review of Arithmetic may be assigned as reading, or taken up in class
at the beginning of the course. It is there mostly for referencing. Its writing is influenced by the
classic A Survey of Modern Algebra by Garrett Birkoff and Saunders MacLane. Much of the
same ground is covered in greater details in Chapter Seven.

Chapter One on Divisibility is in some sense the soul of this book. The overall discussion
revolves about the concept of division, and this chapter deals with exact division. It contains a
most important result, the Basic Divisibility Theorem, and introduces the standard symbol for
divisibility.

Chapter Two on Congruence deals with inexact division in one way. Traditionally, this topic
comes up much later, largely because of the introduction of a new concept and a new symbol not
often encountered in the school curriculum. Our emphasis is on the relation between divisibility
and congruence. However, we take the position that it can stand on its own as a topic for early
study.

Chapter Three on Common Divisors and Multiples is the heart of this book. Although we
are in general against the proliferation of symbols, we introduce two here that we feel are long
overdue. They are � and �, denoting the greatest common divisor and least common multiple
respectively. Our notations emphasize the fact that they are operations, and the symbolism is
consistent with the logic connectives “and” and “or” that underlie these two concepts.

Chapter Four on Diophantine Equations is essentially an extension of the preceding chapter.
Here students will encounter problems that require a heavy dose of computations. Many students
find this rough going, but once they catch on to the idea that algorithms are mechanical processes
that can be learnt methodically, they feel empowered that they can actually carry out such
seemingly complicated calculations. Section 4 is definitely for the students looking for more.

Chapter Five on Prime Factorizations perhaps comes much later than in most textbooks. In
this we followed the example of the illustrious Euclid, who delayed the discussion of parallelism
until the latest possible moment in his monumental treatise, Elements of Geometry, even though
the concept of parallelism is defined much earlier. Our feeling is that although we can define
prime numbers much earlier on, problems related to prime numbers are on the whole the most
difficult. The Fundamental Theorem of Arithmetic is a powerful tool, but its functioning often
depends on finding prime factorizations of numbers, which is a non-trivial problem.
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Chapter Six on Rational and Irrational Numbers deals with inexact divisions in another
way. Up to this point, we work exclusively with integers. Here we introduce the concept of
fractions and decimals. Many elementary school mathematics teachers are hazy about them,
and this chapter guides them through painstakingly.

Chapter Seven on Numeration Systems returns to the integers under assumed names. In
many ways, this is the easiest of all the chapters. It is not a bad idea to cover this topic last, as we
tend to run out of time towards the end of a course. We deliberately deemphasize conversions
and focus on immersion in other basis. We are not trying to switch to other numeration systems,
but use them to reinforce better understanding of our own.

Each section has 8 examples and 12 exercises. The end of an example is marked by a row
of asterisks. The exercises vary from the routine to the very challenging. Thus there is much
material to choose from when making up assignments. A manual containing the solutions to
even-numbered exercises is available from the publishers.

We have deliberately kept the total number of Theorems to a minimum. We do not call a
result a Theorem unless we have used it on at least one occasion, preferably more. We also give
short names to each Theorem to make it easier for references, while giving a hint of its content.
This is of course another instance of our imitating Euclid.

We have decided not to include a bibliography section, as nowadays most people look things
up on the internet. Our book is reasonably self-contained. Upon a more thorough reading, two
names will emerge in the readers’ mind. Apart from the work of Lewis Carroll and Martin, we
should mention Raymond Smullyan’s fantastic Alice in Puzzleland.

I am grateful to Martin Gardner for his influence on my life and career, for being a regular
correspondent and personal friend over the years, and for writing a Preface to a preliminary
edition of this book. My friends and colleagues Sean Graves, Wanida Hemakul, Cynthia
Huffman, Charles Leytem, Trevor Pasanen, Wen-Hsien Sun and Paul Vaderlind have all
read the manuscript, pointed out numerous typos and made valuable suggestions.

I would also like to thank the following people from the publishers for their positive
reinforcement and valuable support: Carol Baxter, Stephen Kennedy, Beverly Ruedi and
Susan Staples. I am particularly grateful to the ten anonymous reviewers, who have spotted
various typographical errors and, more importantly, made many valuable and constructive
recommendations for improvement. Any remaining errors are the sole responsibility of the
author.

Edmonton, Alberta, Canada.
June, 2015.





0
Review of Arithmetic

“How much basic education do you boys have?” Alice asked the twins.
“Not much,” said Tweedledum.
“Just the three Rs,” said Tweedledee, “Reeling, Writhing and Arithmetic.”
“So you have had some physical education,” said Alice, looking at the boys’ rotund bodies,

“but you are not in shape.”
“We are in shape,” the twins protested together, “even though you may not like the shape

we are in.”
“Oh dear,” said Alice, “it makes me wonder about how much arithmetic you have studied.”
“Just the four basic operations,” said Tweedledum.
Tweedledee elaborated, “Ambition, Distraction, Uglification and Derision.”
“What in the name of heaven are these?” exclaimed Alice. “You boys must start all over

again. I will teach you some proper arithmetic.”
“We are listening,” said the twins.

0.1 Counting Numbers
“Let us start with the very basic. Can you boys count?”

“Of course,” said Tweedledum.
Tweedledee said, “Zero, one, two, three, four, five, six, seven, eight, nine, ten, eleven,

twelve, and so on.”
Alice said, “Very good. These are the counting numbers. We use the Hindu-Arabic symbols

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, and so on.”
“Why is each of ten, eleven and twelve represented by two symbols while each of the others

is represented by only one symbol?” asked Tweedledum.
“A very good question,” said Alice. “We cannot have a single symbol for each number, as

otherwise we will need infinitely many symbols to represent all the numbers. So we settle for
a finite number of symbols, and represent larger numbers with more of the same symbols. We
call a single symbol a digit. How many different digits are there?”

“Ten,” said Tweedledee, “namely, 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9.”
“Very good,” said Alice. “We probably settle for ten digits because we have ten fingers that

we often use for counting. The word digit does mean fingers, or toes.”
“Why is ten represented by 10?” asked Tweedledum. “Ten is not equal to one plus zero.”

1



2 Review of Arithmetic

“An excellent observation,” said Alice. “The one and the zero in 10 are not in the same unit.
Let us call single objects cells. We may have 0, 1, 2, 3, 4, 5, 6, 7, 8 or 9 cells. When we add one
more, we put them in a case that holds ten cells. So 10 means 1 case and 0 cells, 11 means 1
case and 1 cell, 12 means 1 case and 2 cells, and so on. This is called the base ten system.”

“So 99 means 9 cases and 9 cells. What does 100 mean then?” asked Tweedledee.
“When we add one more, we put the ten cells into a case. Now we have ten cases. So we

have to put them in a larger container, which we will call a carton. Similarly, ten cartons fit
into a chest, ten chests fit into a crate, and so on. In base ten, the number of cells is called
the units digit, the number of cases is called the tens digit, the number of cartons is called the
hundreds digit, the number of chests is called the thousands digit, the number of crates is called
the ten-thousands digit, and so on.”

“Now that we get counting sorted out,” said Tweedledum, “are we ready for some real
arithmetic?”

“Indeed we are ready,” said Alice, “to study addition of counting numbers. It combines
two numbers into another number, called their sum. For example, the sum of 3 and 5 is 8, and
we write 3 + 5 = 8.”

“How do we know that?” asked Tweedledum.
Alice drew the following diagram on a piece of paper.

+ 1 2 3 4 5 6 7 8 9

1 2 3 4 5 6 7 8 9 10
2 3 4 5 6 7 8 9 10 11
3 4 5 6 7 8 9 10 11 12
4 5 6 7 8 9 10 11 12 13
5 6 7 8 9 10 11 12 13 14
6 7 8 9 10 11 12 13 14 15
7 8 9 10 11 12 13 14 15 16
8 9 10 11 12 13 14 15 16 17
9 10 11 12 13 14 15 16 17 18

“This is the addition table,” she said. “The numbers under the +sign form the guide column,
and the numbers to the right of the + sign form the guide row. To find the sum of 3 and 5, you
look for the number 3 in the guide column and the number 5 in the guide row. The number at the
intersection of the row containing 3 and the column containing 5, namely 8, will be their sum.”

“This is neat,” said Tweedledee.
Alice continued, “What can you boys observe about the addition table?”
Tweedledum said, “The table is symmetric about the long diagonal that runs from northwest

to southeast.”
“Very good,” said Alice. “This highlights an important property of addition called the

Commutative Law. It says that for any counting numbers a and b, a + b = b + a.”
“I am not too comfortable with a and b,” said Tweedledee. “Don’t they belong to a subject

called algebra?”
“Yes and no,” replied Alice. “Arithmetic and algebra are not two distinct subjects, but are

closely related to each other. In a sense, algebra is a summary of arithmetic. It has been called
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universal arithmetic. If the counting numbers are nouns, then the letters representing them are
just the pronouns.”

“What do you mean?” asked Tweedledum.
“Suppose each of you have a counting number, and I want to find their sum in two ways.

In the first way, I add Tweedledum’s number to Tweedledee’s, and in the second way, I add
Tweedledee’s number to Tweedledum’s number. Would I get the same answer?

“You must,” said Tweedledee, “by the Commutative Law.”
Tweedledum wrote it out on a piece of paper.

Tweedledum’s number + Tweedledee’s number
=Tweedledee’s number + Tweedledum’s number.

He said, “Now I see what you are getting at. If we call my number a and my twin brother’s
number b, then we will have a + b = b + a, which is a much better way of expressing it.”

“Congratulations,” said Alice. “You boys have jumped over a major hurdle. Can you see
how the Addition Table is constructed?”

“Well, column 1 is easy,” said Tweedledee. “We have 1 + 1 = 2, 2 + 1 = 3, and so on. When
you add 1 to a counting number, you are asking for the one that comes immediately after it.”

“Right,” said Alice. “By the way, two numbers are said to be consecutive if one comes
immediately after the other, and a consecutive block of numbers is a block of numbers in which
the first and the second numbers are consecutive, the second number and the third number are
consecutive, and so on.”

“Row 1 is just the same as column 1, said Tweedledee. ‘By my twin brother’s observa-
tion, 1 + 2 = 1 + (1 + 1) = (1 + 1) + 1 = 2 + 1 = 3, 1 + 3 = 1 + (2 + 1) = (1 + 2) + 1 =
3 + 1 = 4, and so on.”

“Excellent,” exclaimed Alice. “I should mention that in shifting the brackets, you have
used another important property about addition called the Associative Law. Because addition
is associative, expressions such as 1+2+3 are meaningful, even though addition is supposed to
combine two numbers at a time. By convention, the operations are performed from left to right,
as though we have (1 + 2) + 3. Now let us get back to the addition table. How do we fill in the
rest of it?”

“We can use the same idea that allows us to fill in row 1,” said Tweedledee. “For instance,
in row 2, by the Associative Law, 2 + 2 = 2 + (1 + 1) = (2 + 1) + 1 = 3 + 1 = 4, 2 + 3 =
2 + (2 + 1) = (2 + 2) + 1 = 4 + 1 = 5, and so on. In fact, each row consists of a block of
consecutive numbers.”

“What else can you boys observe about the addition table?”
“Although all the numbers in the guide column and the guide row are one-digit numbers,”

said Tweedledum, “some of the other numbers have more than one digit.”
“This is a very astute observation,” said Alice. “It leads to a very important concept called

closure. If all the numbers in the addition table are in fact one-digit numbers, then we say that
the numbers 1, 2, 3, 4, 5, 6, 7, 8 and 9 are closed under addition. As we can see, this is not
the case. However, the counting numbers are closed under addition. We have mentioned that
addition combines two numbers into one. Knowing that the counting numbers are closed under
addition, we can define addition as a binary operation on the counting numbers. With closure,
we are guaranteed to have an answer as another counting number.”
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“That is a lot to swallow at one gob, and I will have to think over it. Why don’t we do some
addition now?” said Tweedledum.

“The table allows us to add one-digit numbers provided that the sum is also a one-digit
number,” said Tweedledee. What happens if the sum is greater than 9?”

“Have you boys played the card game called Fish?”
“Is it where you can pick up a card with the number 4 from the table if you play a card with

the number 6 from your hand, or something like that?” asked Tweedledum.
“Yes,” said Alice. “The arithmetic behind it is 1 + 9 = 2 + 8 = 3 + 7 = 4 + 6 = 5 + 5 =

10. The number 10 is important because it is the number base. Whenever you have 10 cells, you
pack them in a case.”

“How does that help me find the sum of 6 and 8, which is greater than 9?” asked Tweedledee.
“When we put 6 cells and 8 cells together, we must pack something in a case. We first put

the 6 cells in an empty case. How many more cells do we have to put in the case in order to fill
it up?”

“We have to put in 4 more,” said Tweedledum, “because 6 + 4 = 10. Aha! I know how to
finish the problem. We have 8 = 4 + 4 from the addition table. If I use the Associative Law, I
will get 6 + 8 = 6 + (4 + 4) = (6 + 4) + 4 = 10 + 4. So I will have 1 case and 4 cells, and the
answer is 14.”

“You are absolutely right,” beamed Alice with approval. “As we explained before, the 1
in your answer means 1 case and the 4 means 4 cells. When a case is filled in the process of
addition, we call it a carry over.”

“Can we do addition of multi-digit numbers in essentially the same way?” asked Tweedledee.
“Of course,” said Alice. “Just remember that when a specific digit of the sum exceeds 10,

the 1 is carried over to the next digit. Instead of referring to them as cells, cases, and so on, we
call them the units digit, the tens digit, the hundreds digit, and so on.”

Tweedledum said, “Give us an example.”
“Try the following,” said Alice.

Example 0.1.1. Compute 1789 + 1492.

Solution Tweedledum said, “I can perform the single-digit additions and then the carrying
over as follows. The answer is 3281.”

Thous Hunds Tens Units
digit digit digit digit

1 7 8 9
+ 1 + 4 + 9 + 2

2 11 17 11

2 1 7 1
+ 1 + 1 + 1

3 2 8 1

Alice said to Tweedledee, “Why don’t you try the next one?”

Example 0.1.2. Compute 1776 + 1066.
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Solution Tweedledee said, “I can perform the single-digit additions and then the carrying
over as follows. The answer is 2842.”

Thous Hunds Tens Units
digit digit digit digit

1 7 7 6
+ 1 + 0 + 6 + 6

2 7 13 12

2 7 3 2
+ 1 + 1

2 8 4 2
“Excellent,” said Alice. “Once you get used to it, you can make the computations more

compact, as follows.”

1 7 8 9 1 7 7 6
+ 1 4 9 2 + 1 0 6 6

3 2 8 1 2 8 4 2

“That saves a lot of paper,” said Tweedledum, “not to mention a lot of writing.”
“What else can you boys observe about the addition table?”
“The numbers in each row and in each column are all different,” remarked Tweedledee.

“This is not much of an observation though, since each row and each column consists of a block
of consecutive counting numbers.”

“Nevertheless,” Alice pointed out, “it highlights yet another important property of addition
called the Cancellation Law. It says that for any counting numbers a, b and c, if we have
a + c = b + c, then we must have a = b.”

“I can see why this is called the Cancellation Law, as we just cancel the common term c,”
said Tweedledum. “However, what has this got to do with my twin brother’s observation?”

Alice explained, “The numbers a + c and b + c both appear in the same column. If they
are the same, then a and b must also be the same by the Cancellation Law. Hence if a and b are
different, so must a + c and b + c be. In other words, the numbers in any column on different
rows are different. Similarly, the numbers in any row on different columns are also different.”

“Why do we not include row 0 or column 0 in the addition table?” Tweedledee
asked.

“A very good question,” said Alice. “The number 0 plays has the special property that the
sum of 0 and any counting number is just the other number. We call it the identity.”

“The number 0 is so boring,” Tweedledum said to Tweedledee. “Let us invent a new
operation and pick a more interesting number as our identity.”

“Great idea!” said Tweedledee. “Let us call it tweedlification, and use the symbol � for it.”
“I choose 3 to be the identity for tweedlification,” declared Tweedledum.
“Oh, no, you don’t,” said Tweedledee. “I choose 7.”
“I chose 3 first!”
“My 7 is bigger!”
Alice found it difficult to intervene in this heated argument, and kept silent. After a while,

the twins felt foolish.
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“Why don’t we have two identities?” proposed Tweedledum.
“Why not?” said Tweedledee, warm to the compromise. “Let us declare both 3 and 7 to be

identities for tweedlification.”
“Oh, no, you don’t,” Alice had to intervene. “Not every operation has an identity, but if

there is one, it is the only one.”
“Says who?” asked both twins in the same breath.
Instead of answering, Alice asked them, “What is 3 � 7 equal to?”
Tweedledum said, “It is equal to 7 because 3 is an identity, so that 3 � 7 = 7.”
Tweedledee said, “It is equal to 3 because 7 is an identity, so that 3 � 7 = 3.”
Alice said, “Are you now saying that 7 = 3?”
The twins were silent for a while. Then they said together, “There can only be one identity,

no matter what the operation is.”
“Says who?” Alice asked quietly.
“Says us!” said the twins. “We have proved that tweedlification can only have one identity.

The funny thing is that we still don’t know what tweedlification is! This is amazing!”
“We are now ready to tackle multiplication of counting numbers,” said Alice. “It is defined

as the addition of a number of copies of a counting number. For instance, 3 × 4 is interpreted as
3 + 3 + 3 + 3 while 4 × 3 is interpreted as 4 + 4 + 4. By convention, the product of a and b is
written as ab, with the multiplication sign omitted. This is because the letter x looks too much
like the multiplication sign. However, × is not omitted if only numbers are involved, because
14 × 53 is not the same as 1453.”

“So,” said Tweedledum, “we can build the multiplication table using addition.”
Tweedledee wrote it down on a piece of paper.

× 1 2 3 4 5 6 7 8 9

1 1 2 3 4 5 6 7 8 9
2 2 4 6 8 10 12 14 16 18
3 3 6 9 12 15 18 21 24 27
4 4 8 12 16 20 24 28 32 36
5 5 10 15 20 25 30 35 40 45
6 6 12 18 24 30 36 42 48 54
7 7 14 21 28 35 42 49 54 63
8 8 16 24 32 40 48 56 64 72
9 9 18 27 36 45 54 63 72 81

“You boys are learning fast,” Alice said with approval. “Like addition, multiplication is also
a binary operation on the counting numbers because the when any two counting numbers are
multiplied, the answer, called the product, is another counting number.”

“I can see from the table that multiplication also satisfies the Commutative Law and the
Cancellation Law, said Tweedledum.

“The Commutative Law, yes,” said Alice, “but you have to be careful about the Cancellation
Law.”
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Before Tweedledum could reply, Tweedledee cut in. “Surely 1 is the identity here, but why
do we include row 1 and column 1 in the table instead of row 0 and column 0?”

“Row 1 and column 1 do not provide much information,” conceded Alice, “but row 0 and
column 0 provide even less.”

“Let me see,” said Tweedledum. “Oh yes, for any counting number a, a0 means adding a
copies of 0, and the sum is always 0.”

“Wait a minute,” Tweedledee said to his twin brother. “Alice just confirmed that multipli-
cation also satisfies the Commutative Law. So 0a = a0. I agree with you that a0 = 0, but why
is 0a = 0? In fact, what does 0a mean? How can we add 0 copies of a?”

“A very good question,” remarked Alice. “First, adding 0 copies of a means performing an
empty sum. By convention, the value of an empty sum is taken to be 0.”

“I am not a conventional person,” said Tweedledum, “and I do not like to take it for granted
just because someone says so. Can you give me a better reason why 0a should be equal to 0?”

“I can,” said Alice, “but not just yet. You must wait until you boys have learned a little
more.”

“We can wait,” said Tweedledee. “We will take your word for now. So why don’t we just
remove all of row 0, column 0, row 1 and column 1 from the multiplication table?”

“We could,” said Alice. “We only keep row 1 and column 1 to make the two tables look
alike.”

“Now I see why you said I should be more careful with the Cancellation Law,” said
Tweedledum. “We have 1 × 0 = 0 = 2 × 0, and yet 1 �= 2.”

“Multiplication satisfies the Cancellation Law with one constraint,” said Alice. “ For any
counting numbers a and b and any non-zero counting number c, if we have ac = bc, then we
must have a = b,”

“If either a or b is 0, we have ab = 0,” Tweedledee remarked. “If ab = 0, must either a or
b be 0?”

“What do you think?” Alice asked Tweedledum.
“Well,” he said, “if a = 0, there is nothing further to prove. Suppose a �= 0. Then ab = 0 =

a0. By the Cancellation Law, we must have b = 0.”
“Does multiplication also satisfy the Associative Law?” asked Tweedledee. “This is not

obvious from the multiplication table.”
“The table indeed gives no indication whether the Associative Law holds, but nevertheless,

it does,” replied Alice, “and expressions such as 1 × 2 × 3 are meaningful. By convention, we
perform the multiplications from left to right, as though we have (1 × 2) × 3.”

“Do we still perform from left to right if both additions and multiplications are present?”
asked Tweedledum.

“No,” replied Alice. “By convention, multiplications are performed before additions, unless
brackets intervene.”

“Like my twin brother, I am not a conventional person either. Is there a reason why
multiplication should be ranked above addition?”

“Yes,” said Alice. ‘It is because the definition of multiplication is based on addition, so that
multiplication is an operation of a higher order than addition. Try the following.”

Example 0.1.3. Compute 1 + 2 × 3.
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Solution “The answer is 9,” said Tweedledee without thinking.
“No,” Tweedledum said to Tweedledee, “you are computing (1 + 2) × 3. Without brackets,

we must first compute 2 × 3 before adding 1. The answer is 7.”

“The multiplication table allows us to multiply single-digit numbers,” said Tweedledum.
“How do we multiply multi-digit numbers?”

“I can,” said Tweedledee. “For instance, 6 × 10 = 60.”
“Yes,” said Tweedledum, “18 × 10 = 180 and 7 × 100 = 700. How do we do it in

general?”
“For this, we need a most important result that involves both addition and multiplication,

called the Distributive Law,” Alice asserted emphatically.
“What does it say?” asked Tweedledee impatiently.
“It says that for any counting numbers a, b and c, a(b + c) = ab + ac. We say that multi-

plication is distributive over addition. Remember earlier we have derived from the Cancellation
Law for multiplication the fact that if ab = 0, then either a = 0 or b = 0. With the Distributive
Law, we can prove that the Cancellation Law also follows from this fact.”

“I think I see how that would go,” said Tweedledum. “Suppose ac = bc and c �= 0. Then
0 = ac − bc = (a − b)c. Since c �= 0, we must have a − b = 0 or a = b.”

“Is addition distributive over multiplication?” asked Tweedledee. “In other words, is it
always true that a + bc = (a + b)(a + c)?”

“What do you boys think?”
“I suspect not,” said Tweedledum, “but I do not know why.”
“Why don’t you try to put some numbers in and see for yourself.”
“Let me see. Suppose I take a = 0, b = 1 and c = 2. Then a + bc = 0 + 1 × 2 = 2. I also

have(a + b)(a + c) = (0 + 1)(0 + 2) = 1 × 2 = 2 also. So it works.”
“Not so fast,” said Tweedledum. “I put in a = 1, b = 2 and c = 3. As we have seen in

Example 0.1.3, a + bc = 1 + 2 × 3 = 7. On the other hand, we have (a + b)(a + c) = (1 +
2)(1 + 3) = 3 × 4 = 12, which is not the same.”

“What you have found is called a counter-example,” said Alice. “It shows that a + bc =
(a + b)(a + c) is not always true, so that addition is not distributive over multiplication.”

“How does this Distributive Law help us multiply multi-digit numbers?” asked Tweedledee.
“Let us say we wish to compute 9 × 24,” said Alice. “Since 24 = 2 × 10 + 4, 9 × 24 =

9 × (2 × 10 + 4) = 9 × 2 × 10 + 9 × 4 = 18 × 10 + 36 = 216.”
“What happens when both numbers are multi-digit numbers?” asked Tweedledum.
“Let us say we wish to compute 72 × 34”, said Alice. “We have

72 × 24 = 72 × (2 × 10 + 4)

= 72 × 2 × 10 + 72 × 4

= (7 × 10 + 2) × 2 × 10 + (7 × 10 + 2) × 4

= 7 × 10 × 2 × 10 + 2 × 2 × 10 + 7 × 10 × 4 + 2 × 4

= 14 × 100 + 4 × 10 + 28 × 10 + 8

= 1728.

In the above computation, we have also used the Associative Law and the Commutative Law.”
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“So,” remarked Tweedledee, “we are computing one digit at a time, much like what we did
with additions of multi-digit numbers.”

“This reminds me of something called the FOIL Rule that I have seen from somewhere,”
said Tweedledum.

“I think it goes like this,” said Tweedledee. “If you want to multiply a + b by c + d, you
take the product of the First term of each factor and get ac. Then you take the product of the
two Outside terms and get ad. Next you take the product of the two Inside terms and get bc.
Finally, you take the product of the Last term of each factor and get bd. The overall product
is the sum of these four terms, namely, ac + ad + bc + bd, which I think is correct. Here is a
diagram to show you what I mean.”

( a + b ) ( c + d )

F L

O
I

“It is correct,” Alice agreed, “because it is just the Distributive Law anyway. There is no
need to memorize a slogan like the FOIL Rule. First, the Distributive Law is very basic, and
it is better to learn to use it properly. Second, the Distributive Law is not all that difficult to
use. Finally, memorizing a slogan without fully understanding it is a very dangerous practice.
Moreover, what would you do if you have to multiple a + b by c + d + e?”

“I guess we will need some sort of TINFOIL Rule then,” laughed Tweedledum. “I see what
you mean, and I agree with all three points you have made.”

“Let us try a multiplication of this form then,” said Alice.

Example 0.1.4. Compute 432 × 65.

Solution Tweedledee said, “Using your method, I get 28080 as the answer, as
follows.”

432 × 65 = 432 × (6 × 10 + 5)

= 432 × 6 × 10 + 432 × 5

= (4 × 100 + 3 × 10 + 2) × 6 × 10 + (4 × 100 + 3 × 10 + 2) × 5

= 4 × 100 × 6 × 10 + 3 × 10 × 6 × 10 + 2 × 6 × 10

+ 4 × 100 × 5 + 3 × 10 × 5 + 2 × 5

= 24 × 1000 + 18 × 100 + 12 × 10 + 20 × 100 + 15 × 10 + 10

= 28080.

Tweedledum complained, “It is not exactly easy to see what is going on, especially if the
number of digits becomes larger.”

“You have a point there,” conceded Alice.
“Why don’t we try to do it like before,” said Tweedledee, “when we were performing

multi-digit addition?”



10 Review of Arithmetic

TenTs Thous Hunds Tens Units
digit digit digit digit digit

4 3 2
× 5 × 5 × 5

20 15 10

4 3 2
× 6 × 6 × 6

24 18 12

0 5 0
2 1 1
4 8 2

+ 2 1 1
2 8 0 8 0

“This is wonderful,” exclaimed Alice. Turning to Tweedledum, she said, “Let us see if you
can do the same with the following.”

Example 0.1.5. Compute 429 × 36.

Solution Tweedledum said, “Using my twin brother’s method, I get the answer 15444.”

TenTs Thous Hunds Tens Units
digit digit digit digit digit

4 2 9
× 6 × 6 × 6

24 12 54

4 2 9
× 3 × 3 × 3

12 6 27

4 2 4
2 1 5
2 6 7

+ 1 2
1 5 4 4 4

“Can’t we make the computations more compact,” asked Tweedledee, “just like we did with
addition?”

“Indeed, we can,” Alice said and wrote down the following.
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4 3 2 4 2 9
× 6 5 × 3 6

2 1 6 0 2 5 7 4
2 5 9 2 1 2 8 7
2 8 0 8 0 1 5 4 4 4

“If the addition of a number of copies of a counting number is multiplication,” asked
Tweedledum, “what is the multiplication of a number of copies of a counting number?”

“It is a binary operation called exponentiation,” said Alice. “For instance, 4 × 4 × 4 is
written as 43, and in general, an denotes the product of n copies of a. As such, it is an operation
of a higher order than multiplication, and is performed before multiplication unless brackets
intervene.”

“I seem to remember that when a number is raised to the second power, the result is its
square,” said Tweedledee.

“I remember that too,” echoed Tweedledum. “Also, when you raise it to the third power,
you get its cube.”

“Good,” said Alice. “Let’s see if you can do cubes. Tweedledee, you work out 13 + 33 + 63,
and Tweedledum, you work out 23 + 43 + 43.”

“I get 13 + 33 + 63 = 1 + 27 + 216 = 244. Hey, it is the number put together from the
three numbers you give my twin brother to be cubed.”

“It is the same for me, because 23 + 43 + 43 = 8 + 64 + 64 = 136,” said Tweedledum.
“This is neat,” said Alice, “isn’t it?”
“Give us another example like that,” pleaded the twins together.
“I am afraid it is the only such example with three digits. However, we do have 13 + 63 +

03 = 217, 23 + 13 + 73 = 352 and 33 + 53 + 23 = 160. Back to more serious issues, does
exponentiation satisfy the Commutative Law?”

“We have 43 = 4 × 4 × 4 = 64,” said Tweedledee. “However, it is not equal to 34 = 3 ×
3 × 3 × 3 = 81. Exponentiation does not satisfy the Commutative Law.”

“Nor does it satisfy the Associative Law,” said Tweedledum, “because we have (23)2 =
82 = 64 while 2(32) = 29 = 512.”

Alice said, “It does have the following property.”

Example 0.1.6. Prove that exponentiation is distributive over multiplication, that is, (ab)n =
anbn for any counting numbers a, b and n.

Solution “Well,” said Tweedledum, “(ab)n is the product of n copies of ab. Since multi-
plication is commutative and associative, we can first form the product of the n copies of a and
then the product of the n copies of b. The final product is indeed anbn .”

“Excellent,” said Alice. “We have had a long day. I hope you boys have learned something.”
“Indeed we have,” said the twins. “Thank you very much.”
“Let us finish with a couple of fun problems then,” said Alice.

Example 0.1.7. Find the smallest counting number whose product with 333 ends in 2014.

Solution “Since the last digit of the product is 4,” said Tweedledum, “the last digit of the
multiplier must be 8.”
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“Now 8 × 333 = 2664,” said Tweedledee. “If we delete the digit 8 from the multiplier,
the new product is 2664 less, and its last digit will be 2. Therefore, the last digit of the new
multiplier must be 5.”

“Now 5 × 333 = 1665,” said Tweedledum. “If we delete the digit 5, the new product is
1665 less, and its last digit will be 7. Therefore, the last digit of the new multiplier must be 9.”

“Now 9 × 333 = 2997,” said Tweedledee. “If we delete the digit 9, the new product will
be 3330. Therefore, 1958 is the smallest counting number whose product with 333 ends in
2014.”

Example 0.1.8. Correct the equation 28 − 62 = 2 by moving one digit. Find four ways of
doing so.

Solution “I have two easy ways,” said Tweedledum. “If we move the second 2 before the
6, or move the 6 after the second 2, we get the correct equation 28 − 26 = 2.”

“That counts as only one way because you end up with the same equation,” said Alice.
“I also have two easy ways,” said Tweedledee. “If we move the second 2 before or after the

third 2, we have 28 − 6 = 22. If we move the 6 after the third 2, we have 28 − 2 = 26.”
“Good,” said Alice. “What is the fourth way?”
“I have it,” exclaimed Tweedledum. “The correct equation is 28 − 22 = 6.”
“That does not work,” said Alice, “because you have moved two digits.”
“You are right,” Tweedledum swallowed.
“This is hard,” said Tweedledee after a while. “Can you give us a hint?”
“All right,” said Alice. “Do not use lateral thinking.”
“Aha!” said the twins together triumphantly, after another while. “We have been moving

digits laterally so far. Using vertical thinking, we get 82 − 62 = 2.”

0.1.1 Exercises
1. Arrange the numbers 1, 2, 3, 4, 5, 6, 7, 8 and 9 in a row so that all of the following conditions

are satisfied:
(1) the sum of 1 and 2 and all the numbers between them is 9;
(2) the sum of 2 and 3 and all the numbers between them is 19;
(3) the sum of 3 and 4 and all the numbers between them is 45;
(4) the sum of 4 and 5 and all the numbers between them is 18.

2. A nine-digit number contains each of the digits 1, 2, 3, 4, 5, 6, 7, 8 and 9 exactly once. Every
two adjacent digits of this nine-digit number form a two-digit product in the multiplication
table. Find this nine-digit number.

3. The weight of a monkey is x and the weight of another monkey is y. As it happens,
x = y. Multiplying both sides by x , we have x2 = xy. Subtracting y2 from both sides,
we have x2 − y2 = xy − y2. This may be rewritten as (x + y)(x − y) = y(x − y), so that
x + y = y. However, this means that x = 0, and therefore y = 0 also! What is wrong with
this argument?

4. The weight of an elephant is x and the weight of a mouse is y. Denote the sum x + y
by 2z. Then x = −y + 2z and x − 2z = −y. Multiplying these two equations, we have
x2 − 2xz = y2 − 2yz. Adding z2 to both sides, we have x2 − 2xz + z2 = y2 − 2yz + z2
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or (x − z)2 = (y − z)2. It follows that x − z = y − z and x = y! What is wrong with this
argument?

5. Prove that aman = am+n for any counting numbers a, m and n.

6. Prove that (am)n = amn for any counting numbers a, m and n.

7. Find all three digit numbers abc equal to a3 + b3 + c3.

8. Find all three digit numbers abc equal to a1 + b2 + c3.

9. Find the smallest counting number whose product with 123 ends in 2004.

10. Find the smallest counting number whose product with 543 ends in 2009.

11. Find one value that may be obtained from the expression 211 − 35 by moving one digit in
three different ways. It is not necessary to move the same digit.

12. Find five values that may be obtained from the expression 26+43 by moving one digit in
two different ways. It is not necessary to move the same digit.

0.2 Integers
“What is the inverse operation of addition?” Alice asked the twins the next day.

“What is an inverse operation?” Tweedledum replied with a question.
“An inverse operation is what will undo the operation. So the inverse of putting your socks

on is taking yours socks off.”
“Then it is subtraction,” said Tweedldee, “even though we have not yet talked about it. Are

you trying to introduce the subject?”
“Indeed I am,” said Alice, “but your answer is strictly speaking incorrect. There are two

ways to look at addition. If you take the addition table as a whole, then it is a binary operation
combining two counting numbers. If you start with 2 and 3 and add them together, you get 5. In
the inverse operation, you start with 5 and should get back 2 and 3.”

“If you start with only a 5, how do we know what we should subtract?” asked Tweedledum.
“Precisely,” replied Alice. “So the inverse operation of addition is not subtraction. Turning

2 + 3 = 5 around yields 5 = 2 + 3. This is called a partition.”
“But 5 = 1 + 4 is also a partition,” Tweedledee complained.
“You are right,” said Alice. “So partition is not the inverse operation of addition either,

because the answer is usually not unique. The inverse operation of addition is not properly
defined.”

“If you ask most people what the inverse operation of addition is,” Tweedledum said, “you
are likely to get subtraction as the answer. Why is that?”

“This is because there is another way to look at addition, as I said just now. If you take the
addition table one column at a time, addition becomes a collection of unary operations.”

“What is a unary operation?” asked Tweedledee.
“A binary operation is one that takes two numbers to produce an answer. A unary operation

is one that takes only one number to produce an answer. Take the third column of the addition
table. It is the unary operation of adding 3. So if you apply this operation to 4, you get the answer
7. If you apply it to 10, you get 13.”
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“I get it,” said Tweedledum. “So the inverse operation of adding 3 is subtracting 3. So my
twin brother wasn’t entirely wrong when he said earlier that subtraction is the inverse operation
of addition.”

“I did say he was only incorrect in a strict sense, when we consider addition as a binary op-
eration. However, he was correct if we interpret addition as a collection of unary operations. The
inverse of each is a specific unary operation of subtraction. Now the binary operation of subtrac-
tion is defined as follows. Let a and b be counting numbers. Then their difference b − a is the
counting number x such that b = a + x . For instance, since 6 = 4 + 2, we say that 6 − 4 = 2.”

“What is 4 − 6 equal to then?” asked Tweedledee. “There is no counting number x such
that 6 + x = 4.”

“You are right. So 4 − 6 is undefined in counting numbers. The counting numbers are not
closed under subtraction.”

“Still, there must be a time when we need to find 4 − 6. How can we patch things up?”
asked Tweedledee.

“We have to add new numbers to the counting numbers. At the moment, we need a number
x that has the property that 6 + x = 4. Cancelling 4 from both sides, we have x + 2 = 0.
Remember that 0 is the additive identity. So the number x is something which we add to 2 to
bring the sum to 0. In other words, it neutralizes 2, and we call it the inverse of 2. In general,
the additive inverse of a number is something which we add to it to make the sum 0. We will
suppress the word additive for now, and just say inverse. We denote the inverse of a by −a.”

“So 4 − 6 = −2 then. Aren’t we using the subtraction symbol for the additive inverse as
well?”

“Yes, you have a point there,” conceded Alice. “However, since the additive inverse is equal
to 0 − a, the notation −a is a reasonable choice.”

“This inverse is a neat thing,” said Tweedledum. “Let’s have inverses for tweedlification.”
“You cannot have inverses unless you have an identity,” remarked Alice.
“We have one,” said Tweedledum. “We have settled our difference of 3 and 7, and as a

compromise, we choose 5 to be the identity for tweedlification.”
“I want 7 to be the inverse of 3,” said Tweedledee.
“Not again!” complained Tweedledum. “I want 11 to be the inverse of 3.”
“Can we have both this time?” Tweedledum asked Alice.
“What do you think?” Alice asked Tweedledee.
“Let me see,” said Tweedledee. “We have 7 = 7 � 5 because 5 is our identity. Since 11

is an inverse of 3, 5 = 3 � 11. Now we want our tweedlification to be associative. Then 7 =
7 � (3 � 11) = (7 � 3) � 11 = 5 � 11 = 11. We cannot have both 7 and 11 as inverses of 3.”

”And we still do not know what tweedlification is!” Tweedledum remarked.
“Amazing!” echoed Tweedledee.
“We now introduce the term integer,” Alice announced solemnly. “An integer is either a

counting number or the inverse of a counting number. Note that the number 0 is its own inverse.
So it is a special number. The counting numbers excluding 0 will now be called the positive
integers, and the inverses of the positive integers will be called the negative integers.”

“So our counting numbers are more or less the positive integers,” said Tweedledum, “except
that 0 is not a positive integer.”

“Correct,” said Alice. “If you throw 0 back in to get the counting numbers, you will have
the non-negative integers.”
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“So if I throw 0 in with the negative integers,” asked Tweedledee, “will I be getting the
non-positive integers then?”

“Indeed you will,” confirmed Alice. “So the integers are divided into three subclasses.
There is a special subclass consisting of 0 all by itself. Then there are the subclasses of positive
integers and negative integers. Each integer belongs to exactly one of these three subclasses.
So now a number has two parts. The numerical part is called its absolute value, to which we
append a positive or a negative sign. More formally, the absolute value of an integer x is denoted
by |x | and defined by |x | = x if x ≥ 0 and |x | = −x if x < 0.”

“So |x | is always non-negative, right?” asked Tweedledum.
“Yes,” replied Alice. “To which subclass would −a belong?”
“The negative integers,” said Tweedledum without thinking.
“You have to be more cautious,” said Tweedledee. “It seems to depend on what a is. If it

is a positive integer, then you are correct. If a is 0, then −a is also 0. If a is negative, I think
−a should be positive. In other words, the inverse of an inverse is the original number. Am I
correct?”

“Absolutely,” beamed Alice. “Try to prove it.”

Example 0.2.1. Prove that −(−a) = a for any integer a.

Solution “Let me see,” said Tweedledum. “The definition of −(−a) is that it is the inverse
of −a. Now −a is the inverse of a, so that a + (−a) = 0. Since addition obeys the Commutative
Law, (−a) + a = 0 so that a is also the inverse of −a. We have already seen that a number can
only have one inverse. Since −(−a) and a are both inverses of −a, they must be equal to each
other.”

“Wonderful,” said Alice. “In our expansion from the counting numbers to the integers, we
want to preserve as many of the basic properties as possible.”

“I think that the integers are closed under both addition and multiplication,” said Tweedle-
dum, “and the two operations still obey the Commutative Laws, the Associative Laws and the
Distributive Law.”

“The Cancellation Laws, on the other hand, are now derivable from the other properties.
Can you see how?”.

Example 0.2.2. Derive the Cancellation Law for addition, given that every integer has an inverse.

Solution “Let a, b and c be integers such that a + b = a + c,” said Tweedledee. “To
justify the cancellation, we must prove that b = c. Here is my reasoning.”

b = 0 + b

= ((−a) + a) + b

= (−a) + (a + b)

= (−a) + (a + c)

= ((−a) + a) + c

= 0 + c

= c.
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“Very good,” nodded Alice. “We are ready to tackle the problem of an empty sum which
we left hanging earlier.”

Example 0.2.3. Prove that a0 = 0 for any integer a.

Solution “Let a be any integer,” said Tweedledum. “By the Distributive Law and the fact
that 0 is the additive identity, 0a + 0a = (0 + 0)a = 0a = 0a + 0. By the Cancellation Law of
Addition, we indeed have 0a = 0.”

“Let us do some computations then,” said Alice. “We know that the sum of 7 and 13 is 20.
What is the sum of −7 and −13?”

“It is −20, of course,” said Tweedledee. “Think of negative integers as owing money. If I
owe someone $7 and later owe an additional $13, my total debt should be $20.”

“That sounds right,” said Tweedledum. “However, I seem to remember from somewhere
that two negatives make a positive, but surely the answer is not 20. What is going on?”

“This is a perfect example of the danger of memorizing a slogan without understanding it,”
Alice remarked. “This particular one applies to multiplication, as we shall see later, and not to
addition. The sum of two negative numbers is the sum of their absolute values with a negative
sign attached.”

“What about the sum of a positive integer and a negative integer?” asked Tweedledee.
“It is the difference of their absolute values, and we attach the sign of the number with the

larger absolute value. For instance, 7 + (−13) = −6 and (−7) + 13 = 6.”
“Do we need a new set of rules for subtraction of integers?” asked Tweedledum.
“Not really,” replied Alice. “By Example 0.2.1, subtracting an integer is just adding the

inverse of that integer. For instance, we have 4 − 6 = 4 + (−6) as well as(−4) − (−6) = (−4) +
6. Try the following.”

Example 0.2.4. Compute 8 + (−17) − 6 − (−4).

Solution “I’ll perform the operations from left to right,” said Tweedledee. “First, we
have 8 + (−17) = −9 because the difference between their absolute values is 17 − 8 = 9.
Since the negative integer has the larger numerical value, we attach the negative sign and get
the answer −9. Now (−9) − 6 = (−9) + (−6) = −15, and the final answer is (−15) − (−4) =
(−15) + 4 = −11.

“What about multiplication then?” asked Tweedledum. “Let us leave 0 alone. Now I know
that the positive integers are closed under multiplication, which means that the product of two
positive integers is another positive integer. What about the product of a positive integer and a
negative integer?”

“It is the product of their absolute values with a negative sign attached.” said Alice. “See if
you can prove this.”

Example 0.2.5. For any integers a and b, (−a)b = −ab.

Solution “Well,” said Tweedledee, “by the Distributive Law, (−a)b + ab = ((−a) + a)b.
Since −a is the inverse of a, (−a) + a = 0. By Example 0.2.3, ((−a) + a)b = 0b = 0. Hence
(−a)b is the inverse of ab. However, so is −(ab) = −ab. It follows that (−a)b = −ab.”
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“Very good,” said Alice. “We are now ready for the final push, the product of two negative
numbers. The slogan Tweedledum mentioned earlier does apply here. It is the product of their
absolute values, with the positive sign attached. This can be proved in more or less the same
way as in Example 0.2.5.”

Example 0.2.6. For any integers a and b, (−a)(−b) = ab.

Solution “We have (−a)(−b) + (−a)b = (−a)((−b) + b) = (−a)0 = 0,” said Tweedle-
dum. Hence (−a)(−b) is the inverse of (−a)b. On the other hand, ab is the inverse of −ab. By
Example 0.2.5, (−a)b = −ab. It follows that (−a)(−b) = ab.”

“I have had enough of these proofs,” said Tweedledee. “Let us do some computations.”
“All right, all right,” said Alice. “Here is one.”

Example 0.2.7. Compute ((−3) − 7) × ((−2) − (−5)).

Solution “Because we are dealing with numbers,” observed Tweedledum, “we do not
need to use the Distributive Law here. I have (−3) − 7 = −10 and (−2) − (−5) = 3. So my
answer is −30.”

“Good,” said Alice. “Let us finish the day with a more challenging problem.”

Example 0.2.8. Exactly one pair of brackets is to be inserted into the expression

2 × 2 − 2 × 2 − 2 × 2 − 2 × 2 − 2 × 2.

The left bracket must come before a 2 and the right bracket after a 2. Determine the largest
possible value of the resulting expression.

Solution “To maximize the overall expression,” said Tweedledee, “we should have a
subtraction sign governing the expression inside the pair of brackets.”

Tweedledum added, “The expression inside should be negative and has as large a numerical
value is possible.”

“This suggests that we may try 2 × 2 − 2 × (2 − 2 × 2 − 2 × 2 − 2 × 2) = 24,” said Twee-
dledee.

“You have the right idea,” said Alice. “However, you can make one minor modification and
obtain an expression greater than 24.”

“Let me see,” Tweedledum mumbled to himself for a little while. Then he brightened and
exclaimed, “I know how to do it. Changing just the end of my twin brother’s expression, I have
2 × 2 − 2 × (2 − 2 × 2 − 2 × 2 − 2) × 2 = 36.”

0.2.1 Exercises
1. What is the inverse operation of “put on your socks and then put on your shoes”?

2. What is the inverse operation of “take the book out of the backpack and open it”?

3. The formula f (x) = 3x + 1 represents a unary operation in which we multiply a number
by 3 and then add 1.
(a) Describe in words the unary operation defined by g(x) = 2x − 3.
(b) Find the value of x for which f (x) = g(x).
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4. The formula f (x) = 4x − 1 represents a unary operation in which we multiply a number
by 4 and then subtract 1.
(a) Describe in words the unary operation defined by g(x) = 3x + 6.
(b) Find the value of x for which f (x) = g(x).

5. Compute ((−3) − (−4)) × (3 + (−8)).

6. Compute (3 − (−7)) × (6 − 3).

7. Compute ((−3) − 6) × ((−3) + (−5)).

8. Compute ((−5) + (−4)) × (7 − (−3)).

9. The sum of two of 1, 2, 4 and 9 minus one of the remaining two numbers is a negative
integer. Find the number of possible values of this negative integer.

10. The sum of two of 1, 2, 3 and 5 minus one of the remaining two numbers is a positive
integer. Find the number of possible values of this positive integer.

11. The digits 1, 2, 3, 4, 5, 6, 7, 8 and 9 are written in a row in that order. Insert three + or
− signs among them to form four multi-digit numbers such that the value of the resulting
expression is 100.

12. The digits 1, 2, 3, 4, 5, 6, 7, 8 and 9 are written in a row in reverse order. Insert three + or
− signs among them to form four multi-digit numbers such that the value of the resulting
expression is 100.

0.3 Inequalities
“My twin brother spoiled my nice new rattle,” Tweedledum complained to Alice a few days
later. “He ought to be punished.”

“I didn’t do it on purpose,” said Tweedledee, “and I have apologized.”
“Well, this sort of things happen, you know,” Alice tried to calm Tweedledum down.
“It is so unfair,” said Tweedledum, somewhat mollified.
“The world is unfair,” Tweedledee remarked. Then he asked Alice, “Is mathematics

fair?”
“Some say it is the fairest subject of all,” laughed Alice. “Seriously, it can’t really be

different from the real world, because it is reflection of it.”
“And yet it is full of equations,” Tweedledum observed. “Why is that?”
“You see,” said Alice, “in order to know what is unfair, you must first know what is fair.

Equations and equalities are just mathematical statements about fairness.”
“Are there mathematical statements about unfairness?” asked Tweededum.
“Indeed there are,” said Alice. “They are called inequalities. Which is greater, 4 or 6?”
“Of course 6 is greater than 4,” said Tweedledee.
“So we write 6 > 4,” said Alice. “We can also turn it around and say that 4 is less than 6,

and write 4 < 6.”
“Are > and < binary operations?” asked Tweedledum.
“They are binary something,” said Alice, “because they involve two numbers. However,

they are not binary operations. A binary operation combines two numbers and yields a third
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number as the result. For statements like 6 > 4 and 4 < 6, we can only determine whether it is
true or false.”

“In other words,” said Tweedledee, “we get a logical answer instead of a numerical answer.”
“Exactly,” Alice nodded. “We call > and < binary relations, and we will come across

more examples later. For now, we have not answered an important question. In fact, we have not
even asked it. Why is 6 > 4?”

“Because 6 is 2 more than 4,” said Tweedledum.
“In other words, we check their difference.” said Alice, “Here, we have 6 − 4 = 2. In

general, let a and b be integers and let d = a − b. If d is positive, then a is greater than b. If
d is negative, then a is less than b. Of course, if d = 0, then we have a = b. Since d is either
positive, 0 or negative, exactly one of a > b, a = b and a < b holds. This property is known
as Trichotomy.”

“I remember seeing the symbols ≥ and ≤,” remarked Tweedledee. “Are they also inequali-
ties?”

“Indeed they are,” confirmed Alice. “If a is less than or equal to b, we write a ≤ b. If a is
greater than or equal to b, we write a ≥ b. Both are binary relations. Try the following.”

Example 0.3.1. Determine whether each of the following is true or false:

(a) 11 ≥ 5; (b) 11 > −5; (c) −11 ≤ 5; (d) 5 < 5.

Solution

(a) “Since 11 − 5 = 6 is a positive integer,” said Tweedledum, “the statement is true.”
(b) “Since 11 − (−5) = 16 is a positive integer,” said Tweedledee, “the statement is true.”
(c) “Since −11−5=−16 is a negative integer,” said Tweedledum, “the statement is true.”
(d) “Since 5 − 5 = 0,” said Tweedledee, “the statement is false.”

“There are three basic properties of inequalities,” said Alice. “We shall express them in
terms of ≤. They could also have been expressed in terms of ≥. The first one is called the
Reflexive Property. It states that for any integer a, a ≤ a.”

“This is obviously true since a − a = 0 for any positive integer a,” said Tweedledum. “It
follows that a ≤ a.”

“The second one is called the Anti-symmetric Property,” said Alice. “It states that for any
integers a and b, if a ≤ b and b ≤ a, then a = b.”

“Well, if a = b, there is nothing to prove,” said Tweedledee. “Otherwise, a ≤ b can only
mean a < b and b ≤ a can only mean b < a. We cannot have both as this would contradict the
Trichotomy Property.”

“A very good piece of reasoning,” praised Alice. “The third one is called the Transitive
Property. It states that for any integers a, b and c, if a ≤ b and b ≤ c, then a ≤ c.”

“Let me see if I can imitate the reasoning of my twin brother,” said Tweedledum. “Now
a ≤ b means either a = b or a < b, and b ≤ c means b = c or b < c. So we have four cases.
In the first case, a = b and b = c, which means that a = c.”

“Can you see that you have just used the Transitive Property for equality?” asked Alice.
“You are right,” said Tweedledum. “Equality clearly satisfies the Reflexive Property, but

does it satisfy the Anti-Symmetric Property?”
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“What do you think?” asked Alice.
Tweedledee jumped in, “It is a rather awkward statement to say that if a = b and b = a,

then a = b, but it is nevertheless true. However, when we have a = b, wouldn’t we automatically
have b = a?”

“Yes,” said Alice. “Equality satisfies the so-called Symmetric Property, which states that
for any integers a and b, if a = b, then b = a.”

“The Anti-symmetric Property must be opposite to the Symmetric Property,” said Twee-
dledum, “but I do not see it.”

“Well, continuing with our use of ≤,” said Alice, “an alternative way to state the Anti-
symmetric Property is as follows. For any integers a and b, if a ≤ b is true, then b ≤ a is false,
unless we have a = b.”

“I see,” said Tweedledee. “Shouldn’t we continue with the proof of the Anti-symmetric
Property?”

“In the second case,” said Tweedledum, “we have a = b and b ≤ c. Substitution yields the
desired result a ≤ c.”

“The third case is exactly the same thing,” observed Tweedledee. “Here we have a ≤ b and
b = c. Substitution does the trick again.”

“In the fourth and last case,” said Tweedledum, “we have a < b and b < c. This means
that there exist positive integers k and � such that a + k = b and b + � = c. Now c = b + � =
(a + k) + �. Since addition is associative, we have c = a + (k + �).”

“Now I see why the Closure Property for addition of positive integers is important,”
remarked Tweedledee.

“Yes,” Tweedledum agreed. “As a sum of two positive integers, k + � is also a positive
integer. This allows us to conclude that a < c. Combining the four cases, we have a ≤ c.”

“Beautifully done,” said Alice. “Inequalities may be manipulated just as equations. Try to
see if you can work that out for yourself.”

Example 0.3.2. If a, b, c and d are integers such that a < b and c < d, is it always true that
a + c < b + d?

Solution “We have a + k = b and c + � = d for some positive integers k and �,” said
Tweedledee. “Now b + d = (a + k) + (c + �) = (a + c) + (k + �) since addition is commuta-
tive and associative. By the Closure Property for addition of positive integers, k + � is also a
positive integer. Hence a + c < b + d is always true.”

Example 0.3.3. If a, b, c and d are integers such that a < b and c < d, is it always true that
a − c < b − d?

Solution “No,” said Tweedledum, “and here is a counter-example. Take a = 3, b = 5,
c = 1 and d = 4. We certainly have a = 3 < 5 = b and c = 1 < 4 = d. However, a − c = 2 >

1 = b − d. Hence a − c < b − d is not always true.”

Example 0.3.4. If a, b, c and d are integers such that a < b and c < d, is it always true that
ac < bd?

Solution “It ought to be true,” mused Tweedledee. “The product of the larger numbers
ought to be greater than the product of the smaller numbers.”
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“I have a counter-example,” said Tweedledum. “Take a = −4, b = −3, c = −2 and d =
−1. We certainly have a = −4 < −3 = b and c = −2 < −1 = d. However, ac = 8 > 3 = bd .
Hence ac < bd is not always true.”

“Nevertheless, Tweedledee does have a point,” said Alice. “However, if we want ac < bd
to be true, we have to put in an additional condition.”

Example 0.3.5. If a, b, c and d are positive integers such that a < b and c < d, prove that
ac < bd.

Solution “Now I see,” said Tweedledee. “We have a + k = b and c + � = d for some
positive integers k and �. It follows that bd = (a + k)(c + �) = ac + (a� + ck + k�) since
multiplication is distributive over addition. Now all of a, c, k and � are positive integers. By the
Closure Property for multiplication of positive integers, a�, ck and k� are all positive integers.
By the Closure Property for addition of positive integers, a� + ck + k� is also a positive integer.
Hence ac < bd is always true.”

“The special case of Example 0.3.5, where c = d,” said Alice, “states that if a < b, then
ac < bc. So we can multiply inequalities by a positive integer. If instead we multiply by a
negative integer, the inequality sign will be reversed.”

“Does the Cancellation Law hold for inequalities?” asked Tweedledum. “In other words, if
ac > bc, can we conclude that a > b?”

“I think it holds when c is a positive integer,” said Tweedledee. “This is because ac < bc
means that 0 < ac − bc = (a − b)c. Since c > 0, we must also have a − b > 0, so that indeed
a > b.”

“I see,” said Tweedledum. “By the same argument, if ac > bc but c is a negative integer,
then a < b instead.”

“Very good, you boys have got it all figured out,” said a pleased Alice. “We can also solve
inequalities just as we solve equations. Try the following.”

Example 0.3.6. Determine all integers k such that −12k ≥ 125.

Solution “Well, −12k decreases as k increases,” said Tweedledum. “If k = −11, then
−12k = 132. If k = −10, then −12k = 120. Now 120 < 125 < 132. Hence −12k ≥ 125 if
and only if k ≤ −11.”

“There is one more property of inequalities,” said Alice. “It is so important that we call it
a principle. The Well-Ordering Principle states that in any non-empty set of positive integers,
there exists a positive integer m such that m < a for any other positive integer a in the set.”

“Can’t we pick them up two at a time and throw away the bigger one?” Tweedledee asked.
“You will get hold of the smallest one at the end.”

“This is only if yours is a finite set,” Alice remarked. “Infinity is a very funny thing, as we
shall have many occasions to learn later. However, I think we have done enough for one day. Let
us finish with some problems involving inequalities.”

Example 0.3.7. A pedestrian walks for 7 hours. In every period of 2 hours duration he walks 5
kilometers. What are the maximum and minimum values of the distance he covers during the 7
hours?
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Solution During the first 6 hours, the pedestrian covers exactly 15 kilometers. During
the remaining 1 hour, he covers at most 5 kilometers. Hence the total distance he covers ranges
from 15 to 20 kilometers. These minimum and maximum values can in fact be attained. For
instance, during alternate hours, the pedestrian either walks 5 kilometers at constant speed or
remains stationary. Then he will indeed cover exactly 5 kilometers in every period of 2 hours
duration. If he walks during the first hour, the total distance he will cover will be 20 kilometers.
If he remains stationary during the first period, the total distance he will cover will be 15
kilometers.

Example 0.3.8. The price of 175 Humpties is more than the price of 125 Dumpties but less than
that of 126 Dumpties. The price of each is an integral number of cents. Is one dollar enough to
buy three Humpties and one Dumpty?

Solution Let the price of a Humpty and a Dumpty be h and d cents respectively, where h
and d are integers. Then 125d < 175h < 126d. Hence 7h > 5d and 25h < 18d. It follows that
7h ≥ 5d + 1 and 25h ≤ 18d − 1. Multiplying the first inequality by 25 and the second by 7, we
have 125d + 25 ≤ 175h ≤ 126d − 7. Hence d ≥ 32. From 7h ≥ 5d + 1, we have 7h ≥ 161 so
that h ≥ 23. Thus 3h + d ≥ 69 + 32 = 101. So one dollar is not enough.

0.3.1 Exercises
1. If a, b, c and d are integers such that a < b and c < d, prove that a − d < b − c.

2. If a, b, c and d are integers such that a < b and c < d, is it always true that b − a < d − c?

3. If a, b, c and d are integers such that a < 0 < b and c < 0 < d, is it always true that
ac < bd?

4. If a, b, c and d are integers such that 0 < a < b and c < 0 < d, is it always true that
ac < bd?

5. Determine all integers k such that 16k > −324.

6. Determine all integers k such that −51k ≤ 621.

7. Each month, a company loses 24 dollars. It will go bankrupt if the accumulated loss reaches
124 dollars. For how many weeks can this company last?

8. An apartment with 678 units is built in a new district in 2014. Each year, starting from
2014, 35 new families move in. In what year will the apartment have to turn new applicants
away?

9. In the first store, you can buy 40 bolts or 60 nuts for one dollar. In the second store, you
can buy 25 bolts and 25 nuts for one dollar. Which store is cheaper if you want to buy 600
bolts and 600 nuts?

10. The cost of 1 apple and 2 bananas is three times the cost of an orange. The cost of 7
apples and 1 banana is eight times the cost of an orange. Which costs more, an apple or a
banana?
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11. Let a ≥ b ≥ c be positive integers such that a + b + c ≤ 10. Prove that a2 + 3b2 + 5c2 ≤
100.

12. Let a ≤ b ≤ c ≤ d be positive integers such that a + b + c + d ≥ 10. Prove that a2 +
3b2 + 5c2 + 7d2 ≥ 100.

0.4 Extras
Alice asked the Queen of Hearts, “Do you know from whom the twins have been learning their
crazy arithmetic?”

“Apart from you, only from the Mock Turtle,” said the Queen. “Haven’t you seen him
yet?”

“No,” said Alice. “I don’t even know what a Mock Turtle is?”
“It is the thing Mock Turtle Soup is made from,” said the Queen.
“I never saw one, or heard of one,” said Alice.
So the Queen asked the Gryphon, an ugly creature with scales, wings, claws and a tail, to

take Alice to see the Mock Turtle.
“I understand that you have been stuffing the twins’ heads with crazy arithmetic,” said

Alice. “What teaching qualifications do you have?”
“When I was little, I went to school in the sea,” said the Mock Turtle, “everyday—”
“I’ve been to a day school, too,” said Alice. “You needn’t be so proud as all that,”
“With extras?” asked the Mock Turtle, a little anxiously,
“Yes,” said Alice. “I learned French and music.”
“And washing?” asked the Mock Turtle.
“Certainly not!” said Alice indignantly.
“Ah! Then yours wasn’t a really good school,” said the Mock Turtle in a tone of great relief.

“Now, at mine, they had French, music and washing—extra.”
“You couldn’t have wanted it much,” said Alice, “living at the bottom of the sea.”
“I couldn’t afford to learn it,” said the Mock Turtle with a sigh. “I only took the regular

course.”
“What was that?” inquired Alice.
“Reeling and Writhing, of course, to begin with,” the Mock Turtle replied, “and then the

different branches of Arithmetic—Ambition, Distraction, Uglification and Derision.”
Alice was silent for a while, but her curiosity drove her on. “What else had you to learn?”
“Well, there was Mystery,” the Mock Turtle replied, counting off the subjects on his

flappers—“Mystery, Ancient and Modern, with Seaography; then Drawling, Stretching and
Fainting in Coils.”

“And how many hours a day did you do lessons?”
“Ten hours the first day,” said the Mock Turtle, “nine the next, and so on.”
“What a curious plan!” exclaimed Alice.
“That is the reason they are called lessons,” the Gryphon remarked, “because they lessen

from day to day.”
Alice passed over that one and asked, “What are Ambition, Distraction, Uglification and

Derision anyway?”
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“These are new operations to help us understand ordinary arithmetic. For instance, the
Ambition of an integer a and another integer b is denoted by a ⊕ b, and defined by a ⊕ b =
ab + a + b. The following question was on our test. See if you can do it.”

Example 0.4.1. Compute 7 ⊕ 3.

Solution “That is easy,” exclaimed Alice. “We have 7 ⊕ 3 = 7 × 3 + 7 + 3 = 31.”

The Mock Turtle was so surprised by Alice’s quickness that he moved onto the next
operation. “The Distraction of an integer b from another integer a is denoted by a 	 b, and
defined by a 	 b = ab + a − b. Try this.”

Example 0.4.2. Compute 7 	 3.

Solution “This is easy too,” Alice said. “We have 7 	 3 = 7 × 3 + 7 − 3 = 25.”

“You are quick with numbers,” conceded the Gryphon.
Pleased, Alice turned to the Mock Turtle and asked, “Now tell me what Uglification is.”
“The Uglification of an integer a by another integer b,” answered the Mock Turtle, “is

denoted by a ⊗ b, and defined by a ⊗ b = (a + b)(a + b). See if you can do this one.”

Example 0.4.3. Compute 7 ⊗ 3.

Solution “No trouble at all,” Alice said confidently, “because 7 ⊗ 3 = (7 + 3)(7 + 3) =
100.”

“The Derision of an integer a by another integer b,” the Mock Turtle continued, “is denoted
by a � b, and defined by a � b = (a + b)(a − b). Can you do this?”

Example 0.4.4. Compute 7 � 3.

Solution “Well, 7 � 3 = (7 + 3)(7 − 3) = 40,” said Alice. “I see that I have just been
wasting my time. I am not learning anything new.”

Ambition, distraction, uglification and derision are artificially defined operations and have
no practical value. However, because we are not familiar with them, they can be used to test our
understanding of the basic properties of operations.

Example 0.4.5.

(a) Determine whether ambition is commutative.
(b) Determine whether uglification is commutative.

Solution

(a) To say that ambition is commutative means a ⊕ b = b ⊕ a for all integers a and b.We have
a ⊕ b = ab + a + b = ba + b + a = b ⊕ a because ordinary addition and multiplication
are commutative.

(b) Similarly, a ⊗ b = (a + b)(a + b) = (b + a)(b + a) = b ⊗ a, so that uglification is also
commutative.
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Example 0.4.6.

(a) Determine whether ambition is associative.
(b) Determine whether uglification is associative.

Solution

(a) To say that ambition is associative means (a ⊕ b) ⊕ c = a ⊕ (b ⊕ c) for all integers a, b
and c. We have

(a ⊕ b) ⊕ c = (ab + a + b) ⊕ c

= (ab + a + b)c + (ab + a + b) + c

= abc + ac + bc + ab + a + b + c.

This expression is symmetric with respect to a and c. Hence ambition is associative.
(b) To say that uglification is associative means (a ⊗ b) ⊗ c = a ⊗ (b ⊗ c) for all integers a, b

and c. Take a = b = 1 and c = 2. Then a ⊗ b = (1 + 1)(1 + 1) = 4 and (a ⊗ b) ⊗ c =
(4 + 2)(4 + 2) = 36. On the other hand, b ⊗ c = (1 + 2)(1 + 2) = 9 and a ⊗ (b ⊗ c) =
(1 + 9)(1 + 9) = 100. Since 36 �= 100, uglification is not associative.

Example 0.4.7.

(a) Determine whether ambition has an identity.
(b) Determine whether uglification has an identity.

Solution

(a) To say that ambition has an identity e means a ⊕ e = a for any integer a. Clearly, a ⊕ 0 =
a0 + a + 0 = a so that 0 is an identity.

(b) To say that uglification has an identity e means a ⊗ e = a for any integer a. If a = 0,
then 0 = (0 + e)(0 + e) = e2 so that e can only be equal to 0. However, if a = 2, then
(2 + 0)(2 + 0) = 4 �= 2. Hence uglification does not have an identity.

Example 0.4.8.

(a) Determine whether uglification is distributive over ambition.
(b) Determine whether uglification is distributive over distraction.

Solution

(a) To say that uglification is distributive over ambition means that for all integers a, b and c,
a ⊗ (b ⊕ c) = (a ⊗ b) ⊕ (a ⊗ c). Take a = b = c = 1. Then b ⊕ c = 1 × 1 + 1 + 1 = 3
and a ⊗ (b ⊕ c) = (1 + 3)(1 + 3) = 16. On the other hand, a ⊗ b = a ⊗ c = (1 + 1)(1 +
1) = 4 and (a ⊗ b) ⊕ (a ⊗ c) = 4 × 4 + 4 + 4 = 24. Since 16 �= 24, uglification is not
distributive over ambition.

(b) To say that uglification is distributive over distraction means that for all integers a, b
and c, a ⊗ (b 	 c) = (a ⊗ b) 	 (a ⊗ c). Take a = b = c = 1. Then b 	 c = 1 × 1 + 1 −
1 = 1 and a ⊗ (b ⊕ c) = (1 + 1)(1 + 1) = 4. On the other hand, a ⊗ b = a ⊗ c = (1 + 1)
(1 + 1) = 4 and (a ⊗ b) 	 (a ⊗ c) = 4 × 4 + 4 − 4 = 16. Since 4 �= 16, uglification is not
distributive over distraction.
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0.4.1 Exercises
1. Compute (−3) ⊕ 7.

2. Compute (−3) 	 7.

3. Compute (−3) ⊗ 7.

4. Compute (−3) � 7.

5. Determine whether distraction is commutative.

6. Determine whether derision is commutative.

7. Determine whether distraction is associative.

8. Determine whether derision is associative.

9. Determine whether distraction has an identity.

10. Determine whether derision has an identity.

11. Determine whether derision is distributive over ambition.

12. Determine whether derision is distributive over distraction.
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Divisibility

Alice asked Tweedledum and Tweedledee what 6 divided by 3 was. Both twins said 2, but Alice
said, “Wrong!”

They stared at Alice as though she had been munching mushrooms again. After a while,
Tweedledum asked timidly, “What is the right answer then?”

Alice took out six tarts she bought from the Queen of Hearts. She said, “There are six tarts
and three of us. If I shared them with you, that is 6 divided by 3, isn’t it?”

“Yes,” the twins nodded eagerly, licking their lips.
“The correct answer,” Alice said, “is that I get four tarts and each of you get one.”
“But that ain’t fair!” they exclaimed.
“I say it is fair, because they are my tarts, and I am a lot bigger than you are. Anyway, what

is 1 plus 1 plus 4?”
“That is 6, isn’t it?” asked Tweedledee.
“Of course it is. Now is 1 + 1 + 4 = 6 fair?”
They had never thought about that. After a while, Tweedledum said, “Well, fairness doesn’t

come into addition.”
“Does it come into subtraction or multiplication?”
“No,” said Tweedledee. “So division is somewhat special, isn’t it?”
“Indeed it is. There is a tacit assumption that it is supposed to be fair. Then 6 divided by 3

must be equal to 2. Even better news for you, 6 divided by 2 is equal to 3.”
“Hooray!” they exclaimed, and three tarts disappeared down each chute in an instant.

1.1 Basic Properties of Divisibility
The binary operation of division is defined as follows. Let a and b be positive integers. Then
their quotient b ÷ a is a positive integer c such that b = ac.

The set of positive integers is not closed under division. For instance, 6 ÷ 4 is not a positive
integer. A remedy is to expand our set so that it will include more than just the positive integers.
This will be done in Chapter 6. Another way is to allow for remainders and stay within the set
of positive integers. This will be our approach in Chapter 2. In this chapter, we consider only
divisions that are exact, that is, the quotient is a positive integer.

We introduce a binary relation called divisibility. For instance, 6 is divisible by 3 because
3 × 2 = 6. On the other hand, 7 is not divisible by 3 because 7 is not the product of 3 and any
integer.

27
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In general, we say that a positive integer b is divisible by another positive integer a if there
is a positive integer c such that b = ac. The standard notation for divisibility is a|b. This is
somewhat unfortunate as it is sometimes confused with a/b, which is an alternative way of
expressing a ÷ b.

The following statements are equivalent to one another.

1. b is divisible by a;
2. a divides b;
3. a is a divisor of b;
4. b is a multiple of a.

Example 1.1.1. Determine whether each of the following is true or false:
(a) 3|6; (b) 3|7; (c) 6|3; (d) 6|6.

Solution

(a) This is true because 6 = 3 × 2.
(b) This is false because 7 is not equal to the product of 3 and any positive integer.
(c) This is false because 3 is not equal to the product of 6 and any positive integer.
(d) This is true because 6 = 6 × 1.

Example 1.1.2. Find all positive integers that are divisible by
(a) 12; (b) 18.

Solution

(a) These are simply the multiples of 12. They are 12, 24, 36, 48, . . . . A general description is
that they are numbers of the form 12k, where k is any positive integer.

(b) These are simply the multiples of 18. They are 18, 36, 54, 72, . . . . A general description is
that they are numbers of the form 18k, where k is any positive integer.

A simple property of divisibility is the following.

Divisibility Inequality Theorem. Let a and b be positive integers. If a|b, then a ≤ b.

Proof. By the definition of divisibility, b = ac for some positive integer c. Since c ≥ 1 and a is
a positive integer, b = ac ≥ a1 = a.

Example 1.1.3. Find all positive integers that divide
(a) 12; (b) 18.

Solution

(a) By the Divisibility Inequality Theorem, we only have to check positive integers up to 12. It
is easy to verify that the only divisors of 12 are 1, 2, 3, 4, 6 and 12.

(b) By the Divisibility Inequality Theorem, we only have to check positive integers up to 18. It
is easy to verify that the only divisors of 18 are 1, 2, 3, 6, 9 and 18.
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While the above example seems easy, finding the positive divisors of a positive integer is
in general a very difficult problem. Paradoxically, finding the positive multiples of a positive
integer is a trivial matter, as we have seen in Example 1.1.2, even though the numbers involved
are larger.

Divisibility has the same three basic properties as inequality.

Reflexive Property. For any positive integer a, we have a|a.

Proof. This is because a = a1.

Anti-symmetric Property. Let a and b be positive integers. If a|b and b|a, then a = b.

Proof. By the Divisibility Inequality Theorem, a ≤ b and b ≤ a. By the Anti-symmetric Prop-
erty of ≤, we have a = b.

This last property is somewhat more involved than the first two. So we will consider it in
several stages.

Example 1.1.4. If 3 divides 9 and 9 divides 36, prove that 3 divides 36.

Solution Since 36 = 3 × 12, 3 divides 36.

Note that we do not need the given information at all. This is an unfortunate consequence
of using only numbers, as we often end up short-circuiting the situation and failing to provide
the intended illustration.

Example 1.1.5. If 3 divides 9 and 9 divides a certain positive integer c, prove that 3 divides c.

Solution We are really given only one condition since we know that 3 divides 9. That
9 divides c means that c = 9� for some positive integer �. Hence c = 9� = (3 × 3)� = 3(3�).
By the Closure Property for multiplication of positive integers, 3� is a positive integer. By
definition, 3|c.

Example 1.1.6. If 3 divides a certain positive integer b and b divides a certain positive integer
c, prove that 3 divides c.

Solution We are given two conditions. First, 3 divides b. This means that b = 3k for
some positive integer k. Second, b divides c. This means that c = b� for some positive integer �.
Hence c = b� = (3k)� = 3(k�). By the Closure Property for multiplication of positive integers,
k� is a positive integer. By definition, 3|c.

We are finally in position to introduce the last of the three basic properties.

Transitive Property. Let a, b and c be positive integers. If a|b and b|c, then a|c.

Proof. We are given two conditions. First, a divides b. This means that b = ak for some
positive integer k. Second, b divides c. This means that c = b� for some positive integer �.
Hence c = b� = (ak)� = a(k�). By the Closure Property for multiplication of positive integers,
k� is a positive integer. By definition, a|c.

The following is a simple corollary of the Transitive Property.
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Multiples Divisibility Theorem. If a and b are positive integers such that a|b, then a|bc for
all integers c.

First Proof. Since a|b, there is a positive integer k such that b = ak. Multiplying both sides of
this equation by c, we have bc = (ak)c = a(kc). By the Closure Property for multiplication of
positive integers, kc is a positive integer. By definition, a|bc.

Second Proof. We have b|bc since bc = b(c). Along with a|b, the Transitive Property of Divis-
ibility allows us to conclude that a|bc.

Example 1.1.7. Prove that the Transitive Property also follows from the Multiples Divisibility
Theorem.

Solution Let a, b and c be positive integers such that a|b and b|c. By definition, c = bk
for some positive integer k. By the Multiples Divisibility Theorem, a divides bk = c.

In extending the number system to all integers, certain results require minor modifications.
In the Reflexive Property, we have a|a for all integers a �= 0. In the Anti-symmetric Property, if
the integers a and b are such that a|b and b|a, all we can conclude is that |a| = |b|. Finally, in
the Divisibility Inequality Theorem, if the integers a and b are such that a|b, we have a < |b|.

Example 1.1.8. Determine whether each of the following is true or false:
(a) 3|(−6); (b) (−3)|7; (c) (−6)|3; (d) 6|(−6).

Solution

(a) This is true because −6 = 3 × (−2).
(b) This is false because 7 is not equal to the product of −3 and any integer.
(c) This is false because 3 is not equal to the product of −6 and any integer.
(d) This is true because 6 = 6 × (−1).

1.1.1 Exercises
1. Determine whether each of the following is true or false:

(a) 2|7; (b) 2|8; (c) 8|8; (d) 8|2.

2. Determine whether each of the following is true or false:
(a) 2|6; (b) 4|7; (c) 6|2; (d) 4|4.

3. Determine whether each of the following is true or false:
(a) 5|7; (b) 4|8; (c) 5|5; (d) 8|4.

4. Determine whether each of the following is true or false:
(a) 3|9; (b) 4|9; (c) 9|3; (d) 7|7.

5. Find all positive integers that are divisible by
(a) 15; (b) 16.

6. Find all positive integers that are divisible by
(a) 24; (b) 27.
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7. Find all positive integers that divide
(a) 15; (b) 16.

8. Find all positive integers that divide
(a) 24; (b) 27.

9. (a) If 24 divides a positive integer c, prove that 8 divides c.
(b) If 8 divides a positive integer b and b divides another positive integer c, prove that 8

divides c.

10. (a) If 28 divides a positive integer c, prove that 7 divides c.
(b) If 7 divides a positive integer b and b divides another positive integer c, prove that 7

divides c.

11. Determine whether each of the following is true or false:
(a) 2|(−7); (b) (−2)|8; (c) (−8)|8; (d) 8|(−2).

12. Determine whether each of the following is true or false:
(a) (−2)|6; (b) 4|(−7); (c) 6|(−2); (d) (−4)|4.

1.2 The Arithmetic of Divisibility
Preparing for a party of children, the Duchess bought a number of apples and a number of
bananas. In the morning, she handed out the apples. Each child happened to receive the same
number of apples. In the afternoon, she handed out the bananas. Again, each child received the
same number of bananas.

The next day, the Duchess had another party for the same group of children, and she bought
the same number of apples and the same number of bananas as the day before. This time, she
decided to hand out all the fruit in the morning, without paying attention to whether they were
apples or bananas. Would each child receive the same number of fruit?

The answer is yes. Denote the total number of apples by a, the total number of bananas by b,
the total number of fruit by c and the number of children by d. That d|a means a = dp for some
integer p. That d|b means b = dq for some integer q. Now c = a + b = dp + dq = d(p + q),
and p + q is an integer because of the Closure Property for addition of positive integers. Hence
d|c.

This is a part of the following most important result.

Basic Divisibility Theorem. Let a, b and c be integers such that a + b = c. If d is a positive
integer which divides any two of a, b and c, then d also divides the third one.

Proof. There are three cases to consider. The case where d|a and d|b has already been dealt
with. Consider now the case where d|b and d|c. The first statement means that b = dq for some
integer q, and the second statement means that c = dr for some integer r . Hence a = c − b =
dr − dq = d(r − q). Now r − q is an integer since subtraction is closed in the set of integers.
It follows that we have d|a. The third case where d|c and d|a is analogous. The first statement
means that c = dr for some integer r , and the second statement means that a = dp for some
integer p. Hence b = c − a = dr − dp = d(r − p). Now r − p is an integer since subtraction
is closed in the set of integers. It follows that we have d|b.
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Hidden behind the above proof is the equation p + q = r , where p is the number of apples
per child, q the number of bananas per child, and r the number of fruit per child.

Example 1.2.1. Prove that the only positive integer that can divide two consecutive integers
is 1.

Solution Let the two consecutive integers be a and b where a + 1 = b. Suppose a positive
integer divides both a and b. By the Basic Divisibility Theorem, it must divide 1. However, the
only positive divisor of 1 is 1 itself.

The Basic Divisibility Theorem, like most other results, takes the form of a conditional
statement: “If A, then B.” Here, A and B are statements in their own right. A is called the
hypothesis of the conditional statement, while B is called its conclusion.

Example 1.2.2. Suppose the conditional statement is “If the apples can be shared equally
among the boys and the bananas can be shared equally among the girls, then the fruit (apples
and bananas) can be shared equally among the children (boys and girls).” Express the hypothesis
and conclusion in the language of mathematics.

Solution Let a, b, c and d denote respectively the number of apples, the number of
bananas, the number of boys and the number of girls. Then the conditional statement becomes
“If c|a and d|b, then (c + d)|(a + b).” The hypothesis is “c|a and d|b”, and the conclusion is
“(c + d)|(a + b)”.

Consider the conditional statement “If A then B.” An instance in which both A and B are
true is called an example. An instance in which A is true but B is false is called a counter-
example. We are not interested in instances in which the hypothesis A is false. They may be
called non-examples.

Example 1.2.3. Give an example and a counter-example of the conditional statement in Example
1.2.2.

Solution If we take a = 16, b = 32, c = 4 and d = 8, then 4|16 and 8|32, so that both
clauses in the hypothesis are satisfied. Moreover, 4 + 8 = 12 and 16 + 32 = 48, and 12|48. So
we have an example of the conditional statement. If we take a = 16, b = 32, c = 2 and d = 8,
then 2|16 and 8|32, so that both clauses in the hypothesis are satisfied. However, 2 + 8 = 10
and 16 + 32 = 48, but 10�| 48. So we have a counter-example of the conditional statement.

A conditional statement is true if every instance of it is true. A conditional statement is
false if some instance of it is false. In order to show that a conditional statement is false, it is
sufficient to give one counter-example. Thus the conditional statement in Example 1.2.2 is false
by Example 1.2.3. On the other hand, no amount of examples will be enough to show that a
conditional statement is true, because a counter-example may still be found. Its truth can only
be established by a proof.

Example 1.2.4. In the counter-example in Example 1.2.3, had we taken d = 4 instead of d = 8,
we would have a second example instead of a counter-example. How could we have decided
then whether the conditional statement in Example 1.2.2 is true or false?
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Solution While there are no hard-and-fast rules, there are things we can definitely try.
Since we have two examples in a row, perhaps we should attempt a proof. The given conditions
are c|a and d|b. This means that a = ck and b = dk for some integer k. The desired conclusion
is (c + d)|(a + b). This will follow if we can show that a + b is equal to c + d times some
integer. Well, a + b = ck + dk = (c + d)k, and k is an integer.

So we have a proof, and this statement is true. But wait! Have we not found earlier a counter-
example? So something is wrong with this proof, and we must re-examine it carefully. From
c|a, we definitely have a = ck for some integer k. In fact, k stands for the number of apples per
boy in the language of Example 1.2.1. From d|b, aha! we should not have b = dk, because there
is no guarantee that the number of apples per boy is equal to the number of bananas per girl.
Hence we must use a different variable and take b = dh. Now, a + b = ck + dh, and we cannot
conclude that a + b is equal to c + d times an integer. Moreover, this now points to where we
can find a counter-example. Keeping a = 16 and b = 32 as before, we have 32 ÷ 16 = 2. We
must choose c and d so that d = ch for some integer h �= 2. So if we choose c = 2 and d = 8,
we will have the counter-example found in Example 1.2.3.

Suppose we have no prior knowledge on whether a conditional statement is true or false.
How can we decide? The simplest way is to examine various instances of it. If we find a counter-
example, then the statement is false. If all instances we have examined turn out to be examples,
it would be reasonable to suspect that the statement is true. Then we should attempt a proof.
However, if we run into difficulty in the proof, it may indicate that we have been examining a
very narrow class of instances, and perhaps a counter-example lies somewhere else.

The process of resolving truth and falsehood is an art and not an exact science. Lots of
practice will be of benefit. Often, people are unwilling or afraid to try things without knowing
in advance that they would get anything out of it. However, guaranteed success is no success,
just as something that is on sale everyday is not on sale at all. We must combine the willingness
to try with the astuteness of what to try. The latter can only be developed from experience.

Note that the testing is an integral part of solving the problem. It is not even a part of the
presentation of the solution. Naturally, the more of this kind of problems we solve, the less we
have to rely on testing.

Example 1.2.5. If a, b, c and d are positive integers such that c|a and d|b, is it necessarily true
that cd|ab?

Solution From c|a, we have a = ck for some integer k. From d|b, we have b = dh for
some integer h. Hence ab = (ck)(dh) = cd(kh), so that it is necessarily true that cd|ab.

Example 1.2.6. If a, b and c are positive integers such that a|b, is it necessarily true that
a|(b + c)?

Solution If we take a = b = 2 and c = 1, then a|b but a does not divide b + c.

Example 1.2.7. If a and b are positive integers such that a|b, is it necessarily true that a3|b4?

Solution Since a|b, there is a positive integer k such that b = ak. Then b4 = (ak)4 =
a3(ak4), so that a3|b4.

Example 1.2.8. If a and b are positive integers such that a3|b4, is it necessarily true that a|b?
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Solution If we take a = 16 and b = 8, then a3 = 4096 = b4 so that a3|b4 but a does not
divide b.

1.2.1 Exercises
1. If a|b and a|c, is it necessarily true that a|(b + c)?

2. If a|(b + c), is it necessarily true that a|b and a|c?

3. If a|b and a|c, is it necessarily true that a|bc?

4. If a|bc, is it necessarily true that a|b and a|c?

5. If a|c and b|c, is it necessarily true that (a + b)|c?

6. If (a + b)|c, is it necessarily true that a|c and b|c?

7. If a|c and b|c, is it necessarily true that ab|c?

8. If ab|c, is it necessarily true that a|c and b|c?

9. If a + c = b + d and a|b, is it necessarily true that d|c?

10. If ac = bd and a|b, is it necessarily true that d|c?

11. If a|b, is it necessarily true that a2|b3?

12. If a2|b3, is it necessarily true that a|b?

1.3 Divisibility Problems
We can test whether certain large positive integers are divisible by certain small positive integers,
in a manner simpler than performing the actual division. We will give tests of divisibility for the
numbers from 1 to 12, except 7. Tests of divisibility are dependent on the fact that we use the
base ten system for expressing positive integers. For instance, 1453 = 1000 + 400 + 50 + 3.

We shall give the tests in three groups. In this first group, we have 1, 2, 4, 5, 8 and 10. The
test of divisibility for 1 is trivial since 1 divides every positive integer.

The test of divisibility for 10 is particularly simple because 10 is the base number of our
system. Let c be a large positive integer. Let b be its units digit and a be the number formed by
deleting b from c. Then c = 10a + b. For instance, if c = 4974628, then b = 8 and a = 497462.

By the Multiples Divisibility Theorem, 10 divides 10a. It follows from the Basic Divisibility
Theorem that 10 divides c if and only if 10 divides b. In other words, a number is divisible by
10 if and only if its units digit is 0.

We next devise a test of divisibility for 5. By the Multiples Divisibility Theorem, 5 divides
10a = 5(2a). It follows that 5 divides c if and only if 5 divides b. In other words, a number is
divisible by 5 if and only if its units digit is 0 or 5.

Since 2 is also a divisor of 10, c is divisible by 2 if and only if b is too, or equivalently,
b = 0, 2, 4, 6 or 8.

Example 1.3.1. Test whether 32688148 is divisible by
(a) 5; (b) 2.
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Solution

(a) Since the last digit is neither 0 nor 5, 32688148 is not divisible by 5.
(b) Since the last digit is 8, 32688148 is divisible by 2.

For the test of divisibility of 4, it is not sufficient to look only at the units digit of the
number c, because 4 does not divide 10. However, 4 does divide 100. So let b be the number
formed of the tens and units digit of c, and a be the number formed by deleting b from c. Then
c = 100a + b. For instance, if c = 4974628, then b = 28 and a = 49746.

By the Multiples Divisibility Theorem, 4 divides 100a = 4(25a). It follows that 4 divides
c if and only if 4 divides b. In other words, a number is divisible by 4 if and only if the number
formed of its tens and units digits is divisible by 4. Similarly, a number is divisible by 8 if and
only if the number formed of its hundreds, tens and units digits is divisible by 8.

Example 1.3.2. Test whether 32688148 is divisible by
(a) 4; (b) 8.

Solution

(a) Since the number formed by the last two digits, namely 48, is divisible by 4, so is 32688148.
(b) Since the number formed by the last three digits, namely 148, is not divisible by 8, neither

is 32688148.

Example 1.3.3. Test whether 22373260 is divisible by

(a) 5; (b) 2; (c) 4; (d) 8.

Solution

(a) Since the last digit is 0, 22373260 is divisible by 5.
(b) Since the last digit is 0, 22373260 is divisible by 2.
(c) Since the number formed by the last two digits, namely 60, is divisible by 4, so is 22373260.
(d) Since the number formed by the last three digits, namely 260, is not divisible by 8, neither

is 22373260.

Example 1.3.4.

(a) For the test of divisibility of 16, how many digits at the end of the given large number must
be examined?

(b) For the test of divisibility of 32, how many digits at the end of the given large number must
be examined?

Solution

(a) Since 16 = 24 divides 10000 = 104 but not 1000 = 103, we must examine the last 4 digits.
(a) Since 32 = 25 divides 100000 = 105 but not 10000 = 104, we must examine the last 5

digits.
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We now use the concept of divisibility to solve some problems.

Example 1.3.5. In a stationery store, the cost of every item was an integral number of cents.
Angus bought 2 pencils at 12 cents each, 1 pen at 52 cents, as well as 8 notebooks. The cashier
said, “Your total is 2 dollars and 14 cents.” “I can’t remember how much each notebook is,” said
Angus, “but my total cannot possibly be 2 dollars and 14 cents.” How could Angus tell?

Solution The prices of pencils and the pen were multiples of 4, and the number of
notebooks was a multiple of 4. Hence the total should also be a multiple of 4. However, 214
cents was not a multiple of 4.

Example 1.3.6. In a 101-digit multiple of 7, the first 50 digits are all 6s and the last 50 digits
are all 4s. What is the middle digit?

Solution Starting to divide the 101-digit number by 7, we find out that 666666 is divisible
by 7, and so is 444444. Hence the five-digit number 66x44 is also a multiple of 7. Working from
both ends again, we arrive at the division diagram below. Now we have w = 5 or w = 4. In the
former case, we must have x = 11, which is impossible. Hence w = 4, y = 2, z = 8 and the
middle digit is x = 4.

9 w 9 2
7 ) 6 6 x 4 4

6 3
3 x
y z

6 4
6 3

1 4
1 4

Example 1.3.7. The Queen of Hearts was giving Alice an arithmetic examination. “Multiply
these two two-digit numbers,” she roared. Alice wrote down the two numbers one after another,
began to day-dream, and just handed in what she wrote down as a four-digit answer. “It is three
times the correct answer!" roared the Queen of Hearts. What was the correct answer?

Solution Let the two numbers be a and b. The number Alice wrote down was 100a + b =
3ab, according to the Queen of Hearts. By the Basic Divisibility Theorem, a divides b, so
that b = na for some positive integer n. From 100a + na = 3na2, we have 100 + n = 3na.
Hence 3 divides 100 + n and by the Basic Divisibility Theorem again, n divides 100. Since
a and b are both two-digit numbers, n < 10. It follows that n = 2 or 5. If n = 5, then a = 7
is already not a two-digit number. Hence n = 2, a = 17, b = 34 and the correct answer is
1734 ÷ 3 = 578 = 17 × 34.

Example 1.3.8. A magician gives the following instructions to the audience.

1. Think of a two-digit number.
2. Make a copy of it, but reverse the order of the two digits.
3. Put the reversed copy in front of the original to make a four-digit number.
4. Divide this number by 11 and note that there will be no remainder.
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5. Subtract the original number from the quotient.
6. Divide the difference by the last digit of the original number.
7. If your number is what I think it is, then the final quotient must be 90 with no remainder.

Explain why the magician is right every time, regardless of what two-digit number the audience
originally chooses.

Solution Let the first digit of the original number be a and the last digit of it be b. Then the
number is 10a + b and the four-digit number is 1000b + 100a + 10a + b = 11(91b + 10a).
Hence there is no remainder when it is divided by 11, and the quotient is 91b + 10a. Subtracting
10a + b from it, we have 90b. Hence there is no remainder when this is divided by b, and the
quotient will always be 90.

1.3.1 Exercises
1. Test whether 778562140 is divisible by (a) 5; (b) 2; (c) 4; (d) 8.

2. Test whether 824112284 is divisible by (a) 5; (b) 2; (c) 4; (d) 8.

3. For the test of divisibility of 64, how many digits at the end of the given large number must
be examined?

4. For the test of divisibility of 25, how many digits at the end of the given large number must
be examined?

5. In a stationery store, the cost of every item was an integral number of cents. Carson bought
5 pencils at 12 cents each, 1 pen at 50 cents, as well as 10 notebooks. The cashier said,
“Your total is 5 dollars and 42 cents.” “I can’t remember how much each notebook is,” said
Carson, “but my total cannot possibly be 5 dollars and 42 cents.” How could Carson tell?

6. In a stationery store, the cost of every item was an integral number of cents. Eddy bought 4
pencils at 12 cents each, 1 pen at 56 cents, as well as 8 notebooks. The cashier said, “Your
total is 3 dollars and 24 cents.” “I can’t remember how much each notebook is,” said Eddy,
“but my total cannot possibly be 3 dollars and 24 cents.” How could Eddy tell?

7. In a 101-digit multiple of 13, the first 50 digits are all 5s and the last 50 digits are all 8s.
What is the middle digit?

8. In a 101-digit multiple of 73, the first 50 digits are all 8s and the last 50 digits are all 1s.
What is the middle digit?

9. The Red Queen was giving Alice an arithmetic examination. “Multiply these two four-digit
numbers,” she roared. Alice wrote down the two numbers one after another, began to day-
dream, and just handed in what she wrote down as a eight-digit answer. “It is three times
the correct answer!" roared the Red Queen. What was the correct answer?

10. The White Queen was giving Alice an arithmetic examination. “Multiply these two six-
digit numbers,” she roared. Alice wrote down the two numbers one after another, began to
day-dream, and just handed in what she wrote down as a twelve-digit answer. “It is three
times the correct answer!" roared the White Queen. What was the correct answer?
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11. Think of a 2-digit number. Write it down three times in a row to form a 6-digit number.
Divide this number by 13. If you are not unlucky, the division will be exact. Now divide the
quotient by 21. Again, the division will be exact. Finally, divide the new quotient by 37. The
division is exact yet again. Explain why the final quotient is the original 2-digit number.

12. Think of a 3-digit number. Write it down twice in a row to form a 6-digit number. Divide
this number by 7. If you are lucky, the division will be exact. Now divide the quotient by
11. Again, the division will be exact. Finally, divide the new quotient by 13. The division is
exact yet again. Explain why the final quotient is the original 3-digit number.

1.4 Extras
“The Lion and the Unicorn are at it again!” said the White King.

“Fighting for the crown, as usual?” asked Alice.
“Yes, to be sure," said the White King. “The best part of the joke is, that it’s my crown all

the while!”
“Does the one that wins get the crown?” Alice asked.
“Dear me, no!” said the White King. “What an idea!”
The Lion and the Unicorn were in such a cloud of dust that at first, Alice could not make

out which was which. She soon managed to distinguish the Unicorn by its horn.
After the fight, the Lion and the Unicorn sat down, with the White King between them,

and asked Alice to serve plum-cakes. So she went to the pantry of the Queen of Hearts. The
Duchess’s Cook handed her a plate of 1 × 1 plum-cake pieces.

“I assume that these pieces are cut from a cake in the shape of a rectangle,” said the Lion.
“What are its dimensions?”

“I have no idea,” said Alice. “The cake had already been cut by the time I got there.”
“Well,” said the White King, coming to the rescue of Alice, “we may assume that all cakes

are rectangular. Really, any dimensions would work in this case. The area of a 1 × 1 piece is 1,
and 1 divides the product of any two positive integers.”

Soon, the pieces had been consumed. Alice returned to the pantry and brought back 1 × 2
pieces.

“This time,” remarked the Unicorn, “the dimensions of the cake cannot be completely
arbitrary. Its area must be an even number since the area of each 1 × 2 piece is 2.”

“Any cake with even area would work,” observed Alice. “Since the product of two odd
numbers must be odd, one of the dimensions of a cake with even area must be even.”

“Yes,” the Lion said, “the cake can first be cut into strips of width 2, and then each strip can
be cut into 1 × 2 pieces.”

The mental exercise had increased the appetite of the participants, and Alice was dispatched
to the pantry once again. This time, she returned with 1 × 3 pieces.

“Since the area of each 1 × 3 piece is 3,” said the Unicorn, “the area of the cake must be
a multiple of 3. Does that mean that if 3 divides the product of two positive integers, it must
divide at least one of them?”

“Yes,” said the White King. “Alice is teaching arithmetic to Tweedledum and Twee-
dledee. At some point, they will come across a proof of this fact. We will just assume it for
now.”
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“Then any cake whose area is a multiple of 3 would work,” said the Lion. “The cake can
first be cut into strips of width 3, and then each strip can be cut into 1 × 3 pieces.”

“I wonder with 1 × 4 pieces,” mused Alice, “whether any cake whose area is a multiple of
4 would work.”

“Not always,” said the White King. “See if you can figure out when this works and when
this does not.”

Example 1.4.1. Determine all possible dimensions of a cake that may be cut completely into
1 × 4 pieces.

Solution “Suppose we have an m × n cake,” said Alice. “We know that mn must be a
multiple of 4.”

“If either m or n is divisible by 4,” the Lion cut in, “then my method would work. The cake
can first be cut into strips of width 4, and then each strip can be cut into 1 × 4 pieces.”

“What happens if 4 does not divide either m or n?” asked the Unicorn.
“Both of them must be even then,” said the White King. “For instance, we may have m = 6

and n = 10.”
“I have an idea,” said Alice. “We can cut the cake into 2 × 2 pieces. I then put plums on

certain pieces, forming a checkerboard pattern. These pieces are shaded in the diagram below,
which illustrates the 6 × 10 cake.”

“I notice that all four corner pieces are shaded,” said the Lion. “Is this significant?”
“Indeed, it is,” said the White King. “Since each of m and n is even but not divisible by 4,

the numbers of rows and columns of the 2 × 2 pieces are both odd.”
“What is the significance of that?” asked the Unicorn.
“This means that we have 4 more shaded squares than unshaded ones. Now wherever we

cut a 1 × 4 piece from, it is bound to consist of 2 shaded squares and 2 unshaded ones. So there
will always be 4 shaded squares left.”

“Now I see why the cake cannot be cut completely into 1 × 4 pieces,” said Alice.
“In summary,” said the White King, “an m × n cake can be cut completely into 1 × 4 pieces

if and only if either m or n is a multiple of 4.”

“I want more plum-cake pieces,” roared the Lion. “I am still hungry.”
“I am kind of full already,” said the White King to Alice. “I will go with you to the pantry.

I need the exercise.”
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When they returned, each was carrying a plate of plum-cake pieces. The White King handed
the Lion the plate in which all the pieces are 2 × 2 squares. Alice handed the Unicorn the other
plate, in which all the pieces are 2 × 2 squares with one corner missing, as shown in the diagram
below.

“I say, this isn’t fair!” cried the Unicorn. “The Lion’s share is bigger than mine.”
“Now you know the meaning of a Lion’s share,” laughed the Lion, “don’t you?”
“Alice did not eat the missing corners,” the White King reassured the Unicorn. “Stop

complaining and figure out all possible dimensions of a cake from which your pieces can be
cut.”

Example 1.4.2. Show that a 2 × 3 cake and a 5 × 9 cake can both be cut completely into the
Unicorn’s pieces.

Solution “Let us first find some small cakes for which this works,” said Alice. “Obviously,
the 2 × 3 cake would work. Aha, a 5 × 9 cake works also, as shown in this diagram.”

“Incidentally,” said the White King, “the shaded part represents the cutting of a 2 × 3
cake.”

Example 1.4.3. Prove that a 3 × n cake cannot be cut into the Unicorn’s pieces if n is odd.

Solution “I will put a plum on every other square in both the top and the bottom row.
These squares are shaded in this diagram, which illustrates the case n = 9.”

“What is the point of doing that?” asked the Unicorn.
“What is the area of the cake?” Alice answered with another question.
“It is 3 × 9 = 27,” said the Lion.
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“So if the cake can be cut completely into your pieces,” Alice asked the Unicorn, “how
many will there be?”

“There will be 27 ÷ 3 = 9 pieces.”
“Correct,” said Alice. “Now how many squares are there with plums?”
“It is 2 × 5 = 10,” said the Lion.
“How many squares with plums can there be in each of your pieces?” Alice asked the

Unicorn.
“At most 1,” said the Unicorn.
“Aha!” chipped in the White King. “So at most 9 squares with plums can be in your pieces.

This means that one square with plums will always be left over.”
“What if n is a different odd number?” asked the Lion.
“Move each plum on the top row to the square in the next column on the bottom row. This

will filled up the bottom row. There is an extra plum because the last one on the top row will land
outside the cake. This means that the number of plums is always n + 1, so that our argument
for the special case n = 9 works in general.”

“In conclusion,” said the Unicorn, “a 3 × n cake cannot be cut completely into my pieces
if n is odd.”

Example 1.4.4. Determine all possible dimensions of a cake that can be cut completely into the
Unicorn’s pieces.

Solution “Suppose we have an m × n cake,” said Alice. “We know that mn must be a
multiple of 3.”

“By our earlier assumption, 3 divides at least one of m and n. We may as well assume that
it divides m.”

“Suppose n is even,” said the Lion. “We can cut the cake into 3 × 2 pieces.”
“By Example 1.4.2,” said the Unicorn, “each of them may be cut into two of my pieces. So

this works if n is even. What happens if n is odd?”
“Clearly,” said the White King, “we cannot have n = 1. If m is even, the first three columns

of the cake may be cut into 2 × 3 pieces while the remaining part of the cake may be cut into
3 × 2 pieces.”

“What happens if m is also odd?” asked the Lion.
“By Example 1.4.3, we cannot have m = 3 or n = 3,” said the White King.
“If m ≥ 9 and n ≥ 5,” said Alice, “the first five columns of the first nine rows form a

9 × 5 piece, which can be cut completely into the Unicorn’s pieces as we have seen earlier. The
remaining part of these rows may be cut into 3 × 2 pieces, and the remaining part of the cake
can be cut in the same way as when m is even.”

“In summary,” said the Unicorn, “an m × n cake may be cut completely into my pieces if
and only if 3 divides mn, provided that both m and n are greater than 1, and neither is equal to
3 when the other is odd.”

Figures such as the plum-cake pieces are called polyominoes. They are formed of joining
unit squares edge to edge. The diagram below shows the monomino, the domino, two trominoes
named I and V, and five tetrominoes named I, L, O, S and T. In particular, the Lion’s piece is the
O-tetromino and the Unicorn’s piece is the V-tromino.
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A polyomino A is said to divide another polyomino B if a copy of B may be assembled from
copies of A. We also say that A is a divisor of B, B is divisible by A, and B is a multiple of A.
For a given polyomino, we wish to determine all rectangles divisible by it. Note that rectangles
are themselves polyominoes.

We now focus our attention on the L-tetromino which has area 4. For a rectangle to be
divisible by the L-tetromino, a necessary condition is that the area of the rectangle must be a
multiple of 4. As it turns out, this condition is not sufficient.

Example 1.4.5. Show that the 2 × 4 and the 3 × 8 rectangles are divisible by the L-tetromino.

Solution The division of the 3 × 8 rectangle is shown in the diagram below. The shaded
part is the division of the 2 × 4 rectangle.

Example 1.4.6. Determine all rectangles that are divisible by the L-tetromino.

Solution If an m × n rectangle is divisible by the L-tetromino, we know that 4 divides
mn. We claim that 8 does also. We may assume that n is even. Shade the even-numbered columns
as shown in the diagram below, which illustrates the case m = 7 and n = 8.
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The total number of shaded squares is even. Now each copy of the tetromino must cover either 1
or 3 shaded squares. It follows that the number of copies is even, so that 8 indeed divides mn. So
we may assume that 4 divides n. If m is even, the rectangle may be partitioned into 2 × 4 blocks.
If m is odd, then 8 must divide n. Clearly, we cannot have m = 1. For m ≥ 3, partition the first
three rows into 3 × 8 blocks and the remaining rows into 2 × 4 blocks. By Example 1.4.5, these
blocks are divisible by the L-tetromino. It follows that an m × n rectangle is divisible by the
L-tetromino if and only if 8 divides mn, provided that both m and n are greater than 1.

The T-tetromino divides an m × n rectangle if and only if 4 divides each of m and n. The
proof is very difficult, and is omitted. The situation with the the O-tetromino is covered in the
exercises.

Example 1.4.7. Prove that the S-tetromino does not divide any rectangle.

Solution We may assume that the bottom left corner square 0 is covered as shown in the
diagram below. This creates an empty space on square 1, which dictates the placement of the
next copy of the S-tetromino. This in turn creates an empty space on square 2, and so on. Hence
the S-tromino cannot even cover the bottom edge of any rectangle.

Example 1.4.8. The diagram below shows a hexomino that is divisible by both the I-tromino
and the V-tromino. Find another such hexomino.

Solution See the diagram below.

1.4.1 Exercises
1. Find all rectangles divisible by the O-tetromino.

2. Find all rectangles divisible by the I-tromino.

3. For each tetromino, find a polyomino divisible by it and the V-tromino.

4. For each tetromino, find a polyomino divisible by it and the I-tromino.
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5. Find an octomino that is divisible by both the L-tetromino and the T-tetromino.

6. The diagram below shows an octomino that is divisible by both the L-tetromino and the
S-tetromino. Find another such octomino.

7. Find a polyomino that is divisible by each of the I-tetromino, the L-tetromino and the
O-tetromino.

8. Find a polyomino that is divisible by each of the I-tetromino, the S-tetromino and the
T-tetromino.

9. Find a polyomino that is divisible by both the O-tetromino and the T-tetromino.

10. Find a polyomino that is divisible by both the O-tetromino and the S-tetromino.

11. Find the maximum number of copies of each of the I-tetromino and the L-tetromino that
can fit inside a 6 × 6 square.

12. Find the maximum number of copies of each of the S-tetromino and the T-tetromino that
can fit inside a 6 × 6 square.
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Congruence

The Dormouse, the March Hare and the Mad Hatter bought eight cows, and wanted to share
them equally. Having heard that Tweedledum and Tweedledee had been learning arithmetic from
Alice, they came to the twins for advice.

“I think each of you will get two cows and a few slices of beef,” said Tweedledum.
The last two cows glared at Tweedledum with looks that could kill.
“I think they hate you,” said Tweedledee.
Tweedledum swallowed, “You are right. We should go and ask Alice.”
“Since eight is not divisible by three, there should be some cows left over,” said Alice.
“I know, I know,” shouted Tweedledee. “Two per share, and two left over.”
“Wrong!” said Alice.
“Have you been drinking from those funny bottles you seem to find all the time?” Tweedle-

dum asked.
“Don’t tell me that one of them will get all eight cows and the other two get nothing,” added

Tweedledee.
“No,” said Alice, “we have already flushed out the hidden assumption that division is

supposed to be fair. But you boys are still assuming something that has yet to be stated explicitly.”
“Like what?” they both exclaimed.
Instead of answering, Alice showed them the following calculations.

2 1000 −100
3 ) 8 3 ) 8 3 ) 8

6 3000 −300
2 −2992 308

“What on earth are you doing?” asked Tweedledum.
“Divisions,” said Alice.
“I remember seeing something like the first one and I think it is right,” said Tweedledee,

“but the other two are wrong!”
“No, they are not!” said Alice. “Instead of cows, let us talk about a company with three

directors and 8 dollars in the coffer. In the second division, which I call a malevolent division,
each director siphons off a further 1000 dollars. Subtracting 3000 from 8, we have −2992
dollars, a debt to be assumed by the shareholders. The calculations are correct!”

“What do you call this?” asked Tweedledum, pointing at the number −2992.

45
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“The remainder,” said Alice. “In the third division, which I call a benevolent division, each
director chips 100 dollars. Subtracting −300 from 8, we have 308 dollars to put the company
on solid ground. Once again, everything is accounted for.”

“Is this also the remainder?” asked Tweedledee, pointing at the number 308.
“Of course.”
“But the remainder is supposed to be 2, not −2992 or 308,” said Tweedledum.
“Says who?” asked Alice.
“If you divide by 3, you are supposed to go as far as you can without going under, so that

the remainder must be a number from 0 to 2,” said Tweedledee. “Ah, I see what you mean by
another hidden assumption. I have just stated it explicitly. Man, this division business has so
many twists and turns.”

2.1 The Division Algorithm
In general, when a positive integer b is divided by a positive integer a, we may have an exact
division with b = aq for some positive integer q. If the division is not exact, then b = aq + r
for some integer r which satisfies 0 < r < b. In the case of exact division, we have r = 0. The
number r is called the remainder while the number q is called the quotient of the division. We
also refer to a as the divider (not divisor) and b as the dividend.

Just as multiplication is the addition of the same number successively, division is the
subtraction of the same number successively. The assumption is that the subtractions will go as
far as they can without going below 0.

Example 2.1.1. Use successive subtractions to find the quotient and remainder when 2002 is
divided by 343.

Solution We have

2002 − 343 × 1 = 2002 − 343 = 1659,
2002 − 343 × 2 = 1659 − 343 = 1316,
2002 − 343 × 3 = 1316 − 343 = 973,
2002 − 343 × 4 = 973 − 343 = 630,
2002 − 343 × 5 = 630 − 343 = 287.

It follows that the sharing can only go 5 rounds, so that the quotient is 5. The remainder
is 287.

Most people are used to doing divisions in a different way, of which we have had a glimpse
during the episode with Alice and the twins.

Example 2.1.2. Use long division to find the quotient and remainder when 2002 is divided
by 343.

Solution

5
343 ) 2002

1715
287
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The rather compact computations above shows that the quotient is 5 and the remainder is 287.
However, there is a lot of additional work that is hidden. To carry out the long division, we
compute successive multiples of 343 until the product exceeds 2002.

343 × 1 = 343
343 × 2 = 686
343 × 3 = 1029
343 × 4 = 1372
343 × 5 = 1715
343 × 6 = 2058

It follows that the sharing can only go 5 rounds, so that the quotient is 5. The remainder is
2002 − 1715 = 287.

We now generalize Example 2.1.1 into the following result.

Division Algorithm. Let a and b be positive integers. There exist unique integers q and r such
that b = aq + r , with 0 ≤ r < a.

Proof. The argument is pretty much the same as in Example 2.1.1. We have

b − 0a = r0;
b − 1a = r1;
b − 2a = r2;
b − 3a = r3;

· · · = · · · ;
b − qa = rq ,

where r = rq satisfies 0 ≤ r < a. That this will happen follows from the Well-Ordering Prin-
ciple. Note that r0 > 0, so that the set of positive values among the differences r0, r1, r2, . . . is
non-empty, and will have a minimum. This is the desired remainder unless one of the differences
is 0.

We still have to prove that q and r are uniquely determined. Suppose we also have b =
ak + h with 0 ≤ h < a. Then we must prove that h = r and k = q. From the two equations,
we have a(q − k) = h − r . Since the left side is a multiple of a, so is the right side. However,
0 ≤ r < a and 0 ≤ h < a imply that −a < h − r < a. It follows that h − r = 0 or h = r , which
in turn implies k = q.

One may wonder why we need the first equation b − 0a = r0. This is indeed unnecessary
in Example 2.1.1, but if b < a, r0 = b is in fact the remainder.

When we expand the system of positive integers into the system of all integers, we agree
that in a division, the divider is always taken to be positive. On the other hand, the dividend may
be zero or negative. In the former case, the quotient and the remainder are both zero. In the latter
case, the quotient will be negative but the remainder must still lie between 0 and the number 1
less than the divider. The method of successive subtractions has to be modified to become the
method of successive additions.

Example 2.1.3. Use successive additions to find the quotient and remainder when −2002 is
divided by 343.
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Solution We have

−2002 + 343 × 1 = −2002 + 343 = −1659,
−2002 + 343 × 2 = −1659 + 343 = −1316,
−2002 + 343 × 3 = −1316 + 343 = −973,
−2002 + 343 × 4 = −973 + 343 = −630,
−2002 + 343 × 5 = −630 + 343 = −287,
−2002 + 343 × 6 = −287 + 343 = 56.

It follows that the deficit can be made up in only 6 rounds, so that the quotient is −6. The
remainder is 56.

Example 2.1.4. Use long division to find the quotient and remainder when −2002 is divided
by 343.

Solution

−6
343 ) −2002

−2058
56

In performing divisions, people in general are mainly interested in the quotient. However,
there are times where the remainder is just as important, or more so.

Example 2.1.5. A company is open for business every day from 9 in the morning till 5 in the
afternoon, at which point the fax machine is turned off. At noon, it receives a message from
overseas that an important fax message will arrive in 84 hours. Would it be necessary to leave
the fax machine on at some point?

Solution There are 24 hours in a day. Dividing 84 by 24, we have a quotient of 3 and a
remainder of 12. Thus the message will arrive 12 hours after the noon hour, so that it will arrive
at midnight. The machine needs to be left on 3 days later.

Example 2.1.6. Working for a restaurant are seven waiters and one busboy. At the end of the
day, the waiters share the tips equally among themselves as far as possible, each getting a whole
number of dollars. The busboy gets what is left. How much does he get on a day when the total
amount of the tips is $600?

Solution We have 600 = 7 × 85 + 5. So the busboy gets $5 that day.

Example 2.1.7. Each day, Mr. Sod visited pubs A, B, C and D in that order, always spending $35,
$12, $40 and $27 at the respective places. His total expenditure at the pubs, from the beginning
of the month up to a certain moment that month, was $1061. Which pub would he be visiting
next?

Solution Note that 35 + 12 + 40 + 27 = 114 and 1061 = 9 × 114 + 35. Thus Mr. Sod
had spent $35 on the tenth day of that month at pub A. So he will be visiting pub B next.

Example 2.1.8. “Collar that Dormouse! Off with his whiskers!” shouted the Red Queen as the
Dormouse had fallen asleep during a royal audience. The Dormouse ran from Court and hid in
a cave, and was not seen for days. When the royal temper seemed to have died down, the March
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Hare and the Mad Hatter went to look for their companion. The Dormouse had left behind a
note. It said, “There are 9 caves in a row and I am hiding in the 1776th cave. Start counting until
you get to the 9th cave, and then go back the other way, so that the 8th cave becomes the 10th
cave, and so on, until the 1st cave becomes the 17th. Then the 2nd cave becomes the 18th, and
so on.” In which of the 9 caves was the Dormouse hiding?

Solution We are counting a cycle of 16 caves, namely, 1-2-3-4-5-6-7-8-9-8-7-6-5-4-3-2.
The next one is back to the 1st cave. So all we have to find out is after a number of rounds, how
many caves do we still have to count. Dividing 1776 by 16, the remainder is 0. This means that
there are no more caves to count, so that the Dormouse is hiding in the last cave of the cycle,
that is, the 2nd one.

2.1.1 Exercises
1. (a) Use successive subtractions to find the quotient and remainder when 2009 is divided

by 243.
(b) Use long division to find the quotient and remainder when 2009 is divided by 243.

2. (a) Use successive additions to find the quotient and remainder when −2010 is divided
by 234.

(b) Use long division to find the quotient and remainder when −2010 is divided by 234.

3. Find the two-digit number that leaves the largest possible remainder when divided by its
digit-sum.

4. Find all two-digit numbers such that when the number is divided by its digit-sum, the
quotient is 4 and the remainder is 3.

5. On Monday, the manager of a branch office is asked to fly to the headquarters for a two-day
meeting in 47 days. As she files for travel advances, the branch manager realizes that she
needs to know whether she will be travelling on the weekend (Friday, Saturday or Sunday),
during which the fare is higher. Will she be travelling on the weekend?

6. March 1 on some year is a Sunday. On what day of the week will Christmas be that year?

7. Working for a restaurant are eight waiters and one busboy. At the end of the day, the waiters
share the tips equally among themselves as far as possible, each getting a whole number of
dollars. The busboy gets what is left. How much does he get on a day when the total amount
of the tips is $640?

8. Working for a restaurant are nine waiters and one busboy. At the end of the day, the waiters
share the tips equally among themselves as far as possible, each getting a whole number of
dollars. The busboy gets what is left. How much does he get on a day when the total amount
of the tips is $800?

9. Each day, Mr. Sod visited pubs W, X, Y and Z in that order, always spending $45, $22, $50
and $37 at the respective places. His total expenditure at the pubs, from the beginning of
the month up to a certain moment that month, was $1041. Which pub would he be visiting
next?
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10. On a highway around the outskirts of a city are a bridge, a tunnel and a dam in clockwise
order, and only clockwise traffic is allowed. There is a toll charge of $5 to drive over the
bridge, $13 to drive through the tunnel and $8 to drive on the dam. Miss Dos lives and
works along the highway, driving to work in the morning and driving home in the evening.
One day at the office, she calculates that her total toll charge since she started working is
$2101. Counting in clockwise order, where are her home and office, between the bridge and
the tunnel, between the tunnel and the dam, or between the dam and the bridge?

11. On another occasion, the Dormouse was hiding from the Queen of Hearts. Using the same
system of counting as in Example 2.1.8, he hid in the 1648th cave, but there were only 8
caves in a row. In which cave was he hiding?

12. On yet another occasion, the Dormouse was hiding from the White Queen. Using the same
system of counting as in Example 2.1.8, he hid in the 1788th cave, but there were now 10
caves in a row. In which cave was he hiding?

2.2 Basic Properties and Arithmetic of Congruence
We now introduce a binary relation that highlights the remainders in divisions. Let m be a
positive integer. Two integers a and b are said to be congruent to each other modulo m if they
leave the same remainder when divided by m. The positive integer m is called the modulus.
Symbolically, we write a ≡ b (mod m).

Remember that congruence, like divisibility, is a binary relation and not a binary operation.
It does not give an answer. It is simply a statement that is either true or false.

Example 2.2.1. Is it true that:

(a) 326 ≡ 111 (mod 5);
(b) 326 ≡ 111 (mod 7)?

Solution

(a) When 326 is divided by 5, the remainder is 1. When 111 is divided by 5, the remainder is
also 1. Hence the statement is true.

(b) When 326 is divided by 7, the remainder is 4. When 111 is divided by 7, the remainder is
6. Hence the statement is false.

Like divisibility, congruence also has three basic properties, two of which are the same as
those for divisibility.

Reflexive Property: For any integer a, a ≡ a (mod m).

Proof. By the Division Algorithm, the remainder is uniquely determined when a is divided by
m. Hence a ≡ a (mod m).

Symmetric Property: If a ≡ b (mod m), then b ≡ a (mod m).

Proof. The given condition means that when a and b are divided by m, the remainders are the
same. Obviously, when b and a are divided by m, the remainders will still be the same.
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Transitive Property: If a ≡ b (mod m) and b ≡ c (mod m), then a ≡ c (mod m).

Proof. The first given condition means that when a and b are divided by m, the remainders are
the same. The second given condition means that when a and b are divided by m, the remainders
are the same. Hence when a and c are divided by m, the remainders are the same as they are
both equal to the remainder obtained when b is divided by m.

We now show that ≡ behaves in the same way as does = with respect to addition and
multiplication.

Example 2.2.2.

(a) Verify that 31 ≡ 17 (mod 7) by finding the common remainder when 31 and 17 are divided
by 7.

(b) Verify that 43 ≡ 29 (mod 7) by finding the common remainder when 43 and 29 are divided
by 7.

(c) Verify that 31 + 43 ≡ 17 + 29 (mod 7) by finding the common remainder when 31 + 43
and 17 + 29 are divided by 7.

(d) What is the relation between the common remainder in (c) and those in (a) and (b)?

Solution

(a) When 31 and 17 are divided by 7, the common remainder is 3.
(b) When 43 and 29 are divided by 7, the common remainder is 1.
(c) We have 31 + 43 = 74 and 17 + 29 = 46. When 74 and 46 are divided by 7, the common

remainder is 4.
(d) The common remainder in (c) is the sum of the common remainders in (a) and (b).

Example 2.2.3.

(a) Verify that 31 ≡ 17 (mod 7) by finding the common remainder when 31 and 17 are divided
by 7.

(b) Verify that 43 ≡ 29 (mod 7) by finding the common remainder when 43 and 29 are divided
by 7.

(c) Verify that 31 × 43 ≡ 17 × 29 (mod 7) by finding the common remainder when 31 × 43
and 17 × 29 are divided by 7.

(d) What is the relation between the common remainder in (c) and those in (a) and (b)?

Solution

(a) When 31 and 17 are divided by 7, the common remainder is 3.
(b) When 43 and 29 are divided by 7, the common remainder is 1.
(c) We have 31 × 43 = 1333 and 17 × 29 = 493. When 1333 and 493 are divided by 7, the

common remainder is 3.
(d) The common remainder in (c) is the product of the common remainders in (a) and (b).

In general, let m be a positive integer and let a, b, c and d be integers. If a ≡ b (mod m)
and c ≡ d (mod m), then a + c ≡ b + d (mod m) and ac ≡ bd (mod m).
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Example 2.2.4. Suppose a and b both leave a remainder of r when divided by m while c and d
both leave a remainder of s when divided by m.

(a) Must the common remainder be r + s when a + c and b + d are divided by m?
(b) Must the common remainder be rs when ac and bd are divided by m?

Solution The answer is no in both cases because r + s and rs may be greater than or
equal to m.

The condition a ≡ b (mod m) means that when a and b are divided by m, we have the
same remainder, say r , where 0 ≤ r < m. Similarly, c ≡ d (mod m) means that when c and
d are divided by m, we also have the same remainder, say s, where 0 ≤ s < m. If r + s < m,
then it is the common remainder when a + c and b + d are divided by m. In this case, we have
a + c ≡ b + d (mod m). Suppose r + s ≥ m. From r ≤ m and s ≤ m, we have m ≤ r + s ≤ 2m
so that 0 ≤ r + s − m < m. Hence the common remainder will be r + s − m, and we still have
a + c ≡ b + d (mod m).

The condition a ≡ b (mod m) means that a = mq + r and b = mp + r for some integers
q and p and the same integer r , 0 ≤ r < m. Similarly, c ≡ d (mod m) means that c = mk + s
and d = mh + s for some integers k and h and the same integer s, 0 ≤ s < m. Now ac =
(mq + r )(mk + s) = m(mqk + qs + kr ) + rs and bd = (mp + r )(mh + s) = m(mph + ps +
hr ) + rs. If rs < m, then it is the common remainder when ac and bd are divided by m. In this
case, we have ac ≡ bd (mod m). If rs ≥ m, then 0 ≤ rs − tm < m for some positive integer t ,
and the common remainder will be rs − tm. We still have ac ≡ bd (mod m).

Since we can multiply two congruences that involve the same modulus, any number of
congruences relative to the same modulus can be multiplied together to yield a valid congruence.

Example 2.2.5. Find the remainder when 101 × 103 × 107 × 109 is divided by 11.

Solution The remainder is 101 × 103 × 107 × 109 ≡ 2 × 4 × 8 × 10 = 640 ≡ 2
(mod 11).

Anticipating the last group of examples in this section, we digress and revisit problems
about cycles, which we have encountered in the last section.

Example 2.2.6. A sequence of 2014 two-digit numbers is such that each is a multiple of 21 or
29, and the tens digit of any number starting from the second is equal to the units digit of the
preceding number. If the last number in the sequence is 21, determine the first number in the
sequence.

Solution The two-digit multiples of 21 or 29 are 21, 29, 42, 58, 63, 84, 87 and 95.
There is a cycle (29, 95, 58, 84, 42) which may be repeated. The numbers 21 and 87 can only
serve as the last number, to be preceded by 42 and 58 respectively. The number 63 cannot be
used at all. Since the 2014th number is 21, the 2013rd number must be 42. Since we have
2013 = 402 × 5 + 3, the first number must be the third number of the cycle (29, 95, 58, 84,
42), which is 58.

An important special case is when we multiply the same congruence with itself. Let m and
n be positive integers and let a and b be integers. If a ≡ b (mod m), then an ≡ bn (mod m).
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Example 2.2.7. Find the remainder when 5110 is divided by 6.

Solution Although it is tedious to multiply one hundred and ten 5s, it is a simple matter
to multiply one hundred and ten −1s. This will be the key to finding the remainder. We have
5 ≡ −1 (mod 6). Multiplying 110 copies of this congruence, we have 5110 ≡ (−1)110 (mod 6).
Since 110 is even, we have (−1)110 = 1. Thus 5110 ≡ 1 (mod 6). This means that both 5110 and
1 have the same remainder when divided by 6. But the remainder when 1 is divided by 6 is
clearly 1. Hence the remainder when 5110 is divided by 6 is also 1.

Example 2.2.8.

(a) Find the remainder when 81776 is divided by 18.
(b) Find the remainder when 71776 is divided by 18.

Solution

(a) In modulo 18, we have 81 = 8, 82 = 64 ≡ 10 and 83 = 8 × 10 = 80 ≡ 8. Hence the re-
mainders when successive powers of 8 are divided by 18 form a cycle of length 2, namely,
8 and 10. When the power 1776 is divided by 2, the remainder is 0. This means that the
desired remainder is the last in the cycle, namely 10.

(b) In modulo 18, we have 71 = 7, 72 = 49 ≡ 13 and 73 = 7 × 13 = 91 ≡ 1. Hence the desired
remainder is 71776 = (73)592 ≡ 1592 = 1 (mod 18).

The Commutative Laws, the Associative Laws and the Distributive Law all hold for the
addition and multiplication of congruences.

We now examine whether the Cancellation Law for the addition of congruences holds. Let
m be a positive integer and let a, b and c be integers. If a + c ≡ b + c (mod m), does it follow
that a ≡ b (mod m)?

By the Reflexive Property, we have −c ≡ −c (mod m). Adding this to a + c ≡ b + c (mod
m), we indeed have a ≡ b (mod m).

An extra condition is required for the Cancellation Law for the multiplication of congru-
ences. However, we can only discuss this in the next chapter after some new concepts have been
introduced.

2.2.1 Exercises
1. Is it true that

(a) 623 ≡ 113 (mod 5);
(b) 623 ≡ 113 (mod 7)?

2. Is it true that
(a) 236 ≡ 117 (mod 5);
(b) 236 ≡ 117 (mod 7)?

3. (a) Verify that 31 ≡ 22, 46 ≡ 28 and 31 + 46 ≡ 22 + 28 (mod 9) by finding the common
remainders when these pairs of numbers are divided by 9.

(b) What is the relation between the third common remainder and the first two?
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4. (a) Verify that 34 ≡ 16, 39 ≡ 12 and 34 × 39 ≡ 16 × 12 (mod 9) by finding the common
remainders when these pairs of numbers are divided by 9.

(b) What is the relation between the third common remainder and the first two?

5. Find the remainder when 101 × 103 × 107 × 109 is divided by 13.

6. Find the remainder when 201 × 203 × 207 × 209 is divided by 13.

7. A sequence of 2014 two-digit numbers is such that each is a multiple of 17 or 23, and the
tens digit of any number starting from the second is equal to the units digit of the preceding
number. If the last number in the sequence is 17, determine the first number in the sequence.

8. A sequence of 2014 two-digit numbers is such that each is a multiple of 19 or 23, and the
tens digit of any number starting from the second is equal to the units digit of the preceding
number. If the last number in the sequence is 23, determine the first number in the sequence.

9. Find the remainder when 91453 is divided by 8.

10. Find the remainder when 71453 is divided by 8.

11. (a) Find the remainder when 21789 is divided by 26.
(b) Find the remainder when 31789 is divided by 26.

12. (a) Find the remainder when 21789 is divided by 28.
(b) Find the remainder when 31789 is divided by 28.

2.3 Congruence and Divisibility
The concepts of congruence and divisibility are closely related. When we say that a positive
integer m divides an integer a, we mean that the remainder will be 0. In other words, a ≡ 0
(mod m). Conversely, if a ≡ 0 (mod m), then a is divisible by m. What “a ≡ b (mod m)” says
in terms of divisibility is answered by the following result.

Congruence Divisibility Theorem. Let m be a positive integer and let a and b be integers.

(a) If a ≡ b (mod m), then m divides a − b.
(b) If m divides a − b, then a ≡ b (mod m).

Proof.

(a) Let the result of the division of a by m be a = q1m + r , where q1 is the quotient and r is
the remainder. Similarly, let the result of the division of b by m be b = q2m + r , where q2 is
the quotient and the same r is the remainder. This is because a ≡ b (mod m) by hypothesis.
Then m|(a − b) since

a − b = (q1m + r ) − (q2m + r )

= q1m − q2m

= m(q1 − q2).
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(b) Since m|(a − b), we can write a − b = nm where n is some integer. Let the result of the
division of a by m be a = q1m + r1, where q1 is the quotient and r1 is the remainder.
Similarly, let the result of the division of b by m be b = q2m + r2, where q2 is the quotient
and r2 is the remainder. Now r1 and r2 are each at least 0 and at most m − 1; hence their
difference r1 − r2 is at least −(m − 1) and at most m − 1. But we also see that

r1 − r2 = (a − q1m) − (b − q2m)

= a − b − m(q1 − q2)

= m(n − q1 + q2).

Thus, since the right side of the equation is divisible by m, the left side, r1 − r2, is also
divisible by m. However, the only multiple of m between −(m − 1) and m − 1 is 0. Thus
r1 − r2 = 0 and r1 = r2.

We can now give alternative proofs of earlier results in this chapter. Two are given below.
Others are in the exercises.

Example 2.3.1. Use the Congruence Divisibility Theorem to prove the Reflexive Property of
congruence.

Solution Let a be any integer and m be any positive integer. Then a − a = 0 and
m divides 0. Hence m divides a − a = 0. By the Congruence Divisibility Theorem, a ≡ a
(mod m).

Example 2.3.2. Use the Congruence Divisibility Theorem to prove the Cancellation Law for
the addition of congruences.

Solution Suppose c + a ≡ c + b (mod m), where a, b, c are integers and m a positive
integer. By the Congruence Divisibility Theorem, m divides (c + a) − (c + b) = a − b. By the
Congruence Divisibility Theorem again, a ≡ b (mod m).

Another connection between congruence and divisibility is that we can use congruence to
develop further tests of divisibility. In this second group, we will develop tests of divisibility by
3, 9 and 11. The significance is that both 9 and 11 are 1 away from our base number 10, and 3
is a divisor of 9.

A multi-digit number such as 1997 means 1 × 103 + 9 × 102 + 9 × 101 + 7 × 100. What
is the meaning of 100? We are multiplying together 0 copies of 10. Thus we have an empty
product. Recall from Chapter 0 that an empty sum is taken to be 0. By convention, an empty
product is taken to be 1.

We can offer an alternative explanation. Suppose we wish to compute 45 ÷ 43. It is equal
to (4 × 4 × 4 × 4 × 4) ÷ (4 × 4 × 4) = 4 × 4. In other words, 45 ÷ 43 = 45−3 = 42. Similarly,
100 = 105−5 = 105 ÷ 105 = 1. We could have replaced 5 by any other positive integer.

We start with a test for divisibility that works for 9. This test is based on the congruence
10 ≡ 1 (mod 9), so that 10k ≡ 1 (mod 9) for all positive integers k. Let us illustrate with testing
whether 7809890625 is divisible by 9.
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We first break this long number down according to placement values. We have

7809890625 =7 × 109 +8 × 108 +0 × 107 +9 × 106 +8 × 105

+9 × 104 +0 × 103 +6 × 102 +2 × 101 +5 × 100

≡ 7 +8 +0 +9 +8
+9 +0 +6 +2 +5

=54. (mod 9)

What we have shown is that 7809890625 is divisible by 9 if and only if its digit sum is
divisible by 9. The digit sum, namely 54, is indeed divisible by 9. Hence 7809890625 is also
divisible by 9. In general, a positive integer is divisible by 9 if and only if its digit sum is divisible
by 9.

Since 3 is a divisor of 9, 10 ≡ 1 (mod 3) also, so that the test of divisibility for 3 is exactly
the same as 9. In other words, a positive integer is divisible by 3 if and only if its digit sum is
divisible by 3.

In fact, we can state a stronger result. Every positive integer is congruent to its digit sum
modulo 9 and modulo 3.

Example 2.3.3. Test whether 4127835 is divisible by
(a) 3; (b) 9.

Solution The sum of the digits of 4127835 is 4 + 1 + 2 + 7 + 8 + 3 + 5 = 30.

(a) Since 3 divides 30, 4127835 is divisible by 3.
(b) Since 9 does not divide 30, 4127835 is not divisible by 9.

There is a further short-cut commonly known as casting out nines. In applying the above
test of divisibility for 9, we could have erased any 9s that may appear in the number, because
the original sum is divisible by 9 if and only if the reduced sum is too. In fact, we could have
crossed out a 1 with an 8, a 2 with a 7, a 3 with a 6, a 4 with a 5, or any combination with
sum 9.

Example 2.3.4. Use the method of casting out nines to test whether 4127835 is divisible by 9.

Solution After crossing out 1 and 8, 2 and 7, and 4 and 5, we are left with a single 3.
Since 3 is not divisible by 9, neither is 4127835.

Another way to apply the test of divisibility by 9 is to repeat the original test to the sum of
the digits, until a single digit remains. This number is called the digital root of the number, and
it is the remainder when the original number is divided by 9.

Example 2.3.5. When a multi-digit number is multiplied by 9, the product is a number with the
same digits but in a different order. What is the remainder when the original number is divided
by 9?

Solution The product is a multiple of 9, so that its digital root is 0. Since the original
number has the same digits as the product, its digital root is also 0. Hence when it is divided by
9, the remainder is 0.
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We now turn to a test of divisibility for 11. Note that 10 ≡ −1 (mod 11), so that 10k ≡ 1
(mod 11) if k is even, and 10k ≡ −1 (mod 11) if k is odd. Let us illustrate with testing whether
7809890625 is divisible by 11. We have

7809890625 =−7 × 109 +8 × 108 −0 × 107 +9 × 106 −8 × 105

+9 × 104 −0 × 103 +6 × 102 −2 × 101 +5 × 100

≡ −7 +8 −0 +9 −8
+9 −0 +6 −2 +5

= 20. (mod 11)

The expression −7 + 8 − 0 + 9 − 8 + 9 − 9 + 6 − 2 + 5 is called the alternate digit sum
of 7809890625. Note that the sign of the units digit is always positive.

What we have shown is that 7809890625 is divisible by 11 if and only if its alternate
digit sum is divisible by 11. The alternate digit sum, namely 20, is not divisible by 11. Hence
7809890625 is also not divisible by 11. In general, a positive integer is divisible by 11 if and
only if its alternate digit sum is divisible by 11.

In fact, we can state a stronger result. Every positive integer is congruent to its alternate
digit sum modulo 11. Since the remainder when 20 is divided by 11 is 9, the remainder when
7809890625 is divided by 11 is also 9.

Example 2.3.6. Test whether 723160823 is divisible by 11.

Solution Alternately adding and subtracting the digits of 723160823, we have

3 − 2 + 8 − 0 + 6 − 1 + 3 − 2 + 7 = 22,

which is divisible by 11. Hence so is 723160823.

The concept of congruence is very useful in problem solving. We give some illustrations
here.

Example 2.3.7. A grocer had eleven baskets, containing 17, 19, 20, 21, 23, 24, 25, 26, 27, 28 and
34 eggs respectively. Peter and Susan bought all but one basket, each getting several baskets.
Peter had twice as many eggs as Susan. Susan then sold one of her baskets to Peter, and now
Peter had three times as many eggs as Susan. How many eggs were in the basket not sold by the
grocer?

Solution The total number of eggs Peter and Susan had must be a multiple of 3 since
Peter had twice as many eggs as Susan after the purchase from the grocer. The total number of
eggs Peter and Susan had must be a multiple of 4 since Peter had three times as many eggs as
Susan after the sale by Susan. The following chart shows the remainders when the numbers of
eggs in the baskets, as well as the total number of eggs, are divided by 3 and by 4.

Number 17 19 20 21 23 24 25 26 27 28 34 Total
Modulo 3 2 1 2 0 2 0 1 2 0 1 1 0
Modulo 4 1 3 0 1 3 0 1 2 3 0 2 0

The total number of eggs is a multiple of 3 as well as a multiple of 4. Hence the number of eggs
in the basket not sold by the grocer is also a multiple of 3 and of 4. The only basket with this
property, identified by the column of double 0s, contains 24 eggs.
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Example 2.3.8. On the Island of Camelot live 13 grey, 15 brown and 17 crimson chameleons.
If two chameleons of different colors meet, both simultaneously change into the third color. Is
it possible that they will eventually all be the same color?

Solution Let the difference between the numbers of brown and crimson chameleons be
g, the difference between the numbers of crimson and grey chameleons be b and the difference
between the numbers of grey and brown chameleons be c. When a grey chameleon and a brown
chameleon meet, they both turn crimson. Note that c is unchanged while each of g and b changes
by 3. Thus the three variables always change by multiples of 3 when two chameleons of different
colors meet. Initially, g = 2, b = 4 and c = 2. If all chameleons eventually become the same
color, then one of g, b and c must go to 0. However, at any time, we have g ≡ 2 (mod 3), b ≡ 1
(mod 3) and c ≡ 2 (mod 3). Thus none of them can go to 0, and the chameleons will not all be
of the same color.

2.3.1 Exercises
1. Use the Congruence Divisibility Theorem to prove

(a) the Symmetric Property of congruence;
(b) the Transitive Property of congruence.

2. Use the Congruence Divisibility Theorem to prove that we can
(a) add congruences;
(b) multiply congruences.

3. Test whether 723160823 is divisible by
(a) 3; (b) 9.

4. Test whether 21324204 is divisible by
(a) 3; (b) 9.

5. Test whether 4127835 is divisible by 11.

6. Test whether 21324204 is divisible by 11.

7. A girl chooses a number x which has at least two different digits. She scrambles the digits
of x to get a different number y. Then she computes x − y or y − x , whichever is positive,
and denotes the difference by z. The girl now crosses out a non-zero digit of z, and writes
down the remaining digits of z, in any order, on a piece of paper.
(a) If x = 164, what are the possible values of z?
(b) What is the largest number that must divide z, whatever the choices of x and y are?
(c) If the digits on the girl’s piece of paper are 8, 1, 0, 2, 8 and 8, what is the digit she has

crossed out?

8. The teacher asked Ace, Beatrice and Cecil to write down some 4-digit number, write down
a second 4-digit number obtained from the first by reversing the order of the digits, and then
add the two numbers. Ace’s answer was 5985, Beatrice’s 2212 and Cecil’s 4983.
(a) Without looking at their work, the teacher said that both Ace and Beatrice had made

mistakes. How could she tell?
(b) If Cecil had not made mistakes, what was his initial number, given that it was not

divisible by 10 and was greater than the number obtained by digit reversal?
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9. A man has six barrels with capacities 6, 7, 9, 10, 13 and 14 liters respectively. Each is full
of either oil or vinegar. A woman buys five of the barrels. Which barrel does the man still
have if
(a) the woman gets twice as much oil as vinegar;
(b) the woman gets three times as much oil as vinegar?

10. A Dragon has 100 heads, and it can only be killed if all its heads are cut off. A Prince has
two swords. The long one can cut off exactly 21 heads of the Dragon at a time. The short
one can cut off exactly 4 heads of the Dragon at a time, but every time this sword is used,
the Dragon grows another 1985 heads. The Prince must be careful not to leave the Dragon
with 1, 2 or 3 heads, as his swords will be useless then. Can the Prince kill the Dragon?

11. There are 20 red amoeba, 21 white amoeba and 22 blue amoeba living on Mars. When two
amoeba of different colors meet, they merge into an amoeba of the third color. Eventually,
only one amoeba is left. What color is it?

12. There are 3 yellow amoeba, 5 orange amoeba, 2 green amoebas and 4 purple amoeba living
on Uranus. When three amoeba of different colors meet, they transform into two amoeba
of the fourth color. This continues until the amoeba left are all of two colors. Which two
colors are they?

2.4 Extras
Alice found Humpty Dumpty sitting, with his legs crossed like a Turk, on the top of a high
wall—such a narrow one that Alice quite wondered how he could keep his balance—and as his
eyes were steadily fixed in the opposite direction, and he didn’t take the least notice of her, she
thought he must be a stuffed figure, after all.

“And how exactly like an egg he is!” she said aloud, standing with her hands ready to catch
him, for she was every moment expecting him to fall.

“It is very provoking,” Humpty Dumpty said after a long silence, looking away from Alice
as he spoke, “to be called an egg—very!”

“I said you looked like an egg, Sir,” Alice gently explained. “And what a beautiful belt
you’ve got on! At least, a beautiful cravat, I should have said— no, a belt, I mean—I beg your
pardon! If I only knew which was neck and which was waist!”

Evidently, Humpty Dumpty was very angry, though he said nothing for a minute. When he
did speak again, it was in a deep growl.

“It is a—most—provoking—thing!” he said at last, “when a person doesn’t know a cravat
from a belt!”

“I know it’s very ignorant of me,” Alice said, in so humble a tone that Humpty Dumpty
relented. Changing the subject, Alice asked, “Why do you sit out here all alone?”

“Why, because there’s nobody with me!” said Humpty Dumpty.
“Don’t you think you’d be safer down on the ground?” asked Alice. “That wall is so very

narrow!”
“There is no chance of my falling, but if I ever did fall off,” said Humpty Dumpty, “the

White King has promised me—with his very own mouth — to send all his horses and all his
men to put me in my place again.”
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“If you did fall, on which side would it be?”
“I’d probably roll a die. If the number is odd, I’d fall on the odd side. If the number is even,

I’d fall on the even side.”
“This sounds like congruence modulo 2 that I have just been teaching the twins,” said Alice.
“This is indeed the case,” said Humpty Dumpty, mellowing as he was fond of mathematics.

“Congruence modulo 2 has a special significance. Those numbers congruent modulo 2 to 0 are
the even numbers. Those numbers congruent modulo 2 to 1 are the odd numbers. Oops!”

In his excitement, Humpty Dumpty almost fell off. Righting himself just in time, he
continued, “Two numbers are said to have the same parity if they are both even or both odd.
Otherwise, they are said to have opposite parity. Let me see how well you understand this.”

Example 2.4.1. Translate the following statements into the language of congruence:

(a) The sum of an odd integer and an even integer is odd.
(b) The product of an odd integer and an even integer is even.

Solution “Begin at the beginning,” said Alice logically, “let us consider (a). If a ≡ 1
(mod 2) and b ≡ 0 (mod 2), then a + b ≡ 1 (mod 2). As for (b), if a ≡ 1 (mod 2) and b ≡ 0
(mod 2), then ab ≡ 0 (mod 2). This is not hard at all.”

“Although this concept is extremely simple,” said Humpty Dumpty, “it is very useful in
problem solving. If we can show that something implies that an odd number is equal to an even
number, then this something is impossible. Try this.”

Example 2.4.2. In old Russia, there were 25-ruble bills, 3-ruble bills, 2-ruble bills and 1-ruble
bills. Can one make change of a 25-ruble bill, using in all ten bills each having a value of 1, 3
or 5 rubles?

Solution “I would say it is impossible,” Alice said quickly. “Each of 1, 3 and 5 is odd.
The sum of ten odd numbers must be even, but 25 is not.”

“You are good,” Humpty Dumpty acknowledged. “The key observation is that the sum of
an even number of odd numbers is even. We can generalize this fact as follows. The parity of
the sum of several numbers depends only on the parity of the number of its odd summands. If
the number of odd summands is odd, then the sum is odd.”

“And if the number of odd summands is even,” echoed Alice, “then the sum is even.”
“Do you know the game Domino?” Humpty Dumpty asked Alice.
“Do you mean the game with 2 × 1 pieces which have from 0 to 6 spots on each of the two

squares on their faces?”
“Yes,” said Humpty Dumpty. “How many pieces are there in a set?”
“I think 28,” said Alice, “if you include doubles. They are shown in this chart.”

0-0 0-1 0-2 0-3 0-4 0-5 0-6
1-1 1-2 1-3 1-4 1-5 1-6 2-2
2-3 2-4 2-5 2-6 3-3 3-4 3-5
3-6 4-4 4-5 4-6 5-5 5-6 6-6

“The game is played by forming a chain in which squares of adjacent dominoes have equal
numbers of spots. See if you can solve the following problem.”
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Example 2.4.3. In a game, all 28 dominoes are laid out in a chain. If the number on the square
at one end of the chain is 3, what number is on the square at the other end of the chain?

Solution “Within the chain of dominoes,” said Alice, “each number of spots occurs in
pairs. Since there are eight squares with 3 spots in the whole set, the last square must also have
3 spots on it.”

“We can also use dominoes without paying attention to the spots. Here is such a problem.”

Example 2.4.4. Can a 7 × 7 checkerboard be covered by 1 × 2 dominoes?

Solution “There are 49 squares on the board,” observed Alice. “Since each domino
covers two squares, the dominoes can only cover an even number of squares. Thus the task is
impossible!”

Suddenly, a heavy crash shook the ground. Immediately, men and horses came running from
all directions. Afraid of being trampled, Alice made a quick get-away, but she kept thinking
about the parity problems Humpty Dumpty introduced.

Example 2.4.5. In each square of a 7 × 7 chessboard is one of the numbers 1, 2, 3, 4, 5, 6 and
7. Two squares that are symmetric to the long diagonal running from northwest to southeast
contain equal numbers, and no row or column contains two copies of the same number. Prove
that no two of the numbers along that long diagonal are the same.

Solution Since there is one 1 in each column, there must be seven 1s in the table. If no 1
occurred on the main diagonal, then the 1s could be partitioned into pairs, placed symmetrically
with respect to the main diagonal. Since the number of 1s is odd, there must be an odd number
of 1s on the main diagonal. Similarly, the main diagonal must contain a 2, a 3, and so on. Since
there are 7 different numbers and 7 squares on the main diagonal, each number must appear
exactly once. An example of such a table is shown below.

1 2 3 4 5 6 7
2 3 4 5 6 7 1
3 4 5 6 7 1 2
4 5 6 7 1 2 3
5 6 7 1 2 3 4
6 7 1 2 3 4 5
7 1 2 3 4 5 6

Example 2.4.6. Several boys and girls stand in a circle. It turns out that both neighbors of each
child are of the same gender. If there are six boys in the circle, how many girls are there?

Solution If two children of the same gender stand next to each other, then all the children
are of the same gender. Since this is not the case, the boys and girls must alternate, so that there
are as many girls as boys. It follows that there are six girls also.

Example 2.4.7. A grasshopper jumps along a line. His first jump takes him 1 cm away, his
second 2 cm, and so on. Each jump can take him to the right or to the left. Show that after 21
jumps, the grasshopper cannot return to the point from which he started.
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Solution We consider a jump to the right positive, and a jump to the left negative.
The sum of the numbers 1 to 21 is odd, because there are 11 odd numbers among them.
Changing the sign of any one of them changes this sum by an even number. The sum must thus
remain odd and cannot be 0. Thus the grasshopper cannot return to the point from which he
started.

Example 2.4.8. The numbers 1, 2, 3, . . . , 1985 are written on a blackboard. We erase from the
blackboard any two numbers, and replace them with their positive difference. After this is done
several times, a single number remains on the blackboard. Can this number be equal to 0?

Solution The sum of the numbers 1 to 1985 is odd, because there are 995 odd numbers
among them. The replacement operation is equivalent to changing the sign of the smaller of the
two chosen numbers. This changes the sum by an even number. The sum must thus remain odd
and the final number, which is the final value of this sum, cannot be 0.

2.4.1 Exercises
1. Translate the following statements into the language of congruence:

(a) The sum of two odd integers is even.
(b) The product of two odd integers is odd.

2. Translate the following statements into the language of congruence:
(a) The sum of two even integers is even.
(b) The product of two even integers is even.

3. Amy bought a notebook with its pages numbered from 1 to 308. Her little brother Peter tore
out 15 pages of the notebook at random, and not necessarily in a single block. Can the sum
of the 30 page numbers on the torn pages be 462?

4. There are 120 soldiers in a detachment, and every evening three of them are on duty. Can
it happen that after a certain period of time each soldier has shared duty with every other
soldier exactly once?

5. The 7 dominoes containing at least one blank square are discarded. Can the remaining 21
dominoes be arranged in a chain?

6. Can an 8 × 8 chessboard be covered with 31 dominoes so that only two opposite corner
squares remain uncovered?

7. Nine checkers are placed on a 9 × 9 checkerboard in such a way that their positions are
symmetric with respect to one of its two diagonals. Prove that at least one of the checkers
is positioned on that diagonal.

8. Nine checkers are placed on a 9 × 9 checkerboard in such a way that their positions are
symmetric with respect to both diagonals. Prove that one of the checkers is placed in the
central square.

9. Thirteen boys and thirteen girls are seated at a round table. Prove that both neighbors of at
least one child are boys.
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10. Three grasshoppers play leapfrog along a line. At each turn, one grasshopper leaps over
another, but not over two others. Can the grasshoppers return to their initial positions after
21 leaps?

11. The product of 12 integers is equal to 1. Prove that their sum cannot be 0.

12. The numbers 1 to 10 are written in a row. Can plus and minus signs be placed between them
so that the value of the resulting expression is 0?





3
Common Divisors and Multiples

Alice said to the twins, “Instead of passing the day rattling each other’s bones, why don’t you
get some gainful employment? I have just imported some apples and bananas into Wonderland.
Each kind of fruit comes in boxes each of which holds exactly the same number, apples or
bananas. I do not remember how many there are in each box, but it is more than 1. I do know
that there are 289 apples and 221 bananas in the boxes.”

“We will give it a try,” said Tweedledum doubtfully. “I will sell apples and my twin brother
will sell bananas.”

“We need to know how many fruit there are in each box,” said Tweedledee.
“Well, see if you can figure that out before I come back,” said Alice. “Perhaps until you do,

you should just sell whole boxes of fruit.”
“That is a good idea,” said the twins together.
The Duchess’s Cook came in shortly after Alice took off, went to Tweedledum and said, “I

see that you have more boxes of apples than Tweedledee has boxes of bananas. I want to buy as
many boxes of apples as he has boxes of bananas.”

Tweedledum made the sale, and recorded that now he had 289 − 221 = 68 apples left.
The next three to come were the Dormouse, the March Hare and the Mad Hatter. Each of

them bought as many boxes of bananas from Tweedledee as Tweedledum had boxes of apples.
Tweedledee recorded that now he had 221 − 68 − 68 − 68 = 17 bananas left.

The next four customers were the Two, the Five, the Seven and the Knave of Hearts. Each
bought as many boxes of apples from Tweedledum as Tweedledee had boxes of bananas. Now
Tweedledum had no apples left.

Tweedledee said, “I still have 17 bananas left.”
“They are still inside unopened boxes because neither of us had opened one at any time.

This means that the number of bananas in each box is a divisor of 17.”
“The only divisors of 17 are 1 and 17,” said Tweedledee. “Since Alice told us the number

of bananas in each box is not 1, it must be 17.”
“Let me check,” said Tweedledum. “We have 221 ÷ 17 = 13 and we have 289 ÷ 17 = 17.

So 17 indeed divides both 221 and 289.”

65
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3.1 Greatest Common Divisors and the Euclidean Algorithm
Let a and b be two positive integers. An integer that divides both of them is called a common
divisor of them. The largest one among the common divisors is called the greatest common
divisor of a and b, and is denoted by a � b. Note that this number is always positive.

As a rule, we are not in favor of introducing notations indiscriminately. However, we feel
that a specific symbol for the greatest common divisor is long overdue. Our choice a � b
emphasizes the fact that finding the greatest common divisor of two numbers, like finding their
sum and their product, is a binary operation.

Example 3.1.1.

(a) Find all positive divisors of 12 and 18.
(b) Find 12 � 18.

Solution

(a) The divisors of 12 are 1, 2, 3, 4, 6 and 12. The divisors of 18 are 1, 2, 3, 6, 9 and 18.
(b) By (a), the common divisors of 12 and 18 are 1, 2, 3 and 6. Hence 12 � 18 = 6.

When the numbers involved are relatively small, we can find their greatest common divisor
by listing all their divisors and then make comparisons. However, when the numbers involved
are relatively large, even finding their divisors may be non-trivial.

When asked by her grandfather what she did at school that day, a little girl in grade 5 said
they were looking for greatest common divisor. The grandfather said, “Good heavens! Haven’t
they found it yet? They were looking for it when I was in grade 5.”

Fortunately, there is a systematic method for finding the greatest common divisor of two
positive integers. Let us go over the introductory thought-experiment again.

We have been performing subtractions, but since we have been subtracting the same amount
from the new balance, we have actually been performing divisions. If we subtract three times
68 from 221, we end up with 17. We summarize the calculations as follows.

1 3 4
221 )289 68 )221 17 )68

221 204 68
68 17

Just as the sequence of transactions must end because you will run out of fruit, this
sequence of divisions must also end because the remainders are getting smaller and smaller
while remaining non-negative. This follows from the Well-Ordering Principle. The last division
must be an exact division, and the divider of that operation is the greatest common divisor we
seek.

This method is known as the Euclidean Algorithm, named after Euclid, a mathemati-
cian in ancient Greece who is more famous for his work on the subject Geometry. Invari-
ably, it involves a relatively large number of divisions. In order to save space, we will merge
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the three divisions above into a single diagram below. This will be adopted as our standard
presentation.

4 3 1
17 )68 )221 )289

68 204 221
17 68

The advantage of this approach is that we can find the greatest common divisor of two
numbers without having to pick it out of the complete listing of their common divisors. Moreover,
the calculations required are mechanical.

(1) Put the larger of the two given numbers into box A and the smaller one into box B.
(2) Divide the number in box A by the number in box B.
(3) If the division is exact, go to Step (5). If not, move the number in box B to box A and put

the remainder obtained from the division into box B.
(4) Return to Step (2).
(5) The divider is the greatest common divisor we seek, and the algorithm is terminated.

Before we investigate why it works, let us try the Euclidean Algorithm on some larger
numbers.

Example 3.1.2. Find 149553 � 177741 by the Euclidean Algorithm.

Solution By the following computations, 149553 � 177741 = 783.

2 1 3 3 5 1
783 )1566 )2349 )8613 )28188 )149553 )177741

1566 1566 7047 25839 140940 149553
783 1566 2349 8613 28188

Suppose we try to find 1566 � 783. The Euclidean Algorithm will consist of a single exact
division which says that 783 divides 1566. By the Reflexive Property, 783 also divides itself.
Thus it is a common divisor of 1566 and 783. Clearly, 783 is the greatest divisor of itself.
It follows that 1566 � 783 = 783. For future reference, we generalize this to a � b = a if a
divides b.

If we try to find 2349 � 1566, the Euclidean Algorithm will consist of the following two
divisions.

2 1
783 )1566 )2349

1566 1566
783

If we can prove that 2349 � 1566 = 1566 � 783, then we can conclude from 1566 � 783 = 783
that 2349 � 1566 = 783 also. How can we do this?

Suppose we are shown two photographs taken at about the same time. We are asked to
prove that the tallest person in the first photograph is the same person as the tallest person in the
second photograph. How can we do it?
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A possible way is to compare the height of everyone in the each photograph, pick out the
tallest one, and verify that it is the same person. A different way, without examining heights, is
to show that the same people are in both photographs. Then the tallest person in one photograph
must be the tallest in the other.

This requires two steps. First, we must show that everyone in the first photograph is in the
second photograph. Then we must show that everyone in the second photograph is also in the
first photograph.

To show that 2349 � 1566 = 1566 � 783, we have to remember that 783 first makes its
appearance as the remainder when 2349 is divided by 1566. Since the quotient is 1, they are
related by the equation 783 = 2349 − 1 × 1566. Suppose d is a common divisor of 2349 and
1566. Then d must also divide 783, so that it is a common divisor of 1566 and 783. Similarly, a
common divisor of 1566 and 783 must divide 2349, so that it is a common divisor of 2349 and
1566. Since 2349 and 1566 have exactly the same common divisors as 1566 and 783, we can
conclude that 2349 � 1566 = 1566 � 783.

We can now give a formal justification for the solution to Example 3.1.2. We have

177741 � 149553 = 149553 � 28188

= 28188 � 8613

= 8613 � 2349

= 2349 � 1566

= 1566 � 783

= 783.

Because the Euclidean Algorithm is a very important method, we give three more examples.

Example 3.1.3. Determine 143 � 105.

Solution By the computation below, 143 � 105 = 1.

2 4 3 1 2 1
1 )2 )9 )29 )38 )105 )143

2 8 27 29 76 105
1 2 9 29 38

Example 3.1.4. Determine 4757 � 3763.

Solution By the computation below, 4757 � 3763 = 71.

2 1 3 1 3 1
71 )142 )213 )781 )994 )3763 )4757

142 142 639 781 2982 3763
71 142 213 781 994
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Example 3.1.5.

(a) Find 324�141.
(b) The largest possible square is cut off from a 141 × 324 rectangle. From the resulting

rectangle, the largest possible square is cut off. This is continued until the resulting rectangle
is a square. Find the side length of this final square.

Solution

(a) By the computation below, 324 � 141 = 3.

4 1 2 3 2
3 )12 )15 )42 )141 )324

12 12 30 126 141
3 12 15 42

(b) As shown in the diagram below, we can cut off in succession two squares of side length
141, three squares of side length 324 − 2 × 141 = 42, two squares of side length 141 −
3 × 42 = 15, one square of side length 42 − 2 × 15 = 12 and four squares of side length
15 − 12 = 3.

Example 3.1.5 contrasts how the Euclidean Algorithm is performed nowadays and how it
was performed at the time of Euclid. An interesting special case is shown in the diagram below,
where the sizes of the squares are the famous Fibonacci numbers 1, 1, 2, 3, 5, 8, 13, . . . , where
each term starting from the third is the sum of the preceding two terms.
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Having learnt how to use the Euclidean Algorithm to find the greatest common divisor of
two positive integers and why it works, we now turn to investigate the properties of the greatest
common divisor. The operation � clearly obeys the Commutative Law, but it does not obey the
Cancellation Law.

The operation � does not have an identity, although 0 comes close to being one, if we also
consider the greatest common divisor of non-positive integers. Any positive integer a divides
0, so that a � 0 = a.

However, note that 0 � 0 is then undefined. This is because every positive integer is a
common divisor of 0 and 0, and there is no largest one among them. On the other hand, if a is
a positive integer, then 0 � (−a) = a. This is because the positive divisors of −a is exactly the
same as the positive divisors of a.

A linear combination of two positive integers, say 4757 and 3763, is an expression of the
form 4757x + 3763y for some integers x and y. If we put in different values for x and y, we
naturally get different values of the linear combination.

x y 4757x + 3763y
0 0 0
1 0 4757
0 −1 −3763
1 1 8520
1 −1 994
2 3 20803

−3 1 −10508
19 −24 71

−53 67 0
3744 −4733 −71

It would appear that we can get almost any value, but all the values we have obtained so far
have something in common with one another. They are all divisible by 4757 � 3763 = 71.

This is to be expected, after all. Since 71 divides 4757, it divides 4757x whatever integer
value x has. Similarly, 71 divides 3763y for any integer value y. It follows that 71 divides the
linear combination.

Some of the values are positive, some of them are negative, and we have 0 from time to
time. It turns out that if we examine all possible linear combinations and pick out the smallest
positive value among them, it will turn out to be the greatest common divisor.

In the list above, the smallest positive value among the linear combinations is 71, and
indeed 71 = 4757 � 3763, as we have shown in Example 3.1.4. However, we must be careful
not to take the smallest value so far to be the greatest common divisor. We may have missed it,
but the existence of such a minimum is guaranteed by the Well-Ordering Principle.

Example 3.1.6.

(a) Let a and b be given positive integers. If ax + by = 12 for some integers x and y, what are
the possible values of a � b?

(b) For each value of a � b in (a), find values a, b, x and y such that a � b = ax + by.
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Solution

(a) Since a � b divides ax + by = 12, the possible values of a � b are 1, 2, 3, 4, 6 and 12.
(b) The following chart lists sample values.

a b x y a � b
1 1 6 6 1
2 2 3 3 2
3 3 2 2 3
4 8 1 1 4
6 6 1 1 6
12 24 −1 1 12

With the good old reliable Euclidean Algorithm, we do not have to find greatest common
divisors by examining linear combinations. Why are we bothering with them then? This is
because many important properties of the greatest common divisor can be derived from the fact
that it is the smallest positive value of any linear combination of the two given numbers. We
state this formally as follows.

Linear Combination Theorem. For any positive integers a and b, a � b is expressible as a
linear combination ax + by of a and b for some integers x and y.

We shall prove this result in the next chapter. In fact, a � b is the smallest positive value of
any linear combination of a and b. However, it is often enough to show that the greatest common
divisor is some linear combination of the two given numbers, as in the following corollary.

Greatest Common Divisor Theorem. The greatest common divisor of two positive integers
is divisible by any of their common divisors.

Proof. Let d be the greatest common divisor of two positive integers a and b. Then there exist
integers x and y such that d = ax + by. Any common divisor of a and b divides ax and by,
and therefore divides d.

Example 3.1.7. Compute 1716 � 1260 and compare the result with Example 3.1.3.

Solution By the computation below, we have 1716 � 1260 = 12. By Example 3.1.3, we
have 143 � 105 = 1. Comparison reveals that 1716 = 12 × 143 and 1260 = 12 × 105 so that
1716 � 1260 = 12(143 � 105).

2 4 3 1 2 1
12 )24 )108 )348 )456 )1260 )1716

24 96 324 348 912 1260
12 24 108 348 456

The above example illustrates another consequence of the Linear Combination Theorem,
namely, × is distributive over �. In other words, if a, b and c are any positive integers, then
c(a � b) = ca � cb.

Let d = a � b and g = ca � cb. We have to prove that cd = g. We will accomplish this
in two stages. We will first show that g divides cd. Then we will show that cd divides g. This
would mean that g = cd by the Anti-Symmetric Property.
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By the Linear Combination Theorem, d = ax + by for some integers x and y. Multiplying
this equation by c, we have cd = (ca)x + (cb)y. Since g is a divisor of ca and of cb, g must
divide cd .

Conversely, by the Linear Combination Theorem, g = (ca)u + (cb)v for some integers u
and v . Since d is a divisor of a and of b, cd is a common divisor of ca and cb. It follows that
cd divides g.

The next example illustrates that � obeys the Associative Law.

Example 3.1.8. Use the Euclidean Algorithm to determine

(a) 66 � 87;
(b) (66 � 87) � 28;
(c) 87 � 28;
(d) 66 � (87 � 28).

Solution

(a) By the computation below, 75651 � 62967 = 453.

7 3 1
3 )21 )66 )87

21 63 66
3 21

(b) By the computation below, 3 � 28 = 1.

3 9
1 )3 )28

3 27
1

(c) By the computation below, 87 � 28 = 1.

3 9 3
1 )3 )28 )87

3 27 84
1 3

(d) Obviously, 66 � 1 = 1.

We now prove the Associative Law for �, namely, for any positive integers a, b and c,
a � (b � c) = (a � b) � c. Let g = b � c and k = a � b. Let d be a common divisor of a and
g. As a divisor of g, it is a common divisor of b and c. It follows that it is a common divisor of
a and b. By the Greatest Common Divisor Theorem, d divides k. Hence it is a common divisor
of k and c. In an analogous manner, we can prove that every common divisor of k and c is also
a common divisor of a and g. It follows that a � g = k � c.

As for + and ×, the Associative Law for � may be generalized to give meaning to the
expression a � b � c. It may be interpreted as either (a � b) � c or a � (b � c).
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3.1.1 Exercises
1. (a) Find all positive divisors of 98 and 112.

(b) Find 98 � 112.

2. (a) Find all positive divisors of 187 and 286.
(b) Find 187 � 286.

3. Find 88673 � 58517 by the Euclidean Algorithm.

4. Find 93577 � 58644 by the Euclidean Algorithm.

5. (a) Find 190 � 84.
(b) The largest possible square is cut off from a 84 × 190 rectangle. From the resulting

rectangle, the largest possible square is cut off. This is continued until the resulting
rectangle is a square. Find the side length of this final square.

6. (a) Find 300 � 207.
(b) The largest possible square is cut off from a 207 × 300 rectangle. From the resulting

rectangle, the largest possible square is cut off. This is continued until the resulting
rectangle is a square. Find the side length of this final square.

7. (a) Let a and b be given positive integers. If ax + by = 6 for some integers x and y, what
are the possible values of a � b?

(b) For each value of a � b in (a), find values a, b, x and y such that a � b = ax + by.

8. (a) Let a and b be given positive integers. If ax + by = 8 for some integers x and y, what
are the possible values of a � b?

(b) For each value of a � b in (a), find values a, b, x and y such that a � b = ax + by.

9. Find 10218 � 13755 � 14410.

10. Find 15042 � 28994 � 38913.

11. Find a counter-example to show that � does not obey the Cancellation Law. In other words,
find three positive integers a, b and c such that c � a = c � b but a �= b.

12. Find a counter-example to show that � is not distributive over +. In other words, find three
positive integers a, b and c such that

c � (a + b) �= (c � a) + (c � b).

3.2 Relatively Prime Numbers
We now introduce a very important concept. Two positive integers are said to be relatively
prime to each other if they have no common divisor greater than 1. In other words, two positive
integers a and b are relatively prime to each other if and only if a � b = 1.

We may have three or more numbers that are relatively prime to one another. If every two
of them are relatively prime to each other, they must be relatively prime to one another. For
instance, 3, 5 and 7 are pairwise relatively prime. On the other hand, any two of 6, 10 and 15 are
not relatively prime, and yet no number greater than 1 can divide all three of them. So they are
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relatively prime to one another. Note however that a relatively prime number is a meaningless
concept. Relative primeness is a relation.

Example 3.2.1. Show that 14 and 15 are relatively prime to each other by listing all their positive
divisors.

Solution The positive divisors of 14 are 1, 2, 7 and 14. The positive divisors of 15 are
1, 3, 5 and 15. The only common divisor is 1. Hence 14 and 15 are relatively prime to each
other.

Another way of showing that two numbers are relatively prime to each other is to compute
their greatest common divisor.

Example 3.2.2. Show that 35 and 53 are relatively prime to each other by the Euclidean
Algorithm.

Solution By the computation below, 35 � 53 = 1.

17 1 1 1
1 )17 )18 )35 )53

17 17 18 35
1 17 18

From the last section, we know that the greatest common divisor of two positive integers
is the smallest positive value of all linear combinations of the two numbers. If the value of a
linear combination is positive but not 1, we cannot be sure that it is the greatest common divisor.
However, if it is 1, then we know that the two numbers must be relatively prime to each other.

Example 3.2.3. Show that 35 and 53 are relatively prime to each other by expressing 1 as a
linear combination of them.

Solution The multiples of 35 are 35, 70, 105 and so on. The multiples of 53 are 53, 106
and so on. Hence 1 = 106 − 105 = 35(−3) + 53(2). It follows that any common divisor of 35
and 53 must divide 1, so that 35 � 53 = 1.

Example 3.2.1 is a special case of the following.

Example 3.2.4. Prove that two consecutive positive integers are relatively prime to each other.

Solution The two consecutive positive integers differ by 1. Any common divisor of them
must also divide their difference. Since the only positive divisor of 1 is 1 itself, the two numbers
are relatively prime to each other.

The main result concerning relatively prime numbers is the following. It will play an
important role in Chapter Five.

Relatively Prime Divisibility Theorem. Let a and b be relatively prime positive integers. Let
c be any positive integer. If a is a divisor of the product bc, then a is a divisor of c alone.

Proof. Since a|bc, we have bc = aq for some integer q. Since a � b = 1, the Linear Combina-
tion Theorem guarantees the existence of integers x and y such that ax + by = 1. Multiplying
by c, we have c = axc + byc = axc + yaq = a(xc + yq) so that a|c.
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Example 3.2.5. Prove that two positive integers are relatively prime to each other if and only if
one of them is relatively prime to their sum.

Solution Let a and b be two positive integers. We first assume that a � b = 1. This
means that there exist integers x and y such that 1 = ax + by. Then we have 1 as a linear
combination of a + b and b since

1 = ax + bx − bx + by = (a + b)x + b(−x + y).

It follows that b is relatively prime to a + b. We now assume that (a + b) � b = 1. This means
that there exist integers u and v such that 1 = (a + b)u + bv . Hence 1 = au + bu + bv =
au + b(u + v), which is an expression of 1 as a linear combination of a and b. It follows that a
is relatively prime to b.

Some results cannot be proved until after we have the Fundamental Theorem of Arithmetic
in Chapter Five. For instance, if two positive integers are relatively prime, then their squares are
also relatively prime, or if the product of two relatively prime positive integers is a square, then
each of them is a square. We mention this here because we need these results in the exploration
of extra material in Section 4.4. A proof will be given in Example 5.3.6.

The following result is a corollary of the Relatively Prime Divisibility Theorem which is
very useful in designing tests of divisibility.

Relatively Prime Divisibility Test Theorem. If a and b are two positive divisors of a positive
integer c that are relatively prime to each other, then ab also divides c.

First Proof. Since a|c, we have c = aq for some integer q. From b|aq and a � b = 1, we have
b|q by the Relatively Prime Divisibility Theorem, so that q = bk for some integer k. It follows
that we have c = aq = a(bk) = (ab)k and ab|c.

Second Proof. Since a|c, we have c = aq for some integer q. Since b|c, we have c = bk for
some integer k. By the Linear Combination Theorem, there exist integers x and y such that
1 = ax + by. Multiplying both sides of the last equation by c, we have c = cax + cby =
bkax + aqby = ab(kx + qy). Hence ab|c.

We are now in position to complete our program of finding tests of divisibility for the
first twelve positive integers except for 7. We have 6 = 2 × 3 and 12 = 3 × 4. Since 2 � 3 =
3 � 4 = 1, the Relatively Prime Divisibility Test Theorem gives us the following. A positive
integer is divisible by 6 if and only if it is divisible by both 2 and 3. A positive integer is divisible
by 12 if and only if it is divisible by both 3 and 4.

Note that although 12 = 2 × 6, a number may be divisible by both 2 and 6 without being
divisible by 12. Two such numbers are 6 and 18. This is because 2 and 6 are not relatively prime
to each other.

Example 3.2.6. Test whether 33777162 is divisible by 6.

Solution Since 3 + 3 + 7 + 7 + 7 + 1 + 6 + 2 = 36 is divisible by 3, so is 33777162.
Since its last digit is 2, it is divisible by 2 also. Hence it is divisible by 6.

Example 3.2.7. Test whether 522451442 is divisible by 12.
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Solution Since 42 is not divisible by 4, neither is 522451442. Hence it is not divisible
by 12.

The Relatively Prime Divisibility Test Theorem can also be used to solve problems involving
divisors greater than 12.

Example 3.2.8. Find the smallest positive multiple of 225 in which every digit is 0 or 1.

Solution Note that 225 = 9 × 25 and 9 � 25 = 1. A positive integer is a multiple of 25
if and only if its last two digits are 00, 25, 50 or 75. Since we are restricted to using only the
digits 0 and 1, they must be 00. A positive integer is a multiple of 9 if and only if the sum of
its digits is divisible by 9. Since we are restricted to using only the digits 0 and 1 and must use
at least one 1, we must use nine 1s. It follows that the smallest multiple of the desired form is
11111111100.

3.2.1 Exercises
1. Show that 20 and 21 are relatively prime to each other by listing all their positive divisors.

2. Show that 19 and 34 are relatively prime to each other by the Euclidean Algorithm.

3. Show that 43 and 57 are relatively prime to each other by expressing 1 as a linear combination
of them.

4. Show that 19 and 34 are relatively prime to each other by expressing 1 as a linear combination
of them.

5. Prove that if a and b are relatively prime numbers and c is a divisor of b, then a and c are
also relatively prime to each other.

6. Prove that if a positive integer is relatively prime to two other positive integers, then it is
relatively prime to their product.

7. Test whether 132465798 is divisible by 6.

8. Test whether 200861012 is divisible by 12.

9. Find the smallest positive multiple of 15 in which every digit is 0 or 8.

10. Find the smallest positive multiple of 99 in which every digit is 2.

11. A positive integer consists of each of the nine non-zero digits exactly once. The number
formed of its first 2 digits is divisible by 2, the number formed of its first 3 digits is divisible
by 3, and so on, so that the number formed of its first 8 digits is divisible by 8. Find all such
numbers.

12. At Grandpa’s ninety-ninth birthday party, each guest gave him a number of jelly beans equal
to his age. The total number of jelly beans he received was a five-digit number. However,
Grandpa only remembered that the second digit was 7, the third digit 6 and the last digit 4.
How many guests were at the party?
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3.3 Least Common Multiples
The Walrus and the Carpenter were enjoying oysters. The Walrus could eat one in six seconds
while the Carpenter could eat one in eight seconds. They started at the same time. After how
many minutes would they be reaching for another oyster simultaneously?

The Walrus would be reaching for the second oyster after 6 minutes, the third one after
12 minutes, the fourth one after 18 minutes and the fifth one after 24 minutes. The Carpenter
would be reaching for the second oyster after 8 minutes, the third one after 16 minutes and the
fourth one after 24 minutes. So after 24 minutes, they would be reaching for another oyster
simultaneously.

The numbers 6, 12, 18 and 24 are multiples of 6, while the numbers 8, 16 and 24 are
multiples of 8. Thus 24 is a common multiple of 6 and 8. It is clearly the smallest positive
number that is a common multiple of 6 and 8.

More generally, a positive integer m is said to be a common multiple of two positive integers
a and b if m is divisible by both a and b. The least common multiple of a and b is the smallest
positive integer which is a common multiple of a and b. It is denoted by a � b.

For the greatest common divisor of two positive integers, we do not have to look beyond
the smaller of the two given numbers. Also, we can always count on old dependable 1. It is sure
to be a common divisor, and if nothing else is, then it is the greatest!

For the least common multiple, the numbers involved usually get larger and larger. Would it
happen that we will not find a match? This is impossible, for the simple reason that the product
of the two given numbers is always a common multiple of them. However, note that a � 0 is
undefined since the only multiple of 0 is 0, and it is not positive.

Example 3.3.1.

(a) List the positive multiples of 6 and 10 as far as their product.
(b) Find 6 � 10.

Solution

(a) The positive multiples of 6 up to 6 × 10 are 6, 12, 18, 24, 30, 36, 42, 48, 54 and 60. The
positive multiples of 10 up to 6 × 10 are 10, 20, 30, 40, 50 and 60.

(b) By (a), the positive common multiples of 6 and 10 up to 6 × 10 are 30 and 60. Hence
6 � 10 = 30.

The greatest common divisor of two positive integers is characterized as the common divisor
that is divisible by all other common divisors. The least common multiple of two positive integers
has an analogous characterization.

Least Common Multiple Theorem. The least common multiple of two positive integers
divides any of their common multiples.

Proof. Let m be the least common multiple of two positive integers a and b. Let k be any
other common multiple of a and b. By the Division Algorithm, there exist unique integers q
and r , with 0 ≤ r < m, such that k = mq + r . Since a|m, a|mq. We also have a|k, Hence a|r .
Similarly, b|r . If r �= 0, then it is a positive integer less than m which is a common multiple of
a and b. This contradicts m = a � b. Hence r = 0, and indeed m|k.
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Just as the divisors of the greatest common divisor of two positive integers are the common
divisors of the two numbers, the multiples of the least common multiple of two positive integers
are the common multiples of the two numbers.

After they have started, the Walrus and the Carpenter would be reaching for another oyster
simultaneously after 24 minutes. They would do so again after 48 minutes, 72 minutes, 96
minutes, and so on, until the oysters ran out or ran away.

Example 3.3.2. Compute 42 � 70 and compare the result with Example 3.3.1.

Solution The first few positive multiples of 42 are 42, 84, 126, 168 and 210. The first
few positive multiples of 70 are 70, 140 and 210. Hence the least common multiple of 42
and 70 is 210. By Example 3.3.1, 21 � 35 = 105. We have 42 = 2 × 21, 70 = 2 × 35 and
42 � 70 = 2(21 � 35).

The above example illustrates that × is distributive over �. In other words, if a, b and c
are any positive integers, then c(a � b) = ca � cb.

Let m = a � b and k = ca � cb. We have to prove that cm = k. We will accomplish this
in two stages. We will first show that k divides cm. Then we will show that cm divides k. This
would mean that k = cm by the Anti-Symmetric Property.

Since a|m, ca|cm. Similarly, cb|cm. Hence k|cm. On the other hand, since c|ca and ca|k,
we have c|k so that k = cn for some positive integer n. Then ca|cn so that a|n. Similarly, b|n.
Hence n is a common multiple of a and b. By the Least Common Multiple Theorem, we have
m|n so that cm|cn = k. The desired conclusion follows.

The least common multiple of two positive integers may be computed from their greatest
common divisor.

Product Theorem. For any positive integers a and b, (a � b)(a � b) = ab.

Proof. First Proof] We first assume that a � b = 1. Then there exist integers x and y such
that 1 = ax + by. Let m = a � b. Then m = max + mby. Since b|m, ab|ma so that ab|max .
Similarly, ab|mby, and it follows that ab|m. On the other hand, m|ab by the Least Common
Multiple Theorem. Hence m = ab. Now let a � b = d > 1. Then a

d � b
d = 1 so that a

d � b
d =

ab
d2 . Since × is distributive over �, ab = d2( a

d � b
d ) = d(a � b).

Second Proof. Let m = a � b. Since ab is a common multiple of a and b, m|ab by the Least
Common Multiple Theorem. Hence ab = md for some positive integer d. Since a|m, we have
d|b. Similarly, d|a. Hence d is a common divisor of ab. Let c be any positive common divisor of
a and b. Then a = cp and b = cq for some positive integers p and q. Hence cpq is a common
multiple of a and b. By the Least Common Multiple Theorem, m|cpq so that cpq = mk for
some positive integer k. Now cpcqk = abk = mdk = cpqd so that d = ck. Hence c|d, and it
follows that d = a � b.

Example 3.3.3.

(a) Find 143 � 105.
(b) Find 4757 � 3763.
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Solution

(a) By Example 3.1.3, 143 � 105 = 1. Hence 143 � 105 = 143 × 105 = 15015.
(b) We have 4757 � 3763 = 4757×3763

71 = 252121 since 4757 � 3763 = 71 by Example 3.1.4.

Example 3.3.4.

(a) Find 8633 � 7387.
(b) Find 8633 � 7387.

Solution

(a) We first perform the following computations.

13 1 5 1
89 )1157 )1246 )7387 )8633

1157 1157 6230 7387
89 1157 1246

This shows 8633 � 7387 = 89.
(b) By the Product Theorem, 8633 � 7387 = 8633×7387

89 = 716539.

Clearly, the operation � obeys the Commutative Law, but it does not obey the Cancellation
Law. Restricted to the set of positive integers, the operation � has the number 1 as its identity.
This is because any positive integer a is divisible by 1, so that a � 1 = a. However, no number
other than 1 has an inverse under �. Note that 1 � (−a) = a since the positive multiples of a
negative integer −a are exactly the same as the positive multiples of the positive integer a.

That it obeys the Associative Law is illustrated in the next example.

Example 3.3.5. Use the Euclidean Algorithm and the Product Theorem to determine

(a) 66 � 87;
(b) (66 � 87) � 28;
(c) 87 � 28;
(d) 66 � (87 � 28).

Solution

(a) By Example 3.1.8(a), 66 � 87 = 3. It follows from the Product Theorem that 66 � 87 =
66×87

3 = 1914.
(b) By the computation below, 1914 � 28 = 2.

4 1 2 68
2 )8 )10 )28 )1914

8 8 20 1904
2 8 10

By the Product Theorem, 1914 � 28 = 1914×28
2 = 26796.

(c) By Example 3.1.8(c), 87 � 28 = 1. It follows from the Product Theorem that 87 � 28 =
87 × 28 = 2436.
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(d) By the computation below, 66 � 2436 = 6.

10 1 36
6 )60 )66 )2436

60 60 2376
6 60

By the Product Theorem, 66 � 2436 = 66×2436
6 = 26796.

We now prove the Associative Law for �, namely, for any positive integers a, b and c,
a � (b � c) = (a � b) � c. Let r = b � c and s = a � b. Let m be a common multiple of a and
r . As a multiple of g, it is a common multiple of b and c. It follows that it is a common multiple
of a and b. By the Least Common Multiple Theorem, s divides m. Hence it is a common
multiple of s and c. In an analogous manner, we can prove that every common multiple of s and
c is also a common divisor of a and r . It follows that a � r = s � c.

As for +, × and �, the Associative Law for � may be generalized to give meaning to the
expression a � b � c. It may be interpreted as either (a � b) � c or a � (b � c).

Example 3.3.6. Find the smallest positive integer such that when it is divided by 11, 13, 17 and
19, the respective remainders are 8, 10, 14 and 16.

Solution Our number is 3 less than the least common multiple of 11, 13, 17 and 19. So
it is 11 � 13 � 17 � 19 − 3 = 11 × 13 × 17 × 19 − 3 = 46186.

Example 3.3.7. Find the smallest positive integer that leaves remainders of 3, 4 and 5 when
divided respectively by 5, 7 and 9.

Solution When twice this number is divided by 5, 7 or 9, the remainder is 1. Hence the
minimum value of twice this number is 5 × 7 × 9 + 1 = 316, and the minimum value of this
number is 316 ÷ 2 = 158.

We now consider a problem involving both � and �.

Example 3.3.8. Find all pairs (a, b) of positive integers such that a < b, a � b = 10 and
a � b = 100.

Solution We may consider the simpler problem of finding all pairs (a, b) of positive
integers such that a < b, a � b = 1 and a � b = 10. Each of a and b is a divisor of 10, so
that it is 1, 2, 5 or 10. That they are relatively prime restricts the choices to (a, b) = (1, 2),
(1,5), (1,10) and (2,5). Hence in the original problem, (a, b) = (10, 20), (10,50), (10,100) and
(20,50).

3.3.1 Exercises
1. (a) Find 289 � 323.

(b) Find 289 � 323.

2. (a) Find 323 � 361.
(b) Find 323 � 361.

3. Find 14 � 16 � 19.
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4. Find 15 � 17 � 18.

5. Find a counter-example to show that � does not obey the Cancellation Law. In other words,
find three positive integers a, b and c such that c � a = c � b but a �= b.

6. Find a counter-example to show that � is not distributive over +. In other words, find three
positive integers a, b and c such that

c � (a + b) �= (c � a) + (c � b).

7. Find the smallest two positive integers such that when divided by 2, 3, 4, 5, 6 and 7, the
remainders are 1, 2, 3, 4, 5 and 6 respectively.

8. Find the smallest two positive integers such that when divided by 2, 3, 4, 5, 6 and 7, the
remainders are all 1s.

9. Let a, b, c and d be positive integers such that

a � b = c � d, a � b = c � d and b − a = d − c.

Does it follows that a = c and b = d?

10. Let a, b, c and d be positive integers such that

a � b = c � d, a � b = c � d, a ≤ b and c ≤ d.

Does it follows that a = c and b = d?

11. Each of Peter and Basil thinks of three positive integers. For each pair of his numbers, Peter
writes down the greatest common divisor of the two numbers. For each pair of his numbers,
Basil writes down the least common multiple of the two numbers. If both Peter and Basil
write down the same three numbers, prove that these three numbers are all the same.

12. Each of Peter and Basil thinks of four positive integers. For each pair of his numbers,
Peter writes down the greatest common divisor of the two numbers. For each pair of his
numbers, Basil writes down the least common multiple of the two numbers. If both Peter
and Basil write down the same six numbers, does it follow that these six numbers are all the
same?

3.4 Extras
The White King and Queen used two messengers, Haigha and Hatta, to pass messages between
each other. The trouble was that the messengers would read the messages themselves, and then
spread words around. To get around this, the White King and Queen devised a secret code.

“What is this?” exclaimed Haigha when he saw a coded message for the first time. “It says
Ald clo pxib—axqp xkvqefkd xka fp clka lc zefiaoak. It is gibberish. What does it mean?”

The two messengers sat down on the ground and puzzled over it for a while. Then Hatta
brightened up and said, “I bet Her Majesty has shifted the letters around. Let us try the first
word ald and see what it might have been.” Then Hatta drew the following chart onthe sand.
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The first column consisted of the word ald. Subsequent columns were obtained by shifting the
letters one place at a time.

A B C D E F G H I J K L M
L M N O P Q R S T U V W X
D E F G H I J K L M N O P
N O P Q R S T U V W X Y Z
Y Z A B C D E F G H I J K
Q R S T U V W X Y Z A B C

“The only one of these twenty-six three-letter word that makes any sense is dog,” said
Haigha.

“That’s it!” shouted Hatta. “Her Majesty has simply shifted every letter back three places
to create her coded message. So to decode it, we just have to shift every letter forward three
places.”

“Let me try,” exclaimed Haigha, excited. “It says Dog for sale—eats anything and is fond
of children. That explains why there are no Royal children, at least not now.”

After a while, the White King and Queen caught on to the fact that their simple code had
been broken. So they came up a more sophisticated one.

Unaware of this new development, the messengers were baffled by the next message, which
said yxt mxs zdcf—qfngfsfy, chvf xqf xm gaf mdjhlp.

Y Z A B C D E F G H I J K
X Y Z A B C D E F G H I J
T U V W X Y Z A B C D E F
L M N O P Q R S T U V W X
K L M N O P Q R S T U V W
G H I J K L M N O P Q R S

“I am sure that the Majesties are trying to sell another dog, but how does dog become yxt?”
So they went and consulted Alice.
“Let us take the last code you broke,” she said. “A mathematical way of representing it is

to assign numbers to the letters, 0 for A, 1 for B, and so on, up to 25 for Z. A code simply
changes a number to another number, and this sets up the corresponding substitution of the
letters. Let us call x the number that represents the letter in the real message, and y the number
that represents the letter in the coded message. Then what the Majesties have been using is the
formula y ≡ x − 3 (mod 26). This is called the encoding function. Now the letter D, which
is represented by 3, becomes the letter represented by 3 − 3 = 0, which is A. Do you boys
understand that?”

“I do,” said Haigha. “In order to decode the message, we rewrite y ≡ x − 3 (mod 26) as
x ≡ y + 3 (mod 26).”

“Right, and that is called the decoding function, by the way” said Alice. “I think the
Majesties are likely using a code one step up. Instead of y ≡ x + b (mod 26) with b = −3, they
may be using the encoding function y ≡ ax + b (mod 26) for some numbers a and b.”

Hatta complained, “How are we supposed to find a and b? If a = 1 as before, we can use
our old method to find b, but now a �= 1. What can we do?”
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Alice said sternly, “You are not supposed to read the Majesties’ messages, let alone under-
stand them.”

“Come on,” said Haigha, “it is just a harmless fun to pass the day. Running back and forth
dragging the message bag along is a real drag.”

“Does it help if we know that D has become Y and O has become X?” asked Hatta.
“Indeed that would,” said Alice. “Let me see, D is 3 and Y is 24. So 24 ≡ 3a + b (mod 26).

Also, O is 14 and X is 23. So 23 ≡ 14a + b (mod 26). If we subtract the second congruence
from the first, we have 1 ≡ −11a ≡ 15a (mod 26).”

“To find a, I need to cancel out the 15,” complained Haigha, “but 1 is not a multiple
of 11.”

“Of course not, but there is nevertheless an integer value of a that satisfies the congruence,
and we want it to lie between 0 and 25 inclusive,” said Alice. “Haven’t you learned how to solve
linear congruences in the Royal Messengers’ School?”

“No,” said Hatta. “What is a linear congruence?”
“A linear congruence has the form ax ≡ b (mod m), where x is an integral variable, a and

b are given integers and m is given positive integers.”
“A linear congruence looks very much like a linear equation,” remarked Haigha. “Does

solving a linear congruence mean finding all values of x that make the congruence true?”
“Yes,” said Alice. “A nice property of congruences is that it has finitely many solutions. A

congruence modulo m has at most m solutions, namely, 0, 1, . . . , m − 1. Theoretically, in order
to solve a congruence, one just has to test every possible value. I will give you two to solve. Try
one each.”

Example 3.4.1. Find all solutions of the linear congruence 5x ≡ 7 (mod 11) between 0 and 10
inclusive.

Solution “Trying x = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10,” said Hatta, “I have 5x = 0, 5,
10, 15, 20, 25, 30, 35, 40, 45 and 50. Reducing modulo 11, x = 0, 5, 10, 4, 9, 3, 8, 2, 7, 1 and 6.
So 8 is the only solution of the congruence 5y ≡ 7 (mod 11) between 0 and 10 inclusive.”

Example 3.4.2. Solve the linear congruence 3x ≡ 1 (mod 6).

Solution “Trying x = 0, 1, 2, 3, 4 and 5,” said Haigha, “I have 3x = 0, 3, 6, 9, 12 and
15. Reducing modulo 6, x = 0, 3, 0, 3, 0 and 3. What is going on? None of them comes out to
be 1.”

“Well,” said Alice, “This means that the congruence 3x ≡ 1 (mod 6) has no solutions.”

“When does a linear congruence have no solutions?” asked Hatta. “How do we know
without checking all the cases?”

“There are ways to tell, as you will see later,” said Alice. “For now, let us return to the
congruence 15a ≡ 1 (mod 26) on hand. We could check all 26 cases, but there is a better way.
Now in modulo 26, 1 is the same as 27. Instead of dealing with 15a ≡ 1 (mod 26), try 15a ≡ 27
(mod 26).”

Haigha said, “I am tempted to say that we can simplify this to 5a ≡ 9 (mod 26), but I seem
to remember that the Cancellation Law does not always work.”

Alice nodded with approval. She said, “It is good to be cautious, but in this case, the
cancellation is legitimate. What can you do with 5a ≡ 9 (mod 26)?”
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“I will copy your tactics and add 26 to 9, bringing us to 5a ≡ 35 (mod 26).”
“And if cancellation is still legitimate now,” said Haigha excitedly, “we will have a ≡ 7

(mod 26).”
“Good, good. Now we seem to have forgotten about b. What is its value?”
“That part is easy,” said Hatta. “We have 24 ≡ 3a + b (mod 26). Now that we know a ≡ 7

(mod 26), we can take a = 7. Then b ≡ 24 − 3a ≡ 3 (mod 26), so that the encoding function
is y ≡ 7x + 3.”

“Let me check,” said Haigha. “We know that G becomes T. Now G is represented by 6 and
T by 19, and indeed 7 × 6 + 3 ≡ 19 (mod 26).”

“What about the rest of the message?” asked Alice, her curiosity temporarily overriding
her moral standards.

Hatta said, “The decoding function may be written as 7x ≡ y − 3 (mod 26). Using our
earlier tactics, 7x ≡ 27(y − 3) ≡ 53(y − 3) ≡ 79(y − 3) ≡ 105(y − 3) (mod 26). Aha! It is
x ≡ 15(y − 3) ≡ 15y + 7 (mod 26). Indeed, 15 × 19 + 7 ≡ 6 (mod 26).”

Haigha said, “I have now decoded the entire message. It says Dog for sale—neutered, like
one of the family.”

“Could that be the real explanation why there are no Royal children?” mused Alice.
Hatta let out one of his maddening laughs and said, “Just like the last one, I do not believe

this advertisement comes out the way it is intended.”
“For practice,” said Alice, changing the subject, “try the following.”

Example 3.4.3. Solve the linear congruence 5x ≡ 7 (mod 11) without using the approach in
Example 3.4.1.

Solution “Using your latest method,” said Haigha, “I have 5x ≡ 7 ≡ 18 ≡ 29 ≡ 40
(mod 11). Assuming that I can cancel the 5, I have x ≡ 8 as before.”

“You can certainly cancel the 5 here. So x = 8 is the only solution between 0 and 10.”

“Explain to us when we can do cancellation in congruences and when we cannot,” asked
Hatta.

“Let us say we have ca ≡ cb (mod m) for some integers a, b and c and some positive
integer m. It is tempting to cross out the cs and claim that a ≡ b (mod m). Suppose we have
7x ≡ 35 (mod 26). Then it is true that x ≡ 5 (mod 26). However, suppose we have 8x ≡ 32
(mod 26), it is not true that x ≡ 4 (mod 26).”

“Why not?” asked Haigha. “Isn’t 8 × 4 still 32? What is wrong?”
“Well, x ≡ 4 (mod 26) is indeed correct. The mistake is not the introduction of something

false, but the omission of something true. Try x = 17 on for size.”
“Well, let me see,” said Hatta. “I have 8 × 17 = 136 ≡ 6 (mod 26). What is the relevance

of this?”
“Note that 6 ≡ 32 (mod 26). So x = 17 is another solution between 0 and 25. The statement

8x ≡ 32 (mod 26) is not equivalent to x ≡ 4 (mod 26), but to x ≡ 4 or 17 (mod 26).”
“Did you pick 17 out of a hat?” said Haigha. “If 17 works, how do I know if there may be

others?”
“One only picks rabbits out of a hat,” laughed Alice, and Haigha, being a rabbit, scowled

at her. “There are no numbers other than 4 and 17 that work. Let me explain. By the
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Congruence Divisibility Theorem, the statement 7x ≡ 35 (mod 26) means that 7x − 35 =
7(x − 5) is divisible by 26. Note that 7 and 26 are relatively prime to each other.”

“Aha!” said Hatta. “By the Relatively Prime Divisibility Theorem, x − 5 is divisible by 26.
By the Congruence Divisibility Theorem again, this statement is equivalent to x ≡ 5 (mod 26).”

“Good observation,” said Alice. “In general, it is legitimate to cancel the cs from ca ≡ cb
(mod m) if c � m = 1.”

“This is neat,” exclaimed Hatta, “but what if c � m > 1?”
“Take our example 8x ≡ 32 (mod 26). This means that 8(x − 4) is divisible by 26. Now

8 � 26 = 2 > 1. Hence we cannot conclude that x − 4 is divisible by 26. However, to say that
8(x − 4) is divisible by 26 means that 8(x − 4) = 26k for some integer k. Cancelling 2 from
this equation, which is always legitimate, we have 4(x − 4) = 13k, or 4(x − 4) is divisible by
13. Now 4 � 13 = 1. We can therefore conclude that x ≡ 4 (mod 13).”

“I still do not see where 17 comes from,” muttered Haigha.
“That is easy, because 4 ≡ 17 (mod 13), but 4 �≡ 17 (mod 26). In summary, ca ≡ cb (mod

m) is equivalentto a ≡ b (mod m
c�m ).”

“Now I see why Example 3.4.2 has no solutions. Suppose there is a solution s. By the
Congruence Divisibility Theorem, 3s ≡ 1 (mod 6) means that 3s − 1 is divisible by 6, or that
there exists an integer t such that 3s − 1 = 6t . This violates the Basic Divisibility Theorem.”

Alice nodded and said, “Our difficulty here can be summarized in one statement, 3 � 6 = 2
does not divide 1.”

“Does that mean that the linear congruence ax ≡ b (mod m) has solutions if and only if
a � m divides b?” asked Haigha.

“You are absolutely right,” said Alice. “Try the following.”

Example 3.4.4. Solve the linear congruence 15x ≡ 6 (mod 36).

Solution “Since 36 � 15 = 3, which divides 6,” said Hatta, “the congruence has solu-
tions. It is equivalent to 5x ≡ 2 ≡ 14 ≡ 26 ≡ 38 ≡ 50 (mod 12) by the Cancellation Theorem.
Hence x = 10 is the only solution to the simplified congruence. However, x ≡ 10 (mod 12)
means x ≡ 10, 22 or 34 (mod 36), and there are three solutions.”

“Beautifully done,” applauded Alice. “In general, the number of solutions of ax ≡ b (mod
m) is equal to m

a�m , provided that a � m divides b.”
“When the numbers involved are relatively large,” complained Haigha. “both approaches

we have so far are far too cumbersome. Isn’t there a better way?”
“Yes,” said Alice, “but we will leave it for another day.”
One method we can use to solve linear congruences is to convert it into a linear Diophantine

equation which we will treat in the next Chapter. Below is another approach.

Example 3.4.5. Solve the congruence 152x ≡ 5 (mod 268).

Solution The given congruence is equivalent to 152x = 5 + 268y for some integer y.
Hence 268y ≡ −5 (mod 152). Since 268 ≡ 116 (mod 152), we have 116y = −5 + 152x1 for
some integer x1. Hence 152x1 ≡ 5 (mod 116). Since 152 ≡ 36 (mod 116), we have 36x1 =
5 + 116y1 for some integer y1. Hence 116y1 ≡ −5 (mod 36). Since 116 ≡ 8 (mod 36), we have
8y1 = −5 + 36x2 for some integer x2. Hence 36x2 ≡ 5 (mod 8). Since 36 ≡ 4 (mod 8), we have
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4x2 = 5 + 8y2 for some integer y2. Since 8 ≡ 0 (mod 4) and 5 ≡ 1 (mod 4), we have 0y2 ≡ −1
(mod 4), which yields no solutions.

In Example 3.4.5, we could have checked that 152 � 268 = 4 and that 4 does not divide 5,
so that we know from the start that there will not be any solutions. We deliberately go through
the calculation to illustrate the process, and let the non-existence of solutions reveal itself. Had
the congruence been 152x ≡ 4 (mod 268), the last step would have become 0y2 ≡ 0 (mod 4).
Now each of y2 = 0, 1, 2, 3 is a solution.

y2 x2 = 4+8y2

4 y1 = −4+36x1
8 x1 = 4+116y

36 y = −4+152x
116 x = 4+268y

152

0 1 4 13 17 30
1 3 13 42 55 97
2 5 22 71 93 164
3 7 31 100 131 231

They lead to four solutions of the original congruence, namely, x = 30, 97, 164 and 231. Note
that 231 − 164 = 164 − 97 = 97 − 30 = 67, because we could have simplified 152x ≡ 4 (mod
268) to 38x ≡ 1 (mod 67) in the first place.

The principal idea is to replace the original congruence by a sequence of congruences with
diminishing moduli. By the Well-Ordering Principle, the process ends in a trivial congruence
that we can solve easily.

Example 3.4.6. Solve the congruence 1453x ≡ 1 (mod 1789).

Solution We carry out the reduction process in stages.

(1) We have 1453x = 1 + 1789y for some integer y. Hence 1789y ≡ −1 (mod 1453).
(2) Since 1789 ≡ 336 (mod 1453), we have 336y = −1 + 1453x1 for some integer x1. Hence

1453x1 ≡ 1 (mod 336).
(3) Since 1453 ≡ 109 (mod 336), we have 109x1 = 1 + 336y1 for some integer y1. Hence

336y1 ≡ −1 (mod 109).
(4) Since 336 ≡ 9 (mod 109), we have 9y1 = −1 + 109x2 for some integer x2. Hence 109x2 ≡ 1

(mod 9).
(5) Since 109 ≡ 1 (mod 9), we have x2 = 1 + 9y2 for some integer y2. Hence 9y2 ≡ −1

(mod 1).
(6) In a congruence modulo 1, the only solution is 0. Hence y2 = 0.

(a) From (5), x2 = 1 + 9y2 = 1.

(b) From (4), y1 = −1+109x1
9 = 12.

(c) From (3), x1 = 1+336y1

109 = 37.

(d) From (2), y = −1+1453x1
336 = 160.

(e) From (1), x = 1+1789y
1453 = 197.

We now turn to systems of simultaneous linear congruences whose moduli are pairwisely
relatively prime.

Example 3.4.7. Solve the system of congruences x ≡ 9 (mod 17) and x ≡ 6 (mod 11).
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Solution We first solve two related systems.

(1) x ≡ 1 (mod 17) and x ≡ 0 (mod 11).
From the first congruence, we have x = 1 + 17y for some integer y. Putting this into the
second congruence, we have 6y ≡ 17y ≡ −1 (mod 11). Hence 6y = −1 + 11x1 for some
integer x1. Then 5x1 ≡ 11x1 ≡ 1 (mod 6). Hence 5x1 = 1 + 6y1 for some integer y1. Then
y1 ≡ 6y1 ≡ −1 (mod 5). Hence y1 = −1 + 5x2 for some integer x2. Then 5x2 ≡ 1 (mod 1),
so that x2 = 0. Now y1 = −1, x1 = −1, y = −2 and x = −33.

(2) x ≡ 1 (mod 11) and x ≡ 0 (mod 17).
From the first congruence, we have x = 1 + 11y for some integer y. Putting this into the
second congruence, we have 11y = −1 + 17x1 for some integer x1. Then 6x1 ≡ 17x1 ≡ 1
(mod 11). It follows that 6x1 = 1 + 11y1 for some integer y1. Then 5y1 ≡ 11y1 ≡ −1
(mod 6). Hence 5y1 = −1 + 6x2 for some integer x2. Then x2 ≡ 6x2 ≡ 1 (mod 5). Hence
x2 = 1 + 5y2 for some integer y2. Then 5y2 ≡ −1 (mod 1), so that y2 = 0. Now x2 =
1, y1 = 1, x1 = 2, y = 3 and x = 34.

We now combine these two results to solve the original system. The unique answer is
x ≡ 9(−33) + 6(34) ≡ 94 (mod 187). Since −33 ≡ 1 (mod 17) and 34 ≡ 0 (mod 17), x ≡ 9
(mod 17). Similarly, since −33 ≡ 0 (mod 11) and 34 ≡ 1 (mod 11), x ≡ 6 (mod 11).

The above example is a special case of problems solved by a method known as the Chinese
Remainder Algorithm. We wish to solve a system of simultaneous linear congruences x ≡ a1

(mod m1) and x ≡ a2 (mod m2), where m1 and m2 are relatively prime positive integers. We
find a solution s1 to the special case (a1, a2) = (1, 0), and a solution s2 to the special case
(a1, a2) = (0, 1). The general solution is given by x ≡ a1s1 + a2s2 (mod m1m2).

The name of the algorithm arises from the following episode in Chinese history. The army
of a general was routed in a battle. With the enemy in hot pursuit, he could only afford a breather
during which he tried to determine the number of survivors. The troops were in no mood to line
up properly and be counted. So the general told them to form groups of 3, and one man was left
out. Then he told them to form groups of 5, and two men were left out. Finally, he told them
to form groups of 7, and three men were left out. If the general had no more than 100 soldiers
with him at the time, what was the strength of his depleted army?

The answer is given by the solution to the system of congruences in the next example. Here,
we wish to solve a system of simultaneous linear congruences x ≡ a1 (mod m1), x ≡ a2 (mod
m2) and x ≡ a3 (mod m3), where m1, m2 and m3 are pairwise relatively prime positive integers.
We find a solution s1 to the system x ≡ 1 (mod m1) and x ≡ 0 (mod m2m3), a solution s2 to the
system x ≡ 1 (mod m2) and x ≡ 0 (mod m3m1), and a solution s3 to the system x ≡ 1 (mod
m3) and x ≡ 0 (mod m1m2). The general solution is given by x ≡ a1s1 + a2s2 + a3s3 (mod
m1m2m3). The idea generalizes to larger systems.

Example 3.4.8. Solve the system of congruences x ≡ 1 (mod 3), x ≡ 2 (mod 5) and x ≡ 3
(mod 7).

Solution Using the Chinese Remainder Algorithm, We first solve three related systems.

(1) x ≡ 1 (mod 3) and x ≡ 0 (mod 35).
From the first congruence, we have x = 1 + 3y for some integer y. Putting this into the
second congruence, we have 3y = −1 + 35x1 for some integer x1. Then 2x1 ≡ 35x1 ≡ 1
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(mod 3). Hence 2x1 = 1 + 3y1 for some integer y1. Then y1 ≡ 3y1 ≡ −1 (mod 2). Hence
y1 = −1 + 2x2 for some integer x2. Then 2x2 ≡ 1 (mod 1), so that x2 = 0. Now y1 =
−1, x1 = −1, y = −12 and x = −35.

(2) x ≡ 1 (mod 5) and x ≡ 0 (mod 21).
From the first congruence, we have x = 1 + 5y for some integer y. Putting this into the
second congruence, we have 5y = −1 + 21x1 for some integer x1. Then x1 ≡ 21x1 ≡ 1
(mod 5). Hence x1 = 1 + 5y1 for some integer y1. Then 5y1 ≡ −1 (mod 1), so that y1 = 0.
Now x1 = 1, y = 4 and x = 21.

(3) x ≡ 1 (mod 7) and x ≡ 0 (mod 15).
From the first congruence, we have x = 1 + 7y for some integer y. Putting this into the
second congruence, we have 7y = −1 + 15x1 for some integer x1. Then x1 ≡ 15x1 ≡ 1
(mod 7). Hence x1 = 1 + 7y1 for some integer y1. Then 7y1 ≡ −1 (mod 1), so that y1 = 0.
Now x1 = 1, y = 2 and x = 15.

We now combine these three results to solve the original system. The unique answer is x ≡
1(−35) + 2(21) + 3(15) ≡ 52 (mod 105). Since −35 ≡ 1 (mod 3), 21 ≡ 0 (mod 3) and 15 ≡ 0
(mod 3), x ≡ 1 (mod 3). Similarly, since −35 ≡ 0 (mod 5), 21 ≡ 1 (mod 5) and 15 ≡ 0 (mod
5), x ≡ 2 (mod 5). Finally, since −35 ≡ 0 (mod 7), 21 ≡ 0 (mod 7) and 15 ≡ 1 (mod 7), x ≡ 3
(mod 7).

As it turns out, there is a simpler way to solve this problem, by letting y = 2x . Then y ≡ 2
(mod 3), y ≡ 4 (mod 5) and y ≡ 6 (mod 7). Hence y is 1 less than a common multiple of 3, 5
and 7. Now x = (3 � 5 � 7) ÷ 2 = 52 is the only positive answer less than 100.

However, this short-cut would not have worked if the Chinese remainders were say 1, 2 and
4 instead of 1, 2 and 3. We will have to apply the algorithm in its full force. Combining the three
preliminary results in Example 3.4.8, we have x ≡ 1(−35) + 2(21) + 4(15) ≡ 67 (mod 105).

3.4.1 Exercises
1. Decode the following message that was encoded by the White King and Queen’s old method:

Iv Izumvqiv asqtt qa bw zqo awum zio qvbw i zco.

2. Decode the following message that was encoded by the White King and Queen’s old method:
Ftq qzfayaxasuef ue omddkuzs m nqs nms ar nms.

3. Decode the following message that was encoded by the White King and Queen’s new
method: Xpa qpuqe xnuas xy qpaqe utxy xpa ogja pysxaj lcx xpaw qpcqe pan ycx.

4. Decode the following message that was encoded by the White King and Queen’s new
method: Jmyi taais ctt azuh dbu juyi af dbu yhomsu sbml fah bms lud joyi.

5. Solve the congruence 162x ≡ 9 (mod 213).

6. Solve the congruence 156x ≡ 12 (mod 222).

7. Solve the congruence 1492x ≡ 1 (mod 1815).

8. Solve the congruence 1381x ≡ 1 (mod 1795).

9. Solve the system of simultaneous linear congruences
(a) x ≡ 6 (mod 19) and x ≡ 4 (mod 11);
(b) x ≡ 5 (mod 19) and x ≡ 7 (mod 11).
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10. Solve the system of simultaneous linear congruences
(a) x ≡ 6 (mod 17) and x ≡ 4 (mod 13);
(b) x ≡ 5 (mod 17) and x ≡ 7 (mod 13).

11. The Red King had fewer than 5000 men and he sent them all into battle. The Red Knight
formed them into 11 columns, and there were 5 men left over. Then he tried 17 columns,
and there were 8 men left over. Finally, he formed them into 23 columns, and there were
21 men left over. How many men did the Red King send into battle?

12. The White King had fewer than 5000 men and he sent them all into battle. The White Knight
formed them into 9 columns, and there were 4 men left over. Then he tried 19 columns, and
there were 8 men left over. Finally, he formed them into 29 columns, and there were 2 men
left over. How many men did the White King send into battle?





4
Linear Diophantine Equations

“I had a very strange dream last night,” Tweedledum said to Tweedledee. “I dreamt that we were
not twins but quintuplets.”

“What were the names of the others?” asked Tweedledee.
“One of them was called Tweedledoo. I don’t remember the other two, but they were also

Tweedle-something. We had done something that was only possible in a dream. We made the
Queen of Hearts happy. She rewarded us with enough tarts to fill the entire pantry. It was still
daytime then, and we were to share the tarts equally in the evening.”

“I wish I have dreams like that, even if it is only a dream. What happened next?”
“The pantry was guarded by the Duchess’s Cook. Sometime during the day, she suggested

to me that I should make sure that I got my fair share. She took me inside, and helped me divide
the tarts into five equal piles. There was one left over. I gave that to her while I ate my pile. Then
we put the rest of the tarts back together. During the course of the day, I noticed that you and
the other three went into the pantry one at a time with the Duchess’s Cook, and each time, she
came out eating a tart.”

“So the Duchess’s crook made the same crooked deal with all of us.”
“By the time we divided the tarts in the evening, there were a lot less than before. Nobody

spoke up. So I assume that each of us was as guilty as the others. The tarts now came out in five
equal shares.”

“How many tarts were there altogether?”
“I was too stuffed to count. Let us ask Alice and see if she can figure it out.”
“This problem belongs to the type called Diophantine problems,” said Alice, “named after

the Greek mathematician Diophantus. Such problems lead to what are called Diophantine
equations. They look just like ordinary algebraic equations, except that only integral solutions
are accepted.”

“This is not unreasonable,” said Tweedledum. “The answers to most problems are supposed
to be positive integers.”

“So how many tarts were there in my twin brother’s dream?”

4.1 Bézoutian Algorithm
An important result in the last chapter is the following.

91
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Linear Combination Theorem. For any positive integers a and b, a � b is expressible as a
linear combination ax + by of a and b for some integers x and y.

This is an existential result in that it guarantees the existence of the integers x and y without
giving their values explicitly. We shall prove this using the Well-Ordering Principle. Such a
proof is said to be non-constructive.

Proof. There is at least one linear combination ax + by with positive value, namely, when x = 1
and y = 0. By the Well-Ordering Principle, there exists a smallest positive value d among all
linear combinations. We claim that d is a divisor of a. Suppose this is not the case. So when we
divide a by d, we obtain by the Division Algorithm a quotient q and a remainder r such that a =
dq + r , with 0 < r < d. However, now r = a − dq = a − (ax + by)q = a(1 − xq) + b(−yq)
is also the value of a linear combination of a and b. This contradicts the fact that d is the smallest
positive value of the linear combinations of a and b. It follows that d divides a. In exactly the
same way, we can prove that d divides b, so that d is a common divisor of a and b. Moreover,
we have seen that any linear combination of a and b is divisible by any common divisor of a
and b. Since d is the common divisor of a and b that is divisible by all other common divisors,
it is the greatest one, that is, d = a � b.

We now give a constructive proof in which we shall actually find a linear combination that
is equal to a � b. The method is closely related to the Euclidean Algorithm which determines
the greatest common divisor in the first place. What we have to do is to reverse its steps.

Example 4.1.1. Can 1 be expressed as a linear combination of 6 and 8?

Solution The answer is no. Both 6 and 8 are even, so that any linear combination of them
is even. However, 1 is an odd number.

This example serves as a reminder that given two positive integers, only their greatest
common divisor and its multiples can be expressed as linear combinations of the two numbers.

Example 4.1.2. Can 1 be expressed as a linear combination of 5 and 7?

Solution This time, the answer is yes. Since the numbers involved here are relatively
small, we can easily find a linear combination just by inspection. For instance, we may have
1 = 5(−4) + 7(3).

When the numbers involved are larger, a more systematic approach is needed.

Example 4.1.3. Express 143 � 105 as a linear combination of 143 and 105.

Solution We have 143 � 105 = 1 from Example 3.1.3 using the Euclidean Algorithm.

2 4 3 1 2 1
1 )2 )9 )29 )38 )105 )143

2 8 27 29 76 105
1 2 9 29 38

We have repeated the computations from Example 3.13 because they furnish a systematic
way of finding a desired linear combination.

Except for the last division which is exact, the others may be represented by equations from
the consideration of how each remainder arises. We do not use numbers that appear only in the
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third row, such as 8, 27 and 76, because they are products of numbers in the first and the second
rows, namely, 76 = 2(38), 27 = 3(9) and 8 = 4(2).

1 = 9 − 4(2), (1)

2 = 29 − 3(9), (2)

9 = 38 − 29, (3)

29 = 105 − 2(38), (4)

38 = 143 − 105. (5)

We will obtain 1 as a linear combination of 2 and 9, of 9 and 29, of 29 and 38, of 38 and 105
and finally as a linear combination of 105 and 143. We use the above equations one at a time in
order. Now (1) is itself an expression of 1 as a linear combination of 2 and 9. Substituting (2)
into this equation, we have

1 = 9 − 4(29 − 3(9)) = 9 − 4(29) + 12(9) = 13(9) − 4(29).

Substituting (3) into this equation, we have

1 = 13(38 − 29) − 4(29) = 13(38) − 13(29) − 4(29) = 13(38) − 17(29).

Substituting (4) into this equation, we have

1 = 13(38) − 17(105 − 2(38)) = 13(38) − 17(105) + 34(38) = 47(38) − 17(105).

Finally, substituting (5) into this equation, we have

1 = 47(143 − 105) − 17(105) = 47(143) − 47(105) − 17(105) = 47(143) − 64(105).

The desired linear combination is 1 = 143(47) + 105(−64).

This method is known as the Bézoutian Algorithm, named after Bézout, an eighteenth
century French mathematician. It consists of two steps.

(1) For each remainder obtained in the Euclidean Algorithm, starting with the smallest, write
down an equation showing how this remainder is obtained.

(2) Combine the equations obtained in (1) in order. Start with the first equation. Substitute
into it the second equation. After simplifying by combining like terms, substitute into the
resulting equation the third equation in (1). Continue to simplify and substitute alternately
until the desired linear combination is obtained.

The Bézoutian Algorithm, though straightforward, is quite cumbersome. It is also coun-
terintuitive since we tend to simplify things rather than blowing them up. Sometimes, halfway
through the computations, we start simplifying too far, and end up with a trivial statement such
as 1 = 1. On the other hand, if we have made an error, there is a very good way to find out where
it is. With no errors, each line must have the greatest common divisor as its value. So the first
line where the value is no longer the same is obtained erroneously from the previous line.
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Example 4.1.4. Express 4757 � 3763 as a linear combination of 4757 and 3763.

Solution From the Euclidean Algorithm in Example 3.1.4, we have 4757 � 3763 = 71.
Applying the first step of the Bézoutian Algorithm, we have

71 = 213 − 142,

142 = 781 − 3(213),

213 = 994 − 781,

781 = 3763 − 3(994),

994 = 4757 − 3763.

We now continue with the second step of the Bézoutian Algorithm to obtain the desired linear
combination 71 = 4757(19) + 3763(−24).

71 = 213 − 142

= 213 − (781 − 3(213))

= 4(213) − 781

= 4(994 − 781) − 781

= 4(994) − 5(781)

= 4(994) − 5(3763 − 3(994))

= 19(994) − 5(3763)

= 19(4757 − 3763) − 5(3763)

= 19(4757) − 24(3763).

Let a and b be positive integers. Since a � b is expressible as a linear combination of a and
b, every multiple of a � b can also be so expressed. Conversely, if a number c is expressible as
a linear combination ax + by, then c must be a multiple of a � b. This is because a � b divides
both a and b. By the Multiples Divisibility Theorem, a � b divides both ax and by. By the
Basic Divisibility Theorem, a � b divides c.

That a � b is the smallest positive integer expressible as a linear combination of a and b
now follows from the Divisibility Inequality Theorem. Of course, it is also a consequence of
the non-constructive proof of the Linear Combination Theorem given at the beginning of this
section.

Example 4.1.5. Express 33 as a linear combination of 365 and 261.

Solution From the Euclidean Algorithm below, we have 365 � 261 = 1.

2 25 1 1 2 1
1 )2 )51 )53 )104 )261 )365

2 50 51 53 208 261
1 2 51 53 104
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Applying the first step of the Bézoutian Algorithm, we have

1 = 51 − 25(2),

2 = 53 − 51,

51 = 104 − 53,

53 = 261 − 2(104),

104 = 365 − 261.

We now apply the second step of the Bézoutian Algorithm.

1 = 51 − 25(2)

= 51 − 25(53 − 51)

= 26(51) − 25(53)

= 26(104 − 53) − 25(53)

= 26(104) − 51(53)

= 26(104) − 51(261 − 2(104))

= 128(104) − 51(261)

= 128(365 − 261) − 51(261)

= 128(365) − 179(261).

It follows that 33 = 365(128 × 33) + 261(−179 × 33) = 365(4224) + 261(−5907).

Example 4.1.6. Express 42 as a linear combination of 421 and 160.

Solution We use the Euclidean Algorithm below to find 421 � 160, but abandon it when
we happen to come across the desired number 42.

1 1 2
59 )101 )160 )421

59 101 320
42 59 101

Applying the first step of the Bézoutian Algorithm, we have

42 = 101 − 59,

59 = 160 − 101,

101 = 421 − 2(160).

Applying the second step of the Bézoutian Algorithm, we have the desired linear combination
42 = 421(2) + 160(−5).

42 = 101 − 59

= 101 − (160 − 101)

= 2(101) − 160

= 2(421 − 2(160)) − 160

= 2(421) − 5(160).
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We now approach linear combinations from a different direction. Just as the Euclidean
Algorithm may be carried out geometrically, the Bézoutian Algorithm may also be, although
it is doubtful whether Bézout ever did it this way. In the following two examples, the shaded
parts in various diagrams represent remainders which are substituted by an equivalent linear
combination.

Example 4.1.7.

(a) Use the Euclidean Algorithm to compute 7 � 16.
(b) Put some 1 × 7 rods end to end in a row, and put some 1 × 16 rods end to end in another

row, so that the lengths of the two rows differ by 1.

Solution

(a) From the Euclidean Algorithm below, we have 7 � 16 = 1.

2 3 2
1 )2 )7 )16

2 6 14
1 2

(b) The two divisions with remainders in (a) may be represented geometrically by the two
rectangles in the diagram below.

We now combine these two rectangles.

The new rectangle may be rearranged as shown below.

We now combine this rectangle with an earlier one.

The new rectangle may be rearranged as shown below.
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A final combination yields the desired configuration.

Part (b) of Example 4.1.7 is just the geometric form of the Bézoutian Algorithm, leading
to the linear combination 1 = 7 × 7 − 3 × 16. We give another example.

Example 4.1.8.

(a) Use the Euclidean Algorithm to compute 7 � 12.
(b) Put some 1 × 7 rods end to end in a row, and put some 1 × 12 rods end to end in another

row, so that the lengths of the two rows differ by 1.

Solution

(a) From the Euclidean Algorithm below, we have 7 � 16 = 1.

2 2 1 1
1 )2 )5 )7 )12

2 4 5 7
1 2 5

(b) The three divisions with remainders in (a) may be represented geometrically by the three
rectangles in the diagram below.

We now combine the first two rectangles and rearrange the result.

Another combination yields the rectangle below.

We now bring in the third rectangle in the initial diagram.
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The new rectangle may be rearranged as shown below.

Another combination yields the rectangle below.

The new rectangle may be rearranged as shown below.

A final combination yields the desired configuration.

We obtain the linear combination 1 = 3 × 12 − 5 × 7.

4.1.1 Exercises
1. Can 3 be expressed as a linear combination of 6 and 9?

2. Can 3 be expressed as a linear combination of 6 and 10?

3. Express 34 � 45 as a linear combination of 34 and 45.

4. Express 56 � 67 as a linear combination of 56 and 67.

5. Express 3922567 � 3347531 as a linear combination of 3922567 and 3347531.

6. Express 3943459 � 3562827 as a linear combination of 3943459 and 3562827.

7. Express 7 as a linear combination of 222 and 341.

8. Express 7 as a linear combination of 241 and 360.

9. (a) Use the Euclidean Algorithm to compute 5 � 17.
(b) Put some 1 × 5 rods end to end in a row, and put some 1 × 17 rods end to end in another

row, so that the lengths of the two rows differ by 1.

10. (a) Use the Euclidean Algorithm to compute 7 � 17.
(b) Put some 1 × 7 rods end to end in a row, and put some 1 × 17 rods end to end in another

row, so that the lengths of the two rows differ by 1.

11. (a) Use the Euclidean Algorithm to compute 5 � 13.
(b) Put some 1 × 5 rods end to end in a row, and put some 1 × 13 rods end to end in another

row, so that the lengths of the two rows differ by 1.

12. (a) Use the Euclidean Algorithm to compute 8 � 11.



4.2 Homogeneous and Non-homogeneous Equations 99

(b) Put some 1 × 8 rods end to end in a row, and put some 1 × 11 rods end to end in another
row, so that the lengths of the two rows differ by 1.

4.2 Homogeneous and Non-homogeneous Equations
A linear Diophantine equation in two variables x and y is of the form ax + by = c, where a
and b are non-zero integers and c is an integer. We may assume that a is positive. As with all
Diophantine equations, only integral solutions are accepted.

We consider first the special case of a homogeneous equation, where c = 0. There is a
trivial solution, namely x = 0 and y = 0, but we want to find all of them.

Example 4.2.1. Solve the Diophantine equation 3x − 5y = 0.

Solution Let us rewrite the equation in the form 3x = 5y. By the Commutative Law of
Multiplication, we have 3 × 5 = 5 × 3. Hence a solution is x = 5 and y = 3. In fact, there are
infinitely many solutions as we can multiply this equation by any integer k. From 3(5k) = 5(3k),
the general solution is x = 5k and y = 3k. Before we can say that we have solved this equation,
we have to show that there are no other solutions. Since 3x = 5y, 3x is divisible by 5. Now
3 � 5 = 1. By the Relatively Prime Divisibility Theorem, x is divisible by 5. Hence x = 5k for
some integer k, and we have indeed found all the solutions.

Note that k can be 0 or negative. When k = 0, we have the trivial solution x = 0 and y = 0.

Example 4.2.2. Solve the Diophantine equation 4x + 6y = 0.

Solution As in Example 4.2.1, we can rewrite the equation in the form 4x = −6y. Since
4 × 6 = (−6) × (−4), it would appear that the family of solutions is x = 6k and y = −4k.
However, this misses the solution x = −3 and y = 2. How did that happen? The reason is that
4 � 6 = 2 > 1. We should first reduce the equation to 2x + 3y = 0, and the correct family of
solutions is x = 3k and y = −2k. In particular, setting k = −1 yields the solution formerly
missing.

From these two examples, we see that to approach the equation ax + by = 0, we should first
check if a � b = 1. If this is not so, we can always cancel out the greatest common divisor of a
and b. If we indeed have a � b = 1, then all solutions are in the family x = bk and y = −ak.
That this family contains all the solutions can be proved using the Relatively Prime Divisibility
Theorem as in the solution to Example 4.2.1.

We now turn our attention to the non-homogeneous equation ax + by = c where c is a
non-zero integer.

Example 4.2.3. Solve the Diophantine equation 3x − 6y = 2.

Solution This equation has no integer solutions. Since the greatest common divisor of 3
and 6 is 3, 3x − 6y is a multiple of 3 whatever integer values x and y may assume. However, 2
is not a multiple of 3, and we cannot have 3x − 6y = 2.

Example 4.2.4. Solve the Diophantine equation

(a) 3x + 5y = 2;
(b) 9x + 15y = 6.
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Solution

(a) Since the numbers involved are relatively small, we can by inspection pick out a particular
solution x = −1 and y = 1. To obtain all the solutions, we use a substitution based on
this particular solution, and convert the equation into a homogeneous one. Let u = x + 1
and v = y − 1. Then we have 3u + 5v = 3(x + 1) + 5(y − 1) = 3x + 5y − 2 = 0. The
general solution to this equation is u = 5k and v = −3k for any integer k. It follows that
x = u − 1 = 5k − 1 and y = v + 1 = 1 − 3k for any integer k.

(b) Since the greatest common divisor of 9 and 15 is 3, 9x + 15y is a multiple of 3 whatever
integer values x and y may assume. Fortunately, 6 is also a multiple of 3. In fact, we may
as well cancel out the common factor 3 andreduce the equation to 3x + 5y = 2 in (a). The
general solution is therefore x = 5k − 1 and y = 1 − 3k for any integer k.

These two examples suggest the following general method for solving the Diophantine
equation ax + by = c.

(1) Determine the greatest common divisor d of a and b.
(2) If d does not divide c, the Diophantine equation has no solutions.
(3) If d divides c, then a = dp, b = dq and c = dr for some integers p, q and r . We can cancel

out d and reduce the equation to px + qy = r . Note that the greatest common divisor of p
and q is 1.

(4) Find a particular solution x = s and y = t .
(5) The family of solutions is given by (x, y) = (s + qk, t − pk) where k is any integer.

Note that in step (5), we must use p and q instead of a and b, as otherwise we will skip over
some solutions as in our first attempt to solve Example 4.2.2. Of course, if d = 1, then p = a
and q = b. This method is easy to implement except for step (4), which does require further
thought. If a and b are relatively large, it may not be so easy to pick out a particular solution.
We need a more systematic approach.

Fortunately, we already have that in place. If c is in fact equal to a � b, then a solution to
ax + by = c is simply an expression of a � b as a linear combination of a and b. This we have
accomplished in the preceding section.

Example 4.2.5. Solve the Diophantine equation 143x + 105y = 1.

Solution By Example 4.1.3, we have 1 = 47(143) − 64(105). Here a particular solution
is x = 47 and y = −64. The general solution is x = 47 + 105k and y = −64 − 143k for any
integer k.

In the Diophantine equation ax + by = c, let a � b = d. If d does not divide c, the equation
has no solutions. Suppose c = dq for some integer q. A particular solution to ax + by = c may
be obtained from a particular solution to ax + by = d by multiplying both the x and y values
by q.

Example 4.2.6. Solve the Diophantine equation 4757x − 3763y = 142.

Solution By Example 4.1.4, we have 4757 � 3763 = 71, and 71 does divide 142. By
Example 4.1.4, We have 71 = 4757(19) + 3763(−24). It follows that a particular solution to
71 = 4757x − 3763y is x = 19 and y = 24. This yields a particular solution x = 38 and y = 48
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to 142 = 4757x − 3763y. Note that 4757 ÷ 71 = 67 and3763 ÷ 71 = 53. It follows that the
general solution is x = 38 + 53k and y = 48 + 67k for any integer k.

We now turn our attention to systems of two linear Diophantine equations in three variables.
A standard approach is to reduce the system to a single linear Diophantine equation in two
variables.

Example 4.2.7. Solve the system of Diophantine equations x + y + z = 100 and x + 7y +
10z = 235.

Solution Eliminating x , we have 6y + 9z = 135, which simplifies to 2y + 3z = 45.
By inspection, y = 21 and z = 1 is a particular solution. Hence the general solution is y =
21 − 3k, z = 1 + 2k and x = 100 − (21 − 3k) − (1 + 2k) = 78 − k for any integer k.

The general solution to a linear Diophantine equation in two variables contains an arbitrary
integer often called a parameter. It is reasonable to expect that the general solution to a linear
Diophantine equation in n variables will contain n − 1 parameters.

This is indeed the case, but we will confine our attention to equations of the form ax +
by + cz = d, where x, y and z are variables while a, b, c and d are integers. We assume that
d is a multiple of a � b � c as otherwise the equation has no solutions.

Example 4.2.8. Solve the Diophantine equation 7x + 3y + 15z = 100.

Solution Rewrite the equation as 3y + 15z = 100 − 7x . Since the left side is divisible by
3, the right side must also be divisible by 3. From 100 − 7x ≡ 0 (mod 3), we have x ≡ 1 (mod
3) so that x = 3k + 1 for some integer k. Then we have 3y + 15z = 100 − 7(3k + 1), which
simplifies to y + 5z = 31 − 7k. By inspection, we have 1 = 1(−4) + 5(1) so that 31 − k =
1(−124 + 28k) + 5(31 − 7k). It follows that the general solution is x = 3k + 1, y = −124 +
28k − 5� and z = 31 − k + �.

4.2.1 Exercises
1. Solve the Diophantine equation 17x − 19y = 0.

2. Solve the Diophantine equation 141x + 123y = 0.

3. Solve the Diophantine equation 583x + 265y = 2.

4. Solve the Diophantine equation 413x − 767y = 3.

5. Solve the Diophantine equation 3922567x + 3347531y = 20537.

6. Solve the Diophantine equation 3943459x − 3562827y = 2.

7. Solve Example 4.2.7 by eliminating y.

8. Solve Example 4.2.7 by eliminating z.

9. Solve the system of Diophantine equations 2x + y = 35 and 3y − z = 39.

10. Solve the system of Diophantine equations 6x − y = 55 and 2y + 3z = 133.

11. Solve Example 4.2.8 starting with y = k for an arbitrary integer k.

12. Solve Example 4.2.8 starting with z = k for an arbitrary integer k.
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4.3 Linear Diophantine Problems
A Diophantine problem is one with integral answers. While most arithmetical problems seek
integral answers, the answers were unique, and just happen to be integral. In Diophantine
problems, non-integral answers also exist, but they are to be rejected. Often, we impose further
restrictions on the answers, such as requiring them to be non-negative integers. Diophantine
problems are found in many puzzle books.

Example 4.3.1. The Duchess’s Cook had two vessels with capacities 179 liters and 254 liters.
She could only perform the following three operations: fill a vessel from the well, empty a
vessel down the drain, or pour from one vessel to the other until either the first was empty or
the second was full. How could she obtain exactly 4 liters of water in one of the vessels?

First Solution Suppose the Duchess’s Cook always poured from the larger vessel to the
smaller one. Let her fill the larger vessel x times and empty the smaller vessel y times. Then we
have 254x − 179y = 4. The Euclidean Algorithm below shows that 254 � 179 = 1.

2 2 2 1 1 2 2 1
1 )2 )5 )12 )17 )29 )75 )179 )254

2 4 10 12 17 58 150 179
1 2 5 12 17 29 75

Applying the first step of the Bézoutian Algorithm, we have

1 = 5 − 2(2),

2 = 12 − 2(5),

5 = 17 − 12,

12 = 29 − 17,

17 = 75 − 2(29),

29 = 179 − 2(75),

75 = 254 − 179.

Applying the second step of the Bézoutian Algorithm, we have

1 = 5 − 2(2)

= 5(5) − 2(12)

= 5(17) − 7(12)

= 12(17) − 7(29)

= 12(75) − 31(29)

= 74(75) − 31(179)

= 74(254) − 105(179).

A particular solution to 1 = 254x − 179y is x = 74 and y = 105. It follows that a particular
solution to 4 = 254x − 179y is x = 296 and y = 420. The general solution is x = 296 − 179k
and y = 420 − 254k for any integer k. Since x is non-negative, we must have 179k ≤ 296,
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yielding k ≤ 1. Since we want the non-negative number x to be as small as possible, we take
k = 1 so that x = 296 − 179 = 117. For k = 1, we have y = 420 − 254 = 166. Thus if the
Duchess’s Cook filled the larger vessel 117 times and emptied the smaller one 166 times, there
will be 4 liters of water left in the larger vessel.

Second Solution Suppose the Duchess’s Cook always poured from the smaller vessel to
the larger one. Let her fill the smaller vessel x times and empty the larger vessel y times. Then
we have 179x − 254y = 4. From the First Solution, the general solution to this equation is
x = −420 + 254k and y = −296 + 179k. Since x is non-negative, we must have 254k ≥ 420,
yielding k ≤ 2. Since we want the non-negative number x to be as small as possible, we take
k = 2 so that x = −420 + 508 = 88. For k = 2, we have y = −296 + 358 = 62. Thus if the
Duchess’s Cook filled the smaller vessel 88 times and emptied the larger one 62 times, there
will be 4 liters of water left in the smaller vessel.

Example 4.3.2. The March Hare found a long row of evenly-spaced toadstools. He crouched on
one of them, and started hopping from toadstool to toadstool. He found that his right leg was
stronger than his left. So in one hop, he either landed on the ninth toadstool to his left, or the
seventh toadstool to his right. How could he land on the toadstool immediately to the right of
the one from which he started?

Solution Let x be the number of right-hops and y be the number of left-hops the March
Hare had made. Then the total distance he had travelled to the right was 7x and the total distance
he had travelled to the left was 9y. Hence 7x − 9y = 1. By inspection, a particular solution is
x = 4 and y = 3. Hence if the March Hare hopped four times to the right and then three times
to the left, he would land on the desired toadstool.

Example 4.3.3. The Mad Hatter bought several horses at $344 each and several cows at $265
each. The total amount the Mad Hatter spent on the horses was $33 more than the total amount
he spent on the cows. What was the minimum number of horses the Mad Hatter bought?

Solution Let the number of horses bought be x and let y denote the number of cows
bought. Then 344x − 265y = 33. The Euclidean Algorithm below shows that 344 � 265 = 1.

2 1 1 4 1 2 3 1
1 )2 )3 )5 )23 )28 )79 )265 )344

2 2 3 20 23 56 237 265
1 2 3 5 23 28 79

Applying the first step of the Bézoutian Algorithm, we have

1 = 3 − 2,

2 = 5 − 3,

3 = 23 − 4(5),

5 = 28 − 23,

23 = 79 − 2(28),

28 = 265 − 3(79),

79 = 344 − 265.



104 Linear Diophantine Equations

Applying the second step of the Bézoutian Algorithm, we have

1 = 3 − 2

= 2(3) − 5

= 2(23) − 9(5)

= 11(23) − 9(28)

= 11(79) − 31(28)

= 104(79) − 31(265)

= 104(344) − 135(265).

A particular solution to 1 = 344x − 265y is x = 104 and y = 135. It follows that a particular
solution to 33 = 344x − 265y is x = 3432 and y = 4455. The general solution is x = 3432 −
265k and y = 4455 − 344k for any integer k. Since x is non-negative, we must have 265k ≤
3432, yielding k ≤ 12. Since we want the non-negative number x to be as small as possible, we
take k = 12 so that x = 3432 − 265(12) = 252.

Example 4.3.4. The Dormouse bought an even number of hamsters at $20 each, and sold them
at $22 each. He bought the same number of parakeets at $10 each and sold them at $11 each.
After all but 7 pets had been sold, the Dormouse discovered that he had already recovered his
cost. So his profit was the sales value of the remaining 7 pets. What was the amount of the
profit?

Solution Let the number of hamsters bought be x , and let the number of unsold hamsters
be y. Then x − y hamsters had been sold. The number of parakeets bought was also x , and
the number of unsold parakeets was 7 − y. Hence x − (7 − y) parakeets had been sold. The
total expenditure was 30x , which was equal to the total income from the pets sold, namely,
22(x − y) + 11(x − 7 + y). This simplifies to 3x − 11y = 77, so that x must be a multiple
of 11. Since x is given to be even, it is equal to 22k for some integer k. Then y = 6k − 7.
Since 0 ≤ y ≤ 7, we must have k = 2, x = 44 and y = 5. The potential profit is therefore
$22 × 5 + $11 × 2 = $132.

Example 4.3.5. When Mrs. Brown cashed a check, the absent-minded teller gave her as many
cents as she should have dollars, and as many dollars as she should have cents. Equally absent-
minded, Mrs. Brown left with the cash without noticing the discrepancy. It was only after she
spent 5 cents that she noticed now she had twice as much money as she should. What was the
amount of her check?

Solution A bad way to start is to let x be the amount of the check. The problem makes
it clear that the dollar part and the cent part of this amount come prominently into play, and we
need a separate variable for each. Hence we let x be the number of cents in the amount, and y
the number of dollars.

What is the amount of the check then? It is not x + y, as this would imply that a dollar
is worth just as much as a cent. Since it is in fact worth 100 cents, the amount of the check is
100y + x . The unit of measurement is the cent. We could have chosen the dollar, but the answer
would no longer be integers.
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The amount of cash Mrs. Brown got away with is 100x + y, and after her expenditure, she had
100x + y − 5 left. Since this is double 100y + x , we have 100x + y − 5 = 2(100y + x), which
simplifies to 98x − 199y = 5. We now apply the Euclidean Algorithm.

2 1 32 2
1 )2 )3 )98 )199

2 2 96 196
1 2 3

From the Bézoutian Algorithm, we have 1 = 33(199) − 67(98). Hence a particular solution
of 98x + 199y = 1 is x = −67 and y = 33. Our equation is 98x − 199y = 5. We have x =
5(−67) = −335 and y = 5(−33) = −165. Clearly, these cannot be the correct values on the
check. They are to be found from among the family of solutions. We have x = 199k − 335 and
y = 98k − 165 for any integer k. For the problem to make sense, we must choose k so that
0 < x < 100. From 0 < 199k − 335 < 100, the only possible integer value is k = 2. Hence
x = 63 and y = 31, so that Mrs. Brown’s check was for $31.63.

We now turn to some problems that lead to a system of two linear Diophantine equations
in three variables.

Example 4.3.6. The prices of each hen, each duck and each goose were all integral number of
dollars. The Mad Hatter bought 1 hen, 2 ducks and 3 geese for $25, the March Hare bought 3
hens and 1 duck while the Dormouse bought 2 geese. The March Hare and the Dormouse spent
exactly the same amount of money. How much did each fowl cost?

Solution Let the prices of each hen, each duck and each goose be x, y and z dollars
respectively. From the Mad Hatter’s purhcase, we have x + 2y + 3z = 25. From the purchases
of the other two, we have 3x + y = 2z. It follows that y = 2z − 3x . Substituting this into the
first equation. we have 7z − 5x = 25. By inspection, a particular solution is z = 5 and x = 2 so
that the general solution is z = 5 + 5k and x = 2 + 7k. We have y = 2(5 + 5k) − 3(2 + 7k) =
4 − 11k. Since x is non-negative, we must have 7k ≥ −2, yielding k ≥ 0. Since y is non-
negative, we must have 11k ≤ 4, yielding k ≤ 0. It follows that we must have k = 0, so that
x = 2, y = 4 and z = 5.

Example 4.3.7. The Queen of Hearts was organizing a party. The admission price was $20 for
a noble such as the Red Queen or the Duchess, $17 for a commoner such as Alice or the Mad
Hatter, and $6 for an animal such as the Dormouse or the March Hare. The Queen of Hearts
took in $1000 and admitted 76 denizens. How many of them were animals if this number was
even?

Solution Let there be x nobles, y commoners and z animals at the party. We have
x + y + z = 76 and 20x + 17y + 6z = 1000. Subtracting the second equation from 17 times
the first one, we have −3x + 11z = 292. By inspection, a particular solution to 1 = −3x + 11z
is x = −4 and z = −1. Hence a particular solution to 292 = −3x + 11z is x = −1168 and
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z = −292. The general solution is x = −1168 + 11k and z = −292 + 3k for any integer k.
Since x is non-negative, we must have 11k ≥ 1168, yielding k ≥ 107. Since z must be even,
k must also be even. For k = 108, we have x = 20, z = 32 and y = 76 − 20 − 32 = 24. For
k ≥ 110, we have x ≥ 42, z ≥ 38 and y ≤ −4. It follows that the number of animals at the party
was 32.

Example 4.3.8. Solve the problem of Tarts in the Dream as told by Tweedledum in the preamble
to this chapter.

First Solution Let the number of tarts originally in the pantry be x . Let a, b, c, d and e
denote the numbers of tarts eaten by the five boys in their respective appearance in the pantry.
Let y be the number of tarts in each share in the evening.

We have

x = 5a + 1,

4a = 5b + 1,

4b = 5c + 1,

4c = 5d + 1,

4d = 5e + 1,

4e = 5y.

Substituting each equation in turn into the next, we obtain 1024x − 15625y = 8404. The
Euclidean Algorithm below shows that 1024 � 15625 = 1.

3 3 1 2 6 1 3 15
1 )3 )10 )13 )36 )229 )265 )1024 )15625

3 9 10 26 216 229 795 15360
1 3 10 13 36 229 265

Applying the first step of the Bézoutian Algorithm, we have

1 = 10 − 3(3),

3 = 13 − 10,

10 = 36 − 2(13),

13 = 229 − 6(36),

36 = 265 − 229,

229 = 1024 − 3(265),

265 = 15360 − 15(1024).
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Applying the second step of the Bézoutian Algorithm, we have

1 = 10 − 3(3)

= 4(10) − 3(13)

= 4(36) − 11(13)

= 70(36) − 11(229)

= 70(265) − 81(229)

= 313(265) − 81(1024),

= 313(15360) − 4776(1024).

Multiplying by 8404, we have 8404 = 1024(−40137504) − 15625(−2630452). Hence a par-
ticular solution is x = −40137504 and y = −2630452. It follows that the general solution
is x = −40137504 + 15625k and y = −2630452 + 1024k for any integer k. Since x is non-
negative, we must have 15625k ≥ 40137504, yielding k ≥ 2569. Since we want the non-negative
number x to be as small as possible, we take k = 2569 so that x = −40137504 + 15625(2569) =
3121.

Second Solution Ignoring the equation 4e = 5y in the First Solution, we have 256x −
3125e = 2101. Hence the number of tarts varied by a multiple of 3125. Suppose the initial
number of tarts was −4. Each boy divided it into five piles of −1 each, with one tart left over.
After eating one pile and putting the other four back together, the number of tarts was again −4.
So a particular solution to 256x − 3125e = 2101 is x = −4 and e = −1. The general solution
is x = −4 + 3215k and e = −1 + 256k for any integer k. Taking k = 1 yields x = 3121 and
e = 255. The equation 4e = 5y simply requires e to be divisible by 5, which is the case here.
Hence the minimum number of tarts originally in the pantry was 3121.

4.3.1 Exercises
1. The Duchess’s Cook had two vessels with capacities 279 liters and 354 liters. She could

only perform the following three operations: fill a vessel from the well, empty a vessel down
the drain, or pour from one vessel to the other until either the first was empty or the second
was full. How could she obtain exactly 4 liters of water in one of the vessels?

2. The March Hare found a long row of evenly-spaced toadstools. He crouched on one of them,
and started hopping from toadstool to toadstool. He found that his right leg was stronger
than his left. So in one hop, he either landed on the thirteenth toadstool to his left, or the
eleventh toadstool to his right. How could he land on the toadstool immediately to the left
of the one from which he started?

3. Alice bought several horses at $23 for each and several cows at $17 each. Her total
expenditure was $1500. How many cows did she buy if she bought as few horses as
possible?

4. Alice bought some guinea pigs at 89 cents each and sold them at 97 cents each. Even before
they were all sold, she already had a profit of $5.52. What was the minimum number of
guinea pigs she had bought?
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5. When Ms. Brown cashed a check, the absent-minded teller gave her as many cents as she
should have dollars, and as many dollars as she should have cents. Equally absent-minded,
Ms. Brown added the cash she received to the $27.60 in her pocket and left without noticing
the discrepancy. It was only after she spent one-third of her money that she noticed now she
had exactly as much money as the amount on her check. What was this amount?

6. When Mr. Brown cashed a check, the absent-minded teller gave him as many cents as he
should have dollars, and as many dollars as he should have cents. Mr. Brown pointed out
that he should have more money. The teller was confused, and handed over an additional
$1.11. Mr. Brown pointed out correctly that now he had only half as much money as he
should. What was the amount of his check?

7. Alice bought 100 baby animals for $100. Each colt cost her $10, each calf $5 and each pair
of piglets $1. How many of each type of animal did she buy?

8. The prices for a horse, a cow and a pig are all integral numbers of dollars. Tweedledum
bought 6 horses, 4 cows and 5 pigs for $695 and Tweedledee bought 2 horses, 5 cows and
3 pigs for $285. How much would Alice have to pay if she wanted to buy 1 horse, 1 cow
and 1 pig?

9. The Dormouse, the March Hare and the Mad Hatter tried to get rich by printing fake money.
Not being practical, the Dormouse printed some $107 bills, the March Hare printed an even
number of $111 bills and the Mad Hatter printed some $113 bills. They printed altogether
100 fake bills with a combined value of $10720. How many bills of each kind were printed?

10. The Red Queen was organizing a party. The admission price was $23 for a noble such as the
Queen of Hearts or the Duchess, $18 for a commoner such as Alice or the Mad Hatter, and $8
for an animal such as the Dormouse or the March Hare. The Red Queen took in $1000 and
admitted 90 denizens. How many of them were animals if this number was divisible by 6?

11. Solve the problem of Tarts in the Dream if Tweedledoo did not exist, so that the others
were quadruplets.

12. Solve the problem of Tarts in the Dream if in the evening, instead of an exact five-way
division, there was again one tart left over for the Duchess’s Cook.

4.4 Extras
Alice saw the Cheshire Cat sitting on a bough of a tree. It grinned when it saw Alice.

“I saw you teaching the twins the Euclidean Algorithm and the Bézoutian Algorithm,”
it said. “Many people consider me a strange creature, and I have some strange calculations
here. Can you help me solve this problem? It looks just like the one you have been doing with
Tweedledum and Tweedledee.”

Example 4.4.1. The following strange looking Euclidean Algorithm shows that violet � indigo =
red. Express red as a linear combination of violet and indigo.

2 4 3 1 2 1
red )orange ) yellow ) green ) blue )indigo )violet

2 red 4 orange 3 yellow green 2 blue indigo
red orange yellow green blue
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Solution “Well, this does look strange,” said Alice. “I would first apply the first step of
the Bézoutian Algorithm, as follows.”

red = yellow − 4(orange),

orange = green − 3(yellow),

yellow = blue − green,

green = indigo − 2(blue),

blue = violet − indigo.

“I suppose you will now apply the second step of the Bézoutian Algorithm, right?” asked
the CheshireCat.

“Yes, the calculation below yields the desired linear combination.”

red = yellow − 4(orange)

= yellow − 4(green − 3(yellow))

= 13(yellow) − 4(green)

= 13(blue − green) − 4(green)

= 13(blue) − 17(green)

= 13(blue) − 17(indigo − 2(blue))

= 47(blue) − 17(indigo)

= 47(violet − indigo) − 17(indigo)

= 47(violet) − 64(indigo).

“Here is another one,” said the Cheshire Cat.

Example 4.4.2. The following strange looking Euclidean Algorithm shows that violet � indigo =
red. Express red as a linear combination of violet and indigo.

2 1 3 1 3 1
red )orange )yellow ) green ) blue )indigo )violet

2 red orange 3 yellow green 3 blue indigo
red orange yellow green blue

Solution “Applying the first step of the Bézoutian Algorithm, I have the following,”
Alice said and wrote

red = yellow − orange,

orange = green − 3(yellow),

yellow = blue − green,

green = indigo − 3(blue),

blue = violet − indigo.
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“Let me try,” said the Cheshire Cat. “The second step of the Bézoutian Algorithm below
yields the desired linear combination. This is fun.”

red = yellow − orange

= yellow − (green − 3(yellow))

= 4(yellow) − green

= 4(blue − green) − green

= 4(blue) − 5(green)

= 4(blue) − 5(indigo − 3(blue))

= 19(blue) − 5(indigo)

= 19(violet − indigo) − 5(indigo)

= 19(violet) − 24(indigo).

“Wait a minute,” exclaimed Alice. “These calculations look mighty familiar. Yes, they are
really the same as the numerical examples I used earlier, except that you have replaced most of
the numbers by colors. The answers are the same too.”

“It would appear that the linear combination depends only on the quotients obtained in the
divisions in the Euclidean Algorithm,” remarked the Cheshire Cat.

“Yes, indeed,” said Alice. “I think we can make some mileage out of your excellent obser-
vation. Let us re-examine the second step of the Bézoutian Algorithm of our first example with
colors.”

red = yellow − 4(orange)

= 13(yellow) − 4(green)

= 13(blue) − 17(green)

= 47(blue) − 17(indigo)

= 47(violet) − 64(indigo).

“The coefficients are 4, 13, 17, 47 and 64,” remarked the Cheshire Cat, “and the last two
are what we want. Is there an easy way to see where they come from?”

“I think the calculations below answer your question,” said Alice.

4 = 4 × 1 + 0,

13 = 3 × 4 + 1,

17 = 1 × 13 + 4,

47 = 2 × 17 + 13,

64 = 1 × 47 + 17.

“Yes,” said the Cheshire Cat. “I notice that in combining like terms, they are either both pos-
itive or both negative, so that the absolute value of the coefficients always increases. Moreover,
they are alternately positive and negative.”
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“In fact,” added Alice, excited, “each new coefficient is equal to a multiple of the last
coefficient plus the second last coefficient.”

“Yes,” shouted the Cheshire Cat, “and this multiple is a quotient in the Euclidean Algorithm.”
“Let us see if we have the same situation with our second example with colors,” said Alice.

red = yellow − orange

= 4(yellow) − green

= 4(blue) − 5(green)

= 19(blue) − 5(indigo)

= 19(violet) − 24(indigo).

“I think so,” said the Cheshire Cat. “We are onto something big.”

1 = 1 × 1 + 0,

4 = 3 × 1 + 1,

5 = 1 × 4 + 1,

19 = 3 × 5 + 4,

24 = 1 × 19 + 5.

“Let us construct a table with three columns and fill in the entries according to the following
rules,” said Alice.

(1) In the first column, start with two blanks followed by the quotients obtained from the
Euclidean Algorithm in reverse order, except the last one where the division is exact.

(2) Start the second column with 0 and 1. Each subsequent entry is the product of the entry in
the first column with the entry in the second column of the preceding row, plus the entry in
the second column of the row before that.

(3) Start the third column with a − and continue with +s and −s alternately.

“The coefficients we seek are in the last two rows, with the absolute value in the second
column and the sign in the third. Let us give this method of the tabular form a try.”

Example 4.4.3. Solve Example 4.4.1 again, using the method of the tabular form.

Solution “Here is the table,” said Alice.

× 0 −
× 1 +
4 4(1) + 0 = 4 −
3 3(4) + 1 = 13 +
1 1(13) + 4 = 17 −
2 2(17) + 13 = 47 +
1 1(47) + 17 = 64 −

“In the desired linear combination, x violot + y indigo, x = 47 and y = −64,” said the
Cheshire Cat. “Hence red =47 violet −64 indigo. Hooray, this is exactly what we got before.”

Example 4.4.4. Solve Example 4.4.2 again, using the tabular form.
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Solution “Here is the table,” said the Cheshire Cat.

× 0 −
× 1 +
1 1(1) + 0 = 1 −
3 3(1) + 1 = 4 +
1 1(4) + 1 = 5 −
3 3(5) + 4 = 19 +
1 1(19) + 5 = 24 −

“This time,” said Alice, “x = 19 and y = −24, and we have the desired linear combination,
namely, red=19 violet−24 indigo.”

“The tabular form is convenient if one is working on a large number of computations using
the Bézoutian Algorithm,” said Alice. “However, one should first master the basic approach for
the Bézoutian Algorithm, to get a betterunderstanding of what is involved. It is very easy to
make mistakes just trying to memorize the rules.”

The Cheshire Cat did not answer, because it had vanished. Only its grin remained, and even
that began to fade almost immediately.

All the Diophantine equations we have encountered so far are linear. It is perhaps time
to consider non-linear equations. We begin with a whimsical quiz based on one of the famed
“Mathematical Games” column of Martin Gardner: “Three country gentlemen are traveling.
The first man, who is on a horse, has a son who weighs 40 kilograms. The second man, who is
on a donkey, has a son who weighs 60 kilograms. The third man, who is on a hippopotamus,
weighs 100 kilograms himself. What famous geometric theorem does this symbolize?”

The paraphrase is “The squire on the hippopotamus is equal to the sons of the squires on
the other two rides.” Of course, we are talking about the famous Pythagorean Theorem, named
after the Greek mathematician Pythagoras. It may be stated as follows. In triangle ABC with a
right angle at C , let BC = a, C A = b and AB = c. Then a2 + b2 = c2. A well-known instance
is 32 + 42 = 52.

This result leads to many fascinating explorations in geometry. However, we are content
with an arithmetic exploration, where we stipulate that a, b and c must be positive integers. This
turns a2 + b2 = c2 into a quadratic Diophantine equation called the Pythagorean equation.

A Pythagorean triple (a, b, c) is just any solution to the Pythagorean equation. Such
a triple is said to be primitive if a � b � c = 1. It is easy to see that this is equivalent to
a � b = b � c = c � a = 1. Every Pythagorean triple has the form (λa, λb, λc) where λ is an
arbitrary positive integer and (a, b, c) is a primitive Pythagorean triple. It follows that we can
focus our attention on primitive Pythagorean triples.

Since the Pythagorean equation is primarily concerned with squares, we state without proof
some simple congruence properties about squares. Every square is congruent to 0 or 1 modulo
3 or modulo 4, and congruent to 0, 1 or 4 modulo 5. Equipped with these, we can begin our
exploration.

Example 4.4.5. Prove that in a primitive Pythagorean triple (a, b, c), c is always odd while a
and b have opposite parity.
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Solution Since the triple is primitive, a and b cannot both be even. Suppose both are
odd. Then a2 ≡ 1 (mod 4) and b2 ≡ 1 (mod 4). However, this is a contradiction since c2 =
a2 + b2 ≡ 2 (mod 4). It follows that a and b are indeed of opposite parity. Then a2 and b2 are
also of opposite parity, so that c2 is odd. Hence c must be odd.

Henceforth, we assume that in a primitive Pythagorean triple (a, b, c), a and c are odd
while b is even.

Example 4.4.6. Every primitive Pythagorean triple (a, b, c) has the form a = m2 − n2, b =
2mn and c = m2 + n2 for some positive integers m > n such that m + n is odd and m � n = 1.

Solution We rewrite a2 + b2 = c2 as b2 = c2 − a2 = (c + a)(c − a). Let d = (c + a) �
(c − a). Then d divides (c + a) + (c − a) = 2c and (c + a) − (c − a) = 2a. Since a � c = 1,
we must have d = 2. Now all of b, a + c and a − c are even by assumption. Hence

(
b

2

)2

=
(

c + a

2

) (
c − a

2

)
.

Since d = 2, ( c+a
2 ) � ( c−a

2 ) = 1. By Example 5.3.6(b) in the next chapter, each of c+a
2 and

c−a
2 is the square of an integer. Let m and n be such that c+a

2 = m2 and c−a
2 = n2. Then

a = m2 − n2, b = 2mn and c = m2 + n2. Since a = m2 − n2 > 0, m > n. Since c = m2 + n2

is odd, m + n is odd. Since m2 � n2 = ( c+a
2 ) � ( c−a

2 ) = 1, m � n = 1.

Example 4.4.7. If the positive integers m > n are such that m + n is odd and m � n = 1, then
(a, b, c) is a primitive Pythagorean triple, where a = m2 − n2, b = 2mn and c = m2 + n2.

Solution We have a2 + b2 = (m2 − n2) + (2mn)2

= m4 − 2m2n2 + n4 + 4m2n2

= m4 + 2m2n2 + n4

= (m2 + n2)2

= c2.

Hence (a, b, c) is a Pythagorean triple. We claim that it is in fact primitive. Suppose a � b � c =
d > 1. Then d divides c and must be odd. Now d also divides 2m2 = c + a and 2n2 = c − a.
Hence d divides both m2 and n2. This contradicts m � n = 1 by Example 5.3.6(a).

The Fermat equation, an + bn = cn where a, b, c and n are positive integers is named
after the French mathematician Fermat. There are countless trivial solutions for the case n = 1.
The Pythagorean equation is the case n = 2. Fermat had conjectured that there are no solutions
when n > 2. This was later proved by the British mathematician Wiles. It was the culmination
of an intensive and extensive investigation by many mathematicians from different times and
places. The result is now known as Fermat’s Last Theorem.

Example 4.4.8. Find all positive integers n such that 3n + 4n = 5n .

Solution Since 3 + 4 > 5, n �= 1. We know that n = 2 is a solution. Suppose n > 2. Then
5n = 5n−2 × 52 = 5n−2(32 + 42) > 3n−2 × 32 + 4n−2 × 42 = 3n + 4n . Hence n = 2 is the only
solution.
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While a3 + b3 = c3 has no solutions, we do have 33 + 43 + 53 = 63, as well as 113 +
123 + 133 + 143 = 203 and 11343 + 11353 + · · · + 21333 = 168303.

4.4.1 Exercises
1. Express 45 � 34 as a linear combination of 45 and 34 using the method of the tabular form.

2. Express 67 � 56 as a linear combination of 67 and 56 using the method of the tabular form.

3. Express 3922567 � 3347531 as a linear combination of 3922567 and 3347531 using the
method of the tabular form.

4. Express 3943459 � 3562827 as a linear combination of 3943459 and 3562827 using the
method of the tabular form.

5. In Example 4.3.1, use the method of the tabular form to express 1 as a linear combination
of 254 and 179.

6. In Example 4.3.3, use the method of the tabular form to express 1 as a linear combination
of 334 and 265.

7. Start with an odd number. Partition its square into two numbers differing by 1. If we start
with 3, we get 32 = 4 + 5, and we have a Pythagorean triple (3, 4, 5).
(a) If you start with 5, what Pythagorean triple will you get?
(b) If you start with 7, what Pythagorean triple will you get?
(c) Does this always work?

8. Start with an even number. Partition half its square into two numbers differing by 2. If we
start with 4, we get 42 ÷ 2 = 3 + 5, and we have a Pythagorean triple (3, 4, 5).
(a) If you start with 6, what Pythagorean triple will you get?
(b) If you start with 8, what Pythagorean triple will you get?
(c) Does this always work?

9. Prove that in any Pythagorean triple (a, b, c), ab is divisible by 3.

10. Prove that in any Pythagorean triple (a, b, c), abc is divisible by 5.

11. Find a primitive Pythagorean triple such that in the corresponding right triangle, the numer-
ical value of the perimeter is twice the numerical value of the area.

12. Find a primitive Pythagorean triple such that in the corresponding right triangle, the numer-
ical value of the area is twice the numerical value of the perimeter.
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Tweedledum told Alice, “The Queen of Hearts had put the Ace to Ten of Hearts in jail, ten days
ago.”

“What had they done?” exclaimed Alice.
“Probably nothing,” said Tweedledee. “With Her Majesty, anything you do may be an

offence. You are lucky if you still keep your head.”
“The Knave of Hearts had made an appeal to the King of Hearts, pleading the innocence

of the prisoners,” said Tweedledum.
“What could His Majesty do?”
“Nothing that Her Majesty would not allow,” said Tweedledee.
“Ah!” said Tweedledum. “His Majesty had decided to be the Devil just this once, and

unlocked all ten prison cells.”
“Hooray for His Majesty!” said Alice.
“His Majesty may live to regret this,” said Tweedledee, “or may not live to regret this.”
“His Majesty realized that too. So the next day, he went back to the jail. Starting with the

second one, he relocked every second cell.”
“Were the Ace to Ten of Hearts placed in order in the cells?” asked Alice.
“Yes,” said Tweedledum.
“So now the Two, Four, Six, Eight and Ten of Hearts were locked up while the Ace, Three,

Five, Seven and Nine were free,” said Tweedledee.
“Yes. On the third day, His Majesty had another change of mind. He started with the third

cell, and altered the lock of every third cell.”
“What exactly did he do?” asked Alice.
“His Majesty would lock a cell if it was open, but unlock it otherwise. So now the Three

and Nine of Hearts were locked up, but the cell of the Six of Hearts was unlocked again.”
“Knowing His Majesty,” said Tweedledee, “I bet he would continue in this manner for the

next seven days.”
“Yes,” said Tweedledum. “Thus on the fourth day, he altered the lock of the fourth and the

eighth cells, and today, he just altered the lock of the tenth cell. The latest news is that the Queen
of Hearts has granted the prisoners a partial pardon, so that those whose cells are unlocked now
are set free.”

“Who are the lucky prisoners?” asked Alice.

115
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5.1 Prime and Composite Numbers
To answer the question in the preamble, note that a cell is open if it is altered an odd number of
times, and remains locked if it is altered an even number of times.

The account we are given is day by day. On each day, the lock of a cell is altered if the cell
number is a multiple of the day number. However, our interest is not day by day but cell by cell.
For each cell, the lock is altered on a day if the day number is a divisor of the cell number. It
follows that the number of times the lock of a cell is altered is equal to the number of divisors
of the cell number.

We can classify the positive integers into three groups, according to whether they have one,
two or more positive divisors.

(1) Positive integers with exactly one divisor.
Every positive integer is divisible by 1 and by itself. If it has only one divisor, then itself
must be 1. So this group consists of only one number, namely, 1. We see no point in having
a group name.

(2) Positive integers with exactly two divisors.
These numbers are divisible by 1 and by themselves, but not by any other number. They are
called the prime numbers.

(3) Positive integers with at least three divisors.
These numbers are divisible by 1, themselves and at least one other number. They are called
the composite numbers.

Note that the number 1 is neither prime nor composite. To show that a number is composite,
all we have to do is exhibit a divisor that lies strictly between 1 and the number itself. To show
that a number is prime, technically we have to rule out all numbers that lie strictly between 1
and the number itself as possible divisors.

Example 5.1.1. Classify the integers from 2 to 9 as prime or composite numbers.

Solution It is easier to pick out the composite numbers. They are 4, 6, 8 and 9, because
apart from 1 and themselves, they are divisible by 2, 2, 2 and 3 respectively. We claim that the
remaining numbers, namely 2, 3, 5 and 7, are prime numbers. Since they are all divisible by
1 and themselves, we only have to show that they are not divisible by any other numbers. The
number 2 cannot be divisible by any number other than 1 and 2 since all other numbers are
greater than 2. The number 3 is prime because the only other number less than 3 and greater
than 1 is 2, but 2 does not divide 3. The number 5 is not divisible by 2, and hence cannot be
divisible by 4. It is also not divisible by 3, so that it is prime. The number 7 is not divisible by 2
or 3, and hence cannot be divisible by 4 or 6. It is also not divisible by 5, so that it is prime.

Consider now the Two, Three, Five and Seven of Hearts. Each of their cell numbers is
prime, and has exactly two divisors. Hence the lock of each of their cells has been altered twice,
meaning that these four prisoners are still locked up.

When a composite number is divided by a divisor strictly between 1 and itself, the quotient
is also a divisor of the composite number. Hence its divisors come in pairs. Does that mean that
the Ace of Hearts is the only lucky prisoner? The answer is no. It is easy to verify that the Four
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and Nine of Hearts are free to go. This is because they are squares, so that one “pair” of their
divisors consists of two copies of the same number.

Every integer greater than 1 is divisible by a prime number. We know that its smallest divisor
is 1. Since it is greater than 1, it has at least two divisors. By the Well-Ordering Principle, there
is a second smallest divisor. Let us call it d. We claim that d must be prime. If not, it is divisible
by some c where 1 < c < d. By the Transitive Property, c is also a divisor of our number, so
that d would not be the second smallest one. This is a contradiction. Hence d must be prime.

Example 5.1.2. Describe in terms of the prime numbers all numbers with exactly three divisors.

Solution Let n be a number with 3 divisors. Two of them are obviously 1 and n, and let
d be the third. Then d is the second smallest divisor of n, and is therefore prime. Now n = dq
for some number q, and q is also a divisor of n. Since clearly q �= 1 or n, we must have q = d
so that n = d2. It follows that the numbers with exactly three divisors are the squares of prime
numbers.

To prove that a positive integer n is prime, technically we have to check that it is not divisible
by any of 1, 2, . . . , n − 1. We can omit the composite numbers among them since each of them
is divisible by some prime number. It is also not necessary to check all the prime numbers
either.

Example 5.1.3. Prove that every composite number n has a prime divisor less than or equal to
m where m is the smallest integer such that n ≤ m2.

Solution Consider the smallest prime divisor p of n. Let k be the positive integer
such that n = pk. Suppose p > m. Then k < m. Let q be any prime divisor of k. By the
Divisibility Inequality Theorem, q ≤ k < m < p. However, q is also a divisor of n. This is a
contradiction.

It follows from Example 5.1.3 that if we have not found a divisor of an integer n checking
all the prime numbers up to m, then n must be prime.

Example 5.1.4. Is 223 prime?

Solution To decide whether 223 is prime or not, we only have to check if it is divisible
by any of 2, 3, 5, 7, 11 and 13, since the next prime number is 17 and 223 < 172. Performing
the divisions, the remainders are 1, 1, 2, 6, 3 and 2 respectively, so that 223 is not divisible by
any of them. Hence it is prime.

Example 5.1.5. Is 221 prime?

Solution To decide whether 221 is prime or not, we only have to check if it is divisible
by any of 2, 3, 5, 7, 11 and 13, since the next prime number is 17 and 221 < 172. Since
221 = 13 × 17, it is composite.

Let us solve a problem involving prime numbers.

Example 5.1.6. Let p < q < r be three prime numbers such that all numbers between p and
q and all numbers between q and r are composite. Prove that either q − p > 2 or r − q > 2,
unless (p, q, r ) = (2, 3, 5) or (3,5,7).
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Solution Suppose p = q − 2 and r = q + 2. We may have q ≡ 0 (mod 3). If q ≡ 1
(mod 3), then r ≡ 0 (mod 3). If q ≡ 2 (mod 3), then p ≡ 0 (mod 3). It follows that one of p, q
and r is congruent to 0 modulo 3. Now the only prime divisible by 3 is 3 itself. Hence one of
p, q and r is 3, so that they are (2,3,5) or (3,5,7). However, these are ruled out by the hypothesis
of the problem.

A frequently asked question is whether there are formulas that generate all primes, or
perhaps generate only primes.

Example 5.1.7. Consider the formula y = 2x2 + 29.

(a) Put in the values x = 1 to x = 28. Of the twenty-eight numbers y generated by this formula,
how many are prime?

(b) Does this formula always generate prime numbers?

Solution

(a) The twenty-eight numbers are y = 31, 37, 47, 61, 79, 101, 127, 157, 191, 229, 271, 317,
367, 421, 479, 541, 607, 677, 751, 829, 911, 997, 1087, 1181, 1279, 1381, 1487 and 1597.
All of them are prime.

(b) The answer is no. When we put in x = 29, y = 1711 = 29 × 59.

There is a method which allows us to generate all primes up to a certain point.

Example 5.1.8. Find all prime numbers up to 60.

Solution In the chart below, we list all the integers from 1 to 60 in six rows. We cross out
the number 1 because it is neither prime nor composite. The next number 2 is obviously prime.
Then we cross out all multiples of 2, namely, those numbers in the second, fourth and sixth
rows. The next number 3 which has not been crossed out must be prime, and we cross out its
multiples which are in the third and sixth rows. The next prime number is 5, and its multiples are
in up-diagonals. The multiples of the next prime number 7 are in down-diagonals. The next one
is 11, and since 60 < 112, all other numbers that have not been crossed out are prime numbers.
Thus the list is 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53 and 59.

This method is called the Sieve of Eratosthenes, named naturally after Eratosthenes,
another mathematician in ancient Greece. While the idea is extremely simple, refinements of
this argument produce spectacular results in modern research on the prime numbers.
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5.1.1 Exercises
1. Describe in terms of the prime numbers all numbers with exactly five divisors.

2. Describe in terms of the prime numbers all numbers with exactly four divisors.

3. Are 251 and 259 prime?

4. Are 253 and 257 prime?

5. Determine all primes p < q < 100 such that q − p = 4.

6. Determine all primes p < q < 100 such that q − p = 6.

7. Consider the formula y = x2 + x + 17.
(a) Put in the values x = 1 to x = 10. Of the ten numbers y generated by this formula, how

many are prime?
(b) Does this formula always generate prime numbers?

8. Consider the formula y = x2 + x + 41.
(a) Put in the values x = 1 to x = 10. Of the ten numbers y generated by this formula, how

many are prime?
(b) Does this formula always generate prime numbers?

9. Apart from 2 and 3, every prime is of the form 6k ± 1 for some positive integer k. Those
of the form 6k − 1 are 5, 11, 17, . . . . In the Sieve of Eratosthenes, each multiple of 5 is
obtained from the preceding one by moving one column to the right and one row up. When
it reaches the top row, the next multiple is in the bottom row of the same column. Describe
how to find the multiples of the prime 11 in the Sieve of Eratosthenes.

10. Apart from 2 and 3, every prime is of the form 6k ± 1 for some positive integer k. Those
of the form 6k + 1 are 7, 13, 19, . . . . In the Sieve of Eratosthenes, each multiple of 7 is
obtained from the preceding one by moving one column to the right and one row down.
When it reaches the bottom row, the next multiple is in the top row two columns to the right.
Describe how to find the multiples of the prime 13 in the Sieve of Eratosthenes.

11. The positive integers from 1 to 12 have been divided into six pairs so that the sum of the two
numbers in each pair is a distinct prime number. Find the largest of these prime numbers.

12. The sum of the squares of three prime numbers is 5070. Find the product of these three
prime numbers.

5.2 Fundamental Theorem of Arithmetic
The prime numbers earn their name because like atoms in chemistry, they are the basic building
blocks from which other numbers can be constructed, like molecules, via multiplication.

Example 5.2.1. Express 420 as a product of prime numbers, starting with 420 = 2 × 210.

Solution We have 420 = 2 × 210 = 2 × 2 × 105 = 2 × 2 × 3 × 35 = 2 × 2 × 3 ×
5 × 7.
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The above example illustrates a general result, that every composite number can be ex-
pressed as a product of prime numbers called its prime factorization. A composite number can
be written as the product of two smaller numbers. If those are prime, we have the desired prime
factorization. If either of the two is composite, it is in turn the product of smaller numbers. Con-
tinuing this process, the numbers become smaller. By the Well-Ordering Principle, the process
must come to an end. At that point, no further decomposition is possible, and each factor must
therefore be a prime number.

So every composite number has at least one prime factorization. How many possible prime
factorizations can it have?

Example 5.2.2. Express 420 as a product of prime numbers, starting with 420 = 10 × 42.

Solution We have 420 = 10 × 42 = 2 × 5 × 2 × 21 = 2 × 5 × 2 × 3 × 7.

From Examples 5.2.1 and 5.2.2, we see two ways in which 420 can be expressed as the
product of prime numbers. However, these two ways are not really different since we end up
with the primes 2, 2, 3, 5 and 7 in both cases. We adopt the convention that in the product, the
prime numbers are arranged in ascending order. It is easy to verify that no matter how else we
start factorizing 420, we will always end up with the same prime factorization.

Note that here is one good reason why we do not want to consider 1 as a prime num-
ber. Otherwise, we will have to consider 420 = 1 × 2 × 2 × 3 × 5 × 7 as a different prime
factorization, not to mention 420 = 1 × 1 × 2 × 3 × 5 × 7, and so on.

We can extend the concept of prime factorization to non-composite numbers as well. A
prime number is simply equal to itself, a product of a single prime number. Since the number 1
is not divisible by any prime number, it is considered as an empty product of prime numbers.

It turns out that in our number system, prime factorization is unique. As we will see, this has
theoretical implications and leads to practical applications. It would appear that the uniqueness
of prime factorization is something we should expect. This is far from obvious.

To prove that every composite number has a unique prime factorization, we need a prelim-
inary result that is quite important in its own right.

Prime Divisibility Theorem If a prime number divides a product of two numbers, then it must
divide at least one of them.

Proof. Let p be a prime number which divides the product ab. If p divides a, there is nothing
further to be proved. So we assume that p does not divide a. Then the greatest common divisor
of p and a can only be 1. Hence p and a are relatively prime to each other. By the Relatively
Prime Divisibility Theorem, since p divides ab, it must divide b.

This property is not shared by composite numbers. If n is a composite number, then it is
the product ab of two smaller numbers. Clearly, n divides ab but it divides neither a nor b by
the Divisibility Inequality Theorem.

Example 5.2.3. Without using the Prime Divisibility Theorem, prove that if 2 divides a product
of two numbers, then it must divide at least one of them.

Solution Suppose 2 divides ab. Then ab ≡ 0 (mod 2). We claim that either a ≡ 0 (mod
2) or b ≡ 0 (mod 2), so that 2 divides either a or b. If this is not the case, then a ≡ 1 (mod 2)
and b ≡ 1 (mod 2), so that ab ≡ 1 (mod 2). This is a contradiction.
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If a prime number p divides a product abc, can we conclude that it must divide at least
one of them? Write abc as a product of two numbers a(bc). Then p divides either a or bc by
the Prime Divisibility Theorem. By the same result, if p divides bc, then it divides either b or
c. Thus we can conclude that p must divide at least one of a, b and c. We can extend further
and conclude that if a prime number divides a product of any number of positive integers, then
it must divide at least one of them.

Example 5.2.4. The Mad Hatter claimed that he had found a multiple of 7 which was the
smallest positive integer with two different prime factorizations. Prove that the Mad Hatter was
mistaken.

Solution Let the number the Mad Hatter found be 7n, and suppose it has two different
prime factorizations. The prime 7 must appear in both, and if we cancel it off, we will have two
different prime factorization of the number n. Since n is positive, it is less than 7n, so that the
Mad Hatter’s number could not be the smallest one with two different prime factorizations.

The following result, along with the Basic Divisibility Theorem, are the most important
cornerstones of our number system.

The Fundamental Theorem of Arithmetic. Every composite number has exactly one prime
factorization.

Proof. We already know that every composite number has at least one prime factorization. All
we have to prove is that it has at most one. Suppose some composite number has two different
prime factorizations. By the Well-Ordering Principle, we can choose the smallest such number
n. Let p be a prime number in the first factorization of n. Now p obviously divides n, Hence
it divides the product of prime numbers in the second factorization of n. It follows that p must
divide one of them. However, a prime number can only divide another prime number if they are
equal. By cancelling p from both factorizations, we obtain a number smaller than n, but still
with two different prime factorizations. This is a contradiction.

The Fundamental Theorem of Arithmetic guarantees the existence of a unique prime
factorization of any positive integer. Often, its mere existence is sufficient for proving other
results. However, there are times when we have to find the actual prime factorization. This may
be easier said than done. In fact, factoring large integers has become the benchmark in testing
the efficiency of both computer hardware and computer software.

Since the prime numbers play such an important role in our number system, it is natural
to ask whether there are finitely many or infinitely many of them. To answer this question,
we consider a machine which the White Knight had invented. It carries out the following
operations:

(1) The machine will accept any collection of prime numbers as input. They do not have to be
different.

(2) The machine will compute the product of all of these prime numbers.
(3) The machine will add 1 to this product.
(4) The machine will determine the prime factorization of this sum.
(5) The machine will produce as output all the prime numbers in this factorization.
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Example 5.2.5. What is the output from the White Knight’s machine if we input the prime
numbers 2, 3, 3 and 5?

Solution We have 2 × 3 × 3 × 5 + 1 = 91 = 7 × 13. Hence the output will consist of
the prime numbers 7 and 13.

Example 5.2.6. Find an input consisting of four prime numbers into the White Knight’s machine
which will produce an output consisting of two prime numbers, one of which is 11.

Solution Suppose the other prime number in the output is 2. Then 2 × 11 − 1 = 21 =
3 × 7, and we have fewer than four prime numbers. Suppose the other prime number in the
output is 3. Then 3 × 11 − 1 = 32 = 2 × 2 × 2 × 2 × 2, and we have more than four prime
numbers. Suppose it is 5. Then 5 × 11 − 1 = 54 = 2 × 3 × 3 × 3, and we have exactly four
prime numbers. It follows that a possible input consists of the prime numbers 2, 3, 3 and 3.

In both Example 5.2.5 and Example 5.2.6, the prime numbers in the input are different from
the prime numbers in the output. Why should that be? We seem to be performing a multiplication
and then performing a factorization. Shouldn’t we just get the input back as the output?

The answer is no. We have overlooked what appears to be a very innocuous step, but it
is crucial to the working of the White Knight’s machine. That step is (3). So the input and
the output are the prime numbers in the prime factorizations of two consecutive numbers. No
prime number can divide two consecutive numbers, as otherwise it would have to divide their
difference, which is 1.

We can now prove that there are infinitely many prime numbers. This result is due to Euclid,
the same person after whom the Euclidean Algorithm is named.

The first prime number is 2. If we can put it into the White Knight’s machine, the output
will be 2 + 1 = 3. Then we put both 2 and 3 in, and the output is 2 × 3 + 1 = 7. Now we put
all of 2, 3 and 7 in, and the output is 2 × 3 × 7 + 1 = 43. Next, we put all of 2, 3, 7 and 43
in, and the output consists of 13 and 139 since 2 × 3 × 7 × 43 + 1 = 1807 = 13 × 139. Each
time, we put every prime number we have on hand into the White Knight’s machine. At least
one new prime number is guaranteed to come out. It follows that there must be infinitely many
of them.

Since we will never run out of primes, another will come by if we wait long enough. How
long do we have to wait? When the numbers are small, as in Example 5.1.1, there seem to be
many prime numbers among them. However, as the numbers become larger, we can expect the
prime numbers to thin out, as the Sieve of Eratosthenes will knock out a lot more numbers.

Example 5.2.7. Prove that there are infinitely many prime numbers of the form 6k + 5 for some
positive integer k.

Solution Suppose there are only finitely many primes p1, p2, . . . , pn that are of the form
6k + 5. Let P = 6p1 p2 · · · pn − 1. Then P is also a number of the form 6k + 5. Since it is
greater than any prime of this form, it is composite. No prime of the form 6k + 5 can divide P
as otherwise it will also divide 1. Clearly, P is not divisible by 2 or 3. Hence all prime divisors
of P are congruent modulo 6 to 1. However, this means that P must also be congruent modulo
6 to 1. This is a contradiction.
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Understanding the distribution of the prime numbers among the positive integers is one
of the most fundamental problems in mathematics. It is also most appealing as it is easy
to understand, but very difficult to handle. The individual distribution of the prime numbers
is so chaotic that it is not possible to have a precise formula that produces the next one.
Nevertheless, some general observations can be made about their collective distribution in
advanced mathematics.

Suppose we come across a prime number. If we continue searching with the next number,
when can we expect to come across another prime number? After 2, we have 3. This is the only
time when the waiting time is 1, because 2 is the only even prime. After 3, we have 5, and after
5, we have 7. Here the waiting time is 2. Two primes differing by 2 are called twin primes, and
it is not known whether there are infinitely many twin primes.

However, we can prove that there are infinitely many pairs of primes such that they differ
by more than 2, and all numbers between them are composite. We have proved that the sequence
of primes p1 < p2 < p3 < · · · is infinite. Hence there are infinitely many triples (p1, p2, p3),
(p4, p4, p6), if we put successive primes into groups of 3. The first three groups are (2,3,5),
(7,11,13) and (17,19,23). By Example 5.1.6, either the first two or the last two within each triple
except for (2,3,5) are not twin primes. Even within (2,3,5), 2 and 3 are not twin primes.

Example 5.2.8. Does there exist a block of 1000000 consecutive numbers without a prime
number among them?

Solution Surprisingly, the answer is yes. Consider the number 1000001!, which is the
product of all the positive integers from 1 up to and including 1000001. This huge number
is therefore divisible by every positive integer up to 1000001. Consider now the 1000000
consecutive numbers 1000001! + 2, 1000001! + 3, . . . , 1000001! + 1000001. The first one is
divisible by 1, 2 and itself, the second is divisible by 1, 3 and itself, and so on. So none of them
is prime.

The above argument can be generalized to show that a block of consecutive composite
numbers can be as long as you wish. So waiting for the next prime number to come by can
sometimes be a very frustrating experience!

Note that we do not use the number 1000001! + 1 because we have no easy way of telling
whether it is prime or composite. That is why we use 1000001! instead of 1000000! because we
need to include 1000001! + 1000001 to have one million numbers.

The symbol ! is called the factorial, and 5 factorial means 5 × 4 × 3 × 2 × 1 = 120. The
factorial grows very fast, and that is why calculators do not have a factorial button. If there is
one, and you press 100 and then factorial, the calculator will self-destruct in fifteen seconds.

5.2.1 Exercises
1. Without using the Prime Divisibility Theorem, prove that if 3 divides a product of two

numbers, then it must divide at least one of them.

2. Without using the Prime Divisibility Theorem, prove that if 5 divides a product of two
numbers, then it must divide at least one of them.

3. The March Hare claimed that he had found a multiple of 11 that was the smallest positive
integer with two different prime factorizations. Prove that the March Hare was mistaken.
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4. The Dormouse claimed that he had found a multiple of 13 that was the smallest positive
integer with two different prime factorizations. Prove that the Dormouse was mistaken.

5. What is the output from the White Knight’s machine if we input the prime numbers 2, 2, 5
and 7?

6. Find an input consisting of four prime numbers into the White Knight’s machine that will
produce an output consisting of two prime numbers, one of which is 17.

7. Prove that there are infinitely many prime numbers of the form 3k + 2 for some positive
integer k.

8. Prove that there are infinitely many prime numbers of the form 4k + 3 for some positive
integer k.

9. We know that the numbers from 5042 to 5047 are six consecutive composite numbers
because they are 7! + 2, 7! + 3, 7! + 4, 7! + 5, 7! + 6 and 7! + 7. Find six smaller con-
secutive composite numbers.

10. We know that the numbers from 362882 to 362889 are eight consecutive composite numbers
because they are 9! + 2, 9! + 3, 9! + 4, 9! + 5, 9! + 6, 9! + 7, 9! + 8 and 9! + 9. Find
eight smaller consecutive composite numbers.

11. Four different positive integers, all less than or equal to 60, are arranged in ascending
order. The product of the three differences between adjacent numbers is computed. Find the
number of groups of such numbers if the product is divisible by 2009.

12. The product of five positive integers, not necessarily distinct, is 2014. Find the number
different possible values for their sum.

5.3 Applications of the Fundamental Theorem of Arithmetic
Finding the prime factorization of a number is a non-trivial problem in general. Once we have
the prime factorization, however, we can get a lot of mileage out of it.

Example 5.3.1. Find the number of positive divisors of 26.

Solution The positive divisors of 26 are 20, 21, 22, 23, 24, 25 and 26. There are 7 of
them.

Example 5.3.2. Find the number of positive divisors of 23 × 37 × 72.

Solution The prime factorization of a positive divisor of 23 × 37 × 72 has the form
2i × 3 j × 7k , where 0 ≤ i ≤ 3, 0 ≤ j ≤ 7 and 0 ≤ k ≤ 2. Hence the total number of positive
divisors is (3 + 1)(7 + 1)(2 + 1) = 96.

Example 5.3.3. Describe in terms of prime numbers all numbers with exactly six divisors.

Solution Suppose this number n is divisible only by one prime p. Then n = pk where k
is a positive integer such that k + 1 = 6. It follows that n = p5. Suppose n is divisible by two
primes p and q. Then n = pkq� where k and � are positive integers such that (k + 1)(� + 1) = 6.
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It follows that one of them is 1 and the other is 2. The number n cannot have three or more
distinct prime divisors as its total number of divisors will at least be eight. In summary,
n is either the fifth power of a prime or the product of a prime and the square of another
prime.

Example 5.3.4.

(a) Determine 26 � 28.
(b) Determine 26 � 28.

Solution

(a) The highest power of 2 which divides both 26 and 28 is 26. Hence 26 � 28 = 26.
(b) The lowest power of 2 which is divisible by both 26 and 28 is 28. Hence 26 � 28 = 28.

Example 5.3.5.

(a) Determine (23 × 37 × 72) � (25 × 32 × 53).
(b) Determine (23 × 37 × 72) � (25 × 32 × 53).

Solution

(a) The highest power of 2 that divides both numbers is 23. The highest power of 3 that divides
both numbers is 32. The highest power of 5 that divides both numbers is 50. The highest power
of 7 that divides both numbers is 70. Hence (23 × 37 × 72) � (25 × 32 × 53) = 23 × 32.

(b) The lowest power of 2 that is divisible by both numbers is 25. The lowest power of 3 that is
divisible by both numbers is 37. The lowest power of 5 that is divisible by both numbers is
53. The lowest power of 7 that is divisible by both numbers is 72. Hence

(23 × 37 × 72) � (25 × 32 × 53) = 25 × 37 × 53 × 72.

Recall in Chapter Three that the greatest common divisor and the least common multiple of
two positive integers are related by the Product Theorem. We can now give a simpler alternative
proof of this result using the Fundamental Theorem of Arithmetic.

Let the two numbers be a and b. For any prime number p, let the highest exponent of p that
divides a be s and let the highest exponent of p that divides b be t . Then the highest exponent of
p that divides both a and b is min{s, t} while the lowest exponent of p that is divisible by both
a and b is max{s, t}. Now the exponent of p in the prime factorization of ab is s + t , while the
exponent of p in the prime factorization of (a � b)(a � b) is min{s, t} max{s, t} = s + t also.
Since this is the situation for any prime number, we must have (a � b)(a � b) = ab.

There are also results that are hard to prove without the Fundamental Theorem of Arithmetic.

Example 5.3.6.

(a) Prove that the squares of two relatively prime positive integers are also relatively prime.
(b) Prove that if the product of two relatively prime numbers is a square, then each of them is a

square.
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Solution

(a) Let a and b be such that a � b = 1. If a2 � b2 > 1, let p be one of its divisors. Then p
divides both a2 and b2, and hence both a and b. This contradicts a � b = 1.

(b) Let a and b be positive integers such that a � b = 1 and ab = k2 for some integer k. The
prime factorization of k2 consists of pairs of identical primes. Each pair must have come
both from a or both from b, as a � b = 1. Hence each of a and b is also a square.

We now solve some problems involving prime factorizations.

Example 5.3.7. Find the smallest positive integer such that 2 times it is a square and 3 times it
is a cube.

Solution The prime factorization of this number must contain the primes 2 and 3. Since
we are looking for the smallest number, it contains only the primes 2 and 3. In order for 2 times
it to be a square, the number of 2s must be odd and the number of 3s must be even. In order for
3 times it to be a cube, the number of 2s must be a multiple of 3 and the number of 3s must be 2
more than a multiple of 3. Hence there are three 2s and two 3s. The desired number is therefore
2332 = 72.

Example 5.3.8. A large number has no prime divisors under 100. Two computers are trying to
find its prime factorization. One gets as far as 91450393 × 91183397 and the other gets as far
as 91527089 × 91106989. What is the prime factorization of this number?

Solution It is clear that none of the four factors is prime. If we take one factor from each
factorization, they will have a common divisor.

2 1 3 3 265 1
9547 )19094 )28641 )105017 )343692 )91183397 )91527089

19094 19094 85923 315051 91078380 91183397
9547 19094 28641 105017 343692

Now 91183397 ÷ 9547 = 9551 while 91527089 ÷ 9547 = 9587. Finally, 91450393 ÷ 9587 =
9539. Each of 9539, 9547, 9551 and 9587 is less than 1002. Since the number has no prime
divisors under 100, these four numbers are all prime, and the prime factorization of the original
number is 9539 × 9547 × 9551 × 9587.

5.3.1 Exercises
1. Describe in terms of prime numbers all numbers with exactly eight divisors.

2. Describe in terms of prime numbers all numbers with exactly nine divisors.

3. (a) Find the prime factorization of 3500.
(b) Find the prime factorization of 3600.
(c) Determine 3500 � 3600.
(d) Determine 3500 � 3600.
(e) Which of 3500 and 3600 has more positive divisors?
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4. (a) Find the prime factorization of 4400.
(b) Find the prime factorization of 4500.
(c) Determine 4400 � 4500.
(d) Determine 4400 � 4500.
(e) Which of 4400 and 4500 has more positive divisors?

5. Prove that if a2 divides b2, then a divides b.

6. Prove that the greatest common divisor of the squares of two positive integers is the square
of their greatest common divisor.

7. Find the smallest positive integer such that 2 times it is a square and 5 times it is a fifth
power.

8. Find the smallest positive integer such that 3 times it is a cube and 5 times it is a fifth
power.

9. A large number has no prime divisors under 100. Two computers are trying to find its
prime factorization. One gets as far as 80712031 × 80407073 and the other gets as far as
80658037 × 80460899. What is the prime factorization of this number?

10. A large number has no prime divisors under 100. Two computers are trying to find its
prime factorization. One gets as far as 63552343 × 63297887 and the other gets as far as
63536357 × 63313813. What is the prime factorization of this number?

11. Some factors in the product 1 × 2 × 3 × · · · × 26 × 27 are to be removed so that the product
of the remaining factors is the square of an integer. Find the minimum number of factors
that must be removed.

12. A number is said to be strange if in its prime factorization, the power of each prime number
is odd. For instance, 22, 23 and 24 form a block of three consecutive strange numbers
because 22 = 21 × 111, 23 = 231 and 24 = 23 × 31. Find the greatest length of a block of
consecutive strange numbers.

5.4 Extras
The White Rabbit was trotting slowing and looking anxiously about as it went, as if it had lost
something. Alice heard it muttering to itself, “The Duchess! The Duchess! Oh my dear paws!
Oh my fur and whiskers! She’ll get me executed, as sure as ferrets are ferrets! Where can I have
dropped them, I wonder?”

Very soon, the White Rabbit noticed Alice, and called out to her in an angry tone, “Why,
Mary Ann, what are you doing out here? Run home this moment, and fetch me a pair of gloves
and a fan! Quick, now!”

Alice was so frightened that she ran off at once in the direction it pointed to, without trying
to explain the mistake that it had made.

“He took me for his housemaid!” she said to herself as she ran. "How surprised he’ll be
when he finds out who I am. But I’d better take him his fan and gloves—that is, if I can find
them.”
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As she said this, she came upon a neat little house, on the door of which was a bright brass
plate, with the name “W. Rabbit” engraved upon it. She went in without knocking, and hurried
upstairs, in great fear lest she should meet the real Mary Ann, and be turned out of the house
before she had found the fan and the gloves.

She found her way into a tidy little room with a table in the window, and on it, as she had
hoped, a fan and two or three pairs of tiny white kid-gloves. She took up the fan and a pair of
the gloves, and went back to the White Rabbit.

“These will do for now!” it said, “but they are not the ones I had lost. I must have dropped
them when I went down another rabbit hole.”

“I fell down this rabbit hole!” Alice said. “Are you telling me that it is not the only one?”
“There are at least four,” the White Rabbit told her, “and ours is the first one. The second

one leads to Evenapolis, the third one to Tripleton and the fourth one to Quadripark.”
“Are those places as strange as this Wonderland?”
“Stranger, as they are full of strangers who use stranger kinds of numbers.”
“Tell me more,” Alice’s interest heightened when the White Rabbit mentioned numbers.
“The denizens of Evenapolis use only the number 1 and all even numbers.”
“How strange indeed!” exclaimed Alice. “Other than their strange number system, do they

do arithmetic in the same way as we do?”
“Yes, they multiply in the same way.”
“I wonder what their multiplication table looks like.” mused Alice.
“Construct one yourself.”

Example 5.4.1. Construct the Evenapolis multiplication table, using the numbers 1, 2, 4, 6 and
8 in the guide row and column.

Solution “Let me try. I think it looks like this.”

× 1 2 4 6 8
1 1 2 4 6 8
2 2 4 8 12 16
4 4 8 16 24 32
6 6 12 24 36 48
8 8 16 32 48 64

“Prime and composite numbers are also defined in the same way,” the White Rabbit told
Alice.

“Well, I suppose the number 1 is still neither prime nor composite. The number 2 is clearly
a prime and 4 = 2 × 2 as composite. What about 6?”

“In our number system, 6 = 2 × 3 is composite. However, 3 is not an Evenapolis number.
So 6 is prime here. Try to find a few more primes.”

Example 5.4.2. Find the smallest ten prime numbers in the Evenapolis number system.

Solution Faced with an unfamiliar situation, Alice thought for a while and then said, “A
number divisible by 4 can always be expressed as a product of 2 and some even number, and can
never be prime. On the other hand, an even number not divisible by 4 must be prime because if
it is decomposed into two factors, only one of them can be even. The other is not an Evenapolis
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number, so that such a factorization cannot exist. It follows that the smallest ten prime numbers
in Evenapolis are 2, 6, 10, 14, 18, 22, 26, 30, 34 and 38.”

“Good reasoning,” nodded the White Rabbit. “Do you think that the Fundamental Theorem
of Arithmetic holds in Evenapolis?”

“Of course it holds. How else can it be?”
“There you are wrong!” shouted the White Rabbit.

Example 5.4.3. Find a number with two different Evenapolis prime factorizations.

Solution “We need two copies of the prime factor 2 to make a composite number, as I
had explained in my solution to Example 5.4.1,” said Alice. “We can add odd factors to either
of them, and get Evenapolis primes. So we are looking for two ways of adding odd factors. If
there is only one, it can go to either side, but we will have the same prime factorization. So we
need two copies of say 3, so that a number with two different Evenapolis prime factorizations
is 2 × 2 × 3 × 3 = 36. On the one hand, we have 36 = 6 × 6 if each copy of 2 gets a copy of
3, and 36 = 2 × 18 if both copies of 3 go to the same copy of 2.”

“So now you see that the Fundamental Theorem of Arithmetic does not hold in Evenapolis,”
remarked the White Rabbit. “We are fortunate that it does hold in our number system, but you
now see that this blessing should not be taken for granted. That is why we must prove it.”

“Does the Prime Divisibility Theorem hold in Evenapolis?”
“What do you think?”

Example 5.4.4. Does the Prime Divisibility Theorem hold in the Evenapolis number system?

Solution “The Prime Divisibility Theorem is the key to proving the Fundamental Theo-
rem of Arithmetic. Since the latter result does not hold in the Evenapolis number system, neither
should the former.”

“But this is not settled conclusively,” said the White Rabbit. “You need a counter-example.”
“I have got one,” said Alice triumphantly. “From my solution to Example 5.4.3, the prime

6 divides 2 × 18, but does not divide either 2 or 18.”

“The Evenapolis number system is contrived,” conceded the White Rabbit, “but in advanced
mathematics, there are examples of natural structures in which prime factorization is not unique.”

“What is the situation in Tripleton, or Quadripark?” asked Alice.
“The denizens of Tripleton use only the numbers that are 1 more than some multiple of 3.

The denizens of Quadripark use only the numbers that are 1 more than some multiple of 4. I
will leave you to figure things out. I must hurry to the Duchess. I have kept her waiting long
enough as it is.”

We now consider prime numbers of the form 2k − 1, called Mersenne primes, and those
of the form 2k + 1, called Fermat primes. They are named after two French mathematicians,
Mersenne, and Fermat whom we have already encountered.

Example 5.4.5. Find three Mersenne primes.

Solution We have 22 − 1 = 3, 23 − 1 = 7 and 25 − 1 = 31.

Example 5.4.6. Prove that if 2k − 1 is a prime, then k is also a prime.
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Solution Suppose k is not a prime. Then k = ab for some positive integers a and b less
than k. We claim that 2k − 1 is divisible by 2a − 1. Rather than writing out a formal proof, we
give an illustration below, with k = 15 and a = 3.

212 29 26 23 1
23 − 1 )215 −1

215 −212

212

212 −29

29

29 −26

26

26 −23

23 −1

23 −1

Example 5.4.7. Find three Fermat primes.

Solution We have 21 + 1 = 3, 22 + 1 = 5 and 24 + 1 = 17.

5.4.8. Prove that if 2k + 1 is a prime, then k is a power of 2.

Solution Suppose k is not a power of 2. Then it is divisible by an odd prime b. Let
k = ab. We claim that 2k + 1 is divisible by 2a + 1. Rather than writing out a formal proof, we
give an illustration below, with k = 20 and a = 4.

216 −212 +28 −24 +1
24 + 1 )220 +1

220 +216

−216

−216 −212

212

212 +28

−28

−28 −24

24 +1

24 +1

5.4.1 Exercises
1. Construct a 5 × 5 Tripleton multiplication table with the numbers 1, 4, 7, 10 and 13 in the

guide row and column.

2. Construct a 5 × 5 Quadripark multiplication table with the numbers 1,5, 9, 13 and 17 in the
guide row and column.
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3. Find the smallest ten prime numbers in Tripleton.

4. Find the smallest ten prime numbers in Quadripark.

5. Find a number with two different Tripleton prime factorizations.

6. Find a number with two different Quadripark prime factorizations.

7. Does the Prime Divisibility Theorem hold in the Tripleton number system?

8. Does the Prime Divisibility Theorem hold in the Quadripark number system?

9. Find a fourth Mersenne prime.

10. Find a fourth Fermat prime.

11. Show that 229 − 1 = 536870911 is divisible by 233.

12. Show that 232 + 1 = 4294967297 is divisible by 641.





6
Rational and Irrational Numbers

Tweedledum and Tweedledee invited Alice for a treat. They put eight tarts on the table. They
looked so deliciously inviting that Alice picked one up and started munching right away.

“Where did you boys get these tarts?” asked Alice, suddenly suspicious.
“You don’t need to know,” said Tweedledum.
“We bought them from the Duchess’s Cook,” said Tweedledee.
“You haven’t got the money. You boys stole them from the Queen of Hearts.”
“She has got plenty, and won’t miss a few,” said Tweedledum.
“Put them back,” ordered Alice, “or you boys will be in big trouble.”
“We can’t,” said Tweedledee. “It wasn’t easy getting into the Queen’s pantry, and if we go

back, we are sure to be caught this time. However, nobody knows anything so far, except you.
You are not going to tell on us, are you?”

“Oh dear,” said Alice. “I don’t suppose I can now, seeing that I have finished eating one of
them already. So I won’t tell, but promise me that there won’t be a next time.”

“We promise,” the twins said together. “Let us share the tarts among us.”
“Fairly, I suppose,” said Alice.
“Of course,” said Tweedledum.
“If I remember correctly,” said Tweedledee, “we each get two, with two left over.”
“Not this time,” said Alice. “We better not leave any remainder for the Queen to find.”
“What is a fair share then?” asked the twins.

6.1 Fractions
If we share eight tarts fairly among three people and leave no remainders, each fair share is
more than two tarts but less than three. Let us focus on just one tart at a time. To share it fairly
among three people, it must be cut up into three equal pieces, and each person would get one
of them. The amount of each share is to be represented by a new number such that the sum of
three copies of it is equal to 1. We call this number one-third and write it as 1

3 . With eight tarts,
each will get 8

3 tarts.
In general, if the divisor is a positive integer n, each fair share amounts to 1

n . This number is
called the reciprocal of n. We could also have called it the multiplicative inverse of n, because
the product of n and 1

n is equal to the multiplicative identity 1.

133



134 Rational and Irrational Numbers

The reciprocals are special cases of a kind of numbers called fractions. A fraction is a
number of the form a

b where a is an integer and b is a positive integer. The number a is called
its numerator and the number b is called its denominator.

If each of the eight tarts is divided into six equal pieces, then each of the three people will
get two pieces from each tart, for a total of sixteen pieces. Although this sounds more attractive,
the brothers are not really getting any more tarts than before. This is because 8

3 = 16
6 . In fact, a

fair share may be represented by a fraction in infinitely many ways. Since 8 � 3 = 1, 8
3 is said

to be a fraction in lowest terms. All others may be reduced by cancelling out common factors
between their numerators and their denominators.

Example 6.1.1. Reduce 242
1001 to the lowest terms.

Solution We have 242 � 1001 = 11 by the Euclidean Algorithm below. It follows that
242

1001 = 22×11
91×11 = 22

91 .

3 7 4
11 )33 )242 )1001

33 231 968
11 33

More formally, we say that two fractions a
b and c

d are equal if and only if ad = bc. We have
16
6 = 8×2

3×2 = 8
3 because (8 × 2) × 3 = 8 × (3 × 2) by the Associative Law of multiplication.

The common value of all such fractions is called a rational number. However, this term is
often used interchangeably with the term fraction.

Just as we have a
b = c

d if and only if ad = bc, we have a
b < c

d if and only if ad < bc. We
compare two fractions by taking them to a common denominator. Then ad < bc if and only if
a
b = ad

bd < bc
bd = c

d . Note that bd is not necessarily the lowest common denominator.

Example 6.1.2. Arrange the fractions 3
20 , 5

24 , 6
25 , 4

27 and 7
30 in ascending order.

Solution The lowest common denominator of the five fractions is 20 � 24 � 25 � 27 �
30. By the Fundamental Theorem of Arithmetic, 20 � 24 � 25 � 27 � 30 × 5 = 23 × 33 ×
52 = 5400. Hence 4

27 = 800
5400 < 3

20 = 810
5400 < 5

24 = 1125
5400 < 7

30 = 1260
5400 < 6

25 = 1296
5400 .

Whenever we talk about a fraction a
b , it is automatically assumed that a is an integer and b

is a positive integer. All integers are fractions since we can take b = 1. Thus the system of the
integers is a subset of the system of the rational numbers.

To make the system of the rational numbers an extension of the system of the integers, we
have to define addition and multiplication in the enlarged system in such a way that they are
consistent with how they are in the original system.

Example 6.1.3. Suppose the Dormouse gets 1
6 of a tart and later gets 2

3 of another tart. How
many tarts does the Dormouse have altogether?

First Solution We divide the first tart into six equal horizontal blocks and the second into
three equal vertical blocks. The shaded blocks are what the Dormouse gets. We now subdivide
each horizontal block into three equal pieces and each vertical block into six equal pieces, so
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that all the pieces are of the same size. Each tart has been divided into 3 × 6 = 18 pieces, and
the Dormouse gets 1

6 + 2
3 = 1×3

18 + 2×6
18 = 3+12

18 = 15
18 = 5

6 of a tart.

Second Solution We divide the first tart into six equal pieces and the second into three
equal horizontal blocks. The Dormouse gets one piece from the first and two blocks from the
second. We now subdivide each horizontal block of the second tart into two equal pieces, so that
all the pieces are of the same size. This time, we only have to divide the first tart into 6 pieces.
It follows that the Dormouse gets 1

6 + 2
3 = 1

6 + 2×2
6 = 1+4

6 = 5
6 of a tart.

Although the Second Solution is simpler, we follow the First Solution in giving the general
rule for addition, namely, a

b + c
d = ad+bc

bd . It may happen that this answer is not a fraction in the
lowest terms, because b � d may be different from bd.

When adding two fractions a
b and c

d , a common error is to add the individual numerators as
well as add the individual denominators to get the incorrect answer a+c

b+d . In the special case where
a
b = c

d , a+c
b+d will also have the same value. The reason for this is very simple. Let the common

value of the two fractions be r . Then a = br and c = dr . Hence a + c = br + dr = (b + d)r
so that a+c

b+d = r . We can similarly prove that a−c
b−d = r also.

If we have a
b < c

d instead, then a
b < a+c

b+d < c
d . The given condition means that ad < bc.

Adding ab to both sides, we have a(b + d) < b(a + c), so that we indeed have a
b < a+c

b+d . Adding
cd to both sides of ad < bc yields d(a + c) < c(b + d) and a+c

b+d < c
d .

Another occasion when we combine two fractions by adding their numerators and their
denominators is to generate the Farey fractions. We start with the fractions 0

1 and 1
1 and

combine adjacent fractions. The first few steps are shown below.

0
1

1
2

1
1

0
1

1
3

1
2

2
3

1
1

0
1

1
4

1
3

2
5

1
2

3
5

2
3

3
4

1
1

Note that the Farey fractions in each line are strictly increasing from left to right, so that a
newly generated Farey fraction lies strictly between its two generators. It is the fraction between
them with the smallest possible denominator.
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Example 6.1.4. Compute 2
3 × 5

7 .

Solution Take the area of a rectangle to be 1. We divide it into three equal horizontal
blocks, so that the two shaded block represents 2

3 . We now subdivide each of the shaded
horizontal blocks into seven equal pieces, and retain the shade only on the first five pieces. This
represents 2

3 × 5
7 . By dividing the rectangle into seven equal vertical blocks, we can see that

there are 3 × 7 = 21 equal pieces. It follows that 2
3 × 5

7 = 2×5
21 = 10

21 .

The general rule for multiplication is a
b × c

d = ac
bd . Again, it may happen that this answer is

not a fraction in the lowest terms.
Let a and c be integers. They are the same as the fractions a

1 and c
1 . By the rules of addition

and multiplication we have just defined, a
1 + c

1 = a+c
1×1 = a + c and a

1 × c
1 = ac

1×1 = ac. So these
rules are indeed extensions of the corresponding rules for integers.

Practically all the rules in the arithmetic of the integers carry over to the arithmetic of the
rational numbers. One important exception is the Well-Ordering Principle, even when restricted
to the system of positive rational numbers. On the other hand, there are rules that hold for the
rational numbers but not for the integers, such as the Closure Property for multiplication. The
following is another one.

Example 6.1.5. Prove that there exists a rational number strictly between any two distinct rational
numbers.

Solution If one of them is positive and the other is negative, 0 is strictly between them.
We may assume that both are positive, as the case when both are negative can be handled in
the same way. Let 0 < a

b < c
d . The average of the two fractions, namely 1

2 ( a
b + c

d ) = ad+bc
2bd , is

a rational number strictly between a
b and c

d .

We now try to extend the base ten system for integers into fractions. We call a fraction
special if its denominator is a power of 10.

Example 6.1.6. Express 1
10 + 3

100 + 5
1000 as a fraction in its lowest terms.

Solution Taking common denominators, the expression is equal to 100
1000 + 30

1000 + 5
1000 =

135
1000 . This reduces to 135

1000 = 5×27
5×200 = 27

200 .

Clearly, when a sum of special fractions is expressed as a single fraction in its lowest terms,
the denominator can only have 2s and 5s in its prime factorization. Conversely, such a fraction
may be expressed as a sum of special fractions.

Example 6.1.7. Express 619
320 as a sum of special fractions using the fact that 320 = 265.
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Solution We can convert 320 = 265 into a power of 10 if we multiply it by 55 = 3125.
Of course, we will have to multiply 619 by the same number. It follows that

619

320
= 619 × 3125

320 × 3125
= 1934375

1000000
= 1 + 9

10
+ 3

100
+ 4

1000
+ 3

10000
+ 7

100000
+ 5

1000000
.

Example 6.1.8. Express 619
320 as a sum of special fractions without using the fact that 320 = 265.

Solution We perform a sequence of comparisons with special fractions.

1. Since 1 < 619
320 < 2 and 619

320 − 1 = 299
320 , we have 619

320 = 1 + 299
320 .

2. We have

9

10
= 288

320
<

299

320
<

320

320
= 1,

Since 299
320 − 288

320 = 11
320 , we have 619

320 = 1 + 9
10 + 11

320 .
3. We have

3

100
= 96

3200
<

110

3200
<

128

3200
= 4

100
.

Since 110
3200 − 96

3200 = 14
3200 , we have 619

320 = 1 + 9
+

3
100 + 14

3200 .
4. We have

4

1000
= 128

32000
<

140

32000
<

160

32000
= 5

1000
.

Since 140
32000 − 128

32000 = 12
32000 , we have 619

320 = 1 + 9
+

3
100 + 4

1000 + 12
32000 .

5. We have

3

10000
= 96

320000
<

120

320000
<

128

320000
= 4

10000
.

Since 120
320000 − 96

320000 = 24
320000 , we have 619

320 = 1 + 9
+

3
100 + 4

1000 + 3
10000 + 24

320000 .
6. We have

7

100000
= 224

3200000
<

240

3200000
<

256

3200000
= 8

100000
.

Since 240
3200000 − 224

3200000 = 5
1000000 , we have

619

320
= 1 + 9

10
+ 3

100
+ 4

1000
+ 3

10000
+ 7

100000
+ 5

1000000
.

This seems to be a rather elaborate solution to a relatively simple problem, and it is. It
is done deliberately to illustrate the important idea behind the conversion process which will
become apparent in the next section.

The last three examples illustrate the important result that a fraction may be expressed as a
finite sum of special fractions if and only if the prime factorization of its denominator consists
only of 2s and 5s.
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6.1.1 Exercises
1. Reduce the fraction 289

323 to lowest terms.

2. Reduce the fraction 323
361 to lowest terms.

3. In trying to reduce the fraction 49
98 , a boy cancels the digit 9 from each of the numerator and

the denominator. To everyone’s surprise, he gets a correct answer 4
8 . He tries his method on

another fraction, and gets a correct answer 2
5 . Which digit does he cancel this time?

4. In trying to reduce the fraction 19
95 , a girl cancels the digit 9 from each of the numerator and

the denominator. To everyone’s surprise, she gets a correct answer 1
5 . She tries her method

on another fraction, and gets a correct answer 1
4 . Which digit does she cancel this time?

5. Arrange the fractions 7
20 , 5

24 , 4
25 , 8

27 and 11
30 in ascending order.

6. Arrange the fractions 1
75 , 2

155 , 3
219 , 4

245 and 6
425 in ascending order.

7. Clearly, 23
30 = 57

78 is incorrect. However, if the same positive integer is subtracted from each
of 23, 30, 57 and 78, then it will be correct. Find the number to be subtracted.

8. Clearly, 24
29 = 62

77 is incorrect. However, if the same positive integer is subtracted from each
of 24, 29, 62 and 77, then it will be correct. Find the number to be subtracted.

9. In a choir, more than 2
5 but less than 1

2 of the children are boys. Find the smallest possible
number of children in this choir.

10. In a choir, more than 3
5 but less than 2

3 of the children are girls. Find the smallest possible
number of children in this choir.

11. (a) Express 7
10 + 1

100 + 6
1000 + 8

10000 as a fraction in lowest terms.
(b) Express 37

250 as a sum of special fractions.

12. (a) Express 1
100 + 6

1000 + 2
10000 + 5

100000 as a fraction in lowest terms.
(b) Express 37

160 as a sum of special fractions.

6.2 Decimals
Expressions such as 1 + 9

10 + 3
100 + 4

1000 + 3
10000 + 7

100000 + 5
1000000 are awkward. So we seek

a better notation for the special fractions. A natural extension of the base ten system is to use
negative powers of 10 to represent special fractions.

We have seen in Chapter 2 that 100 = 1. Now 10−1 = 102−3 = 10×10
10×10×10 = 1

10 and so on,
so that the sum of special fractions can be written as

1 × 100 + 9 × 10−1 + 3 × 10−2 + 4 × 10−3 + 3 × 10−4 + 7 × 10−5 + 5 × 10−6.

Just as 1 × 103 + 9 × 102 + 9 × 101 + 7 × 100 can be shortened to 1997, the above ex-
pression can be shortened to 1.934375. This is an example of a decimal. The dot between 1
and 9 is called the decimal point. It separates the negative powers of 10 from the non-negative
powers of 10.



6.2 Decimals 139

The standard method of converting fractions into decimals is perhaps familiar to most
people.

Example 6.2.1. Convert 619
320 to a decimal.

Solution

1 . 9 3 4 3 7 5
3 2 0 ) 6 1 9

3 2 0
2 9 9 . 0
2 8 8 . 0

1 1 . 0 0
9 . 6 0
1 . 4 0 0
1 . 2 8 0

1 2 0 0
9 6 0
2 4 0 0
2 2 4 0

1 6 0 0
1 6 0 0

This seems simple and straightforward. Why did we bother with the method given in
Example 6.1.8? Careful comparison of the two, with focus on the entries in bold face, will
reveal that exactly the same steps have been carried out. Only the elaborate details are concealed
in Example 6.2.1

Example 6.2.2. Convert 0.3125 into a fraction in the lowest terms.

Solution We have 0.3125 = 3125
10000 . Since the denominator is a power of 10, the only

possible common prime divisors between the numerator and the denominator are 2 and 5. Since
3125 = 55 while 10000 = 2454, 0.3125 = 5

24 = 5
16 .

A frequently asked question is whether fractions and decimals are the same thing, and if
not, are there more fractions or more decimals? At this point, decimals are just special fractions.

The important result at the end of Section 6.1 may be restated in terms of decimals. A
fraction has a finite or terminating decimal expansion if and only if the prime factorization of
its denominator consists only of 2s and 5s.

For fractions whose denominators have prime factors other than 2 and 5, we can start off
using the standard method in Example 6.2.1, but the division will not terminate after a finite
number of steps. Let us see what happens.

Example 6.2.3. Convert 3
7 into a decimal. Convert 13

22 into a decimal.

Solution The calculation below shows that 3
7 = 0.428571 . . . , with the block 428571

repeating indefinitely since the number 3 appears for a second time.
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0 . 4 2 8 5 7 1
7 ) 3 . 0

2 . 8
2 0
1 4

6 0
5 6

4 0
3 5

5 0
4 9

1 0
7
3

Will this happen all the time? When dividing by 7, the Division Algorithm tells us that the
remainder of any division by 7 must be one of 0, 1, 2, 3, 4, 5 and 6. Here, we know we will
not get 0 as otherwise the decimal will be terminating. Since the division will not terminate, we
must see the same number reappearing as a remainder at some point. This has to happen after
we have seen all 6 non-zero remainders. However, we do not always have to wait this long.

Example 6.2.4. Convert 13
22 into a decimal.

Solution The calculation below shows that 13
22 = 0.590 . . . with the block 90 repeating

indefinitely since the number 20 appears for a second time.

0 . 5 9 0
2 2 ) 1 3 . 0

1 1 . 0
2 . 0 0
1 . 9 8

2 0

We introduce the notation 3
7 = 0.428571 and 13

22 = 0.590, the block of digits under the bar
being the repeated one. Such decimal expansions are said to be recurrent. The recurrent block
does not have to start right after the decimal point.

Thus all fractions can be converted into recurrent decimals. Note in particular that ter-
minating decimal expansions are also recurrent. For instance, 0.5 = 0.50. The next example
illustrates how a recurrent decimal expansion can be converted into a fraction.

Example 6.2.5. Convert 0.135 into a fraction in lowest terms.

Solution Recall in Example 6.2.4 that a terminating decimal expansion can be put imme-
diately into a fraction with some power of 10 as the denominator. For a recurrent decimal expan-
sion, we aim to get rid of its infinite tail, by shifting it a few decimal places over so that the repeat-
ing blocks are lined up properly. Let x = 0.135135135 . . .. Then 1000x = 135.135135135 . . ..
The following subtraction shows that 999x = 135, so that x = 135

999 = 5
37 .
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1000x = 135 . 135135135. . .
(−) x = 0 . 135135135. . .

999x = 135

We now consider an example where the recurrent block of digits does not start right after
the decimal point.

Example 6.2.6. Convert 0.136 into a fraction in lowest terms.

Solution Let x = 0.1363636 . . .. Then 100x = 13.6363636 . . .. The following subtrac-
tion shows that 99x = 13.5, so that x = 135

990 = 3
22 .

100x = 13 . 6363636. . .
(−) x = 0 . 1363636. . .

99x = 13.5

A simple rule of thumb is that if the repeating block starts right after the decimal point,
then the fraction has the block as the numerator and its denominator is a number consisting
only of 9s, the number of 9s being equal to the length of the repeating block. The rule is more
complicated if the repeating block does not start right after the decimal point, so that it is better
to work it out.

Another frequently asked question is whether 0.9 is less than, equal to or greater than 1.
Everybody will agree that it is not greater than 1, but many believe that it is less than 1. Applying
our rule of thumb, we see that 0.9 = 9

9 = 1.
The last two examples show that every recurrent decimal can be converted into a fraction.

Thus fractions and recurrent decimals are the same thing. However, we have been avoiding an
important issue up to now, and it is time to address it.

Addition is a binary operation, meaning that it combines two numbers to yield a single
number. By the Associative Law, we can extend addition to sums of three or more numbers.
However, the rules of arithmetic do not allow us to extend addition to a sum of infinitely many
numbers.

However, this is exactly what we are doing when we introduce the notion of non-terminating
decimals. We must not make this leap of faith from the finite to the infinite without due
consideration. Indiscriminant acceptance can lead to disasters.

The Red King dreamed that money was issued in dollar bills numbered consecutively from
1 on, and he was the only person to have a salary. He would make 10 dollars per day, getting the
dollar bills in their numerical order. He then deposited his entire pay before withdrawing the
lowest numbered dollar bill he had in the bank.

Meanwhile, the Red Queen had a similar dream, except that on each day, she spent the
lowest numbered dollar bill she had on hand before depositing the rest of her pay at the bank.
Would they have the same amount of saving in the bank at the end of time, if they are immortal
as well as filthy rich?

It would appear that they should most certainly have, because each deposited 9 dollars per
day. This is true after any finite period of time. Let us now see what happens after an infinite
period of time.
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When the Red Queen showed up at her bank, they rolled out the red carpet for Her Majesty
as a most valued customer, because she had in the bank dollar bills number 2 to 10, number 12
to 20, and so on.

When the Red King showed up at his bank, they kicked him out!
“You have no money here, Your Majesty!” the manager shouted.
“I have plenty of dollar bills here!” The Red King shouted back.
“Give me the number of any one of them.”
“Number 53,” said the Red King.
“Oh, no! According to our record, you had withdrawn dollar bill number 53 on day 53. Here

is Your Majesty’s signature on the withdrawal slip. In fact, our record shows that Your Majesty
had withdrawn every dollar bill!”

Example 6.2.7. Next, the Red King dreamed that he had managed to become very rich. He
deposited 1 million dollars in the bank in the first week. In each of the following weeks, he made
a deposit equal to twice the size of the previous deposit. Suppose on the eighth week, instead of
making another deposit, he decided to take all his money out. How many million dollars would
he be getting?

Solution Let x denote the number of millions of dollars the Red King had at the bank.
Then we have x = 1 + 2 + 4 + 8 + 16 + 32 + 64. While it is a simple matter to perform this
addition, we illustrate the method used in Example 6.2.6 to evaluate the sum, which turns out
to be 128 − 1 = 127.

2x = 2 + 4 + · · · + 64 + 128
(−) x = 1 + 2 + 4 + · · · + 64

x = −1 + 128

In the continuation of his dream, the Red King had somehow managed to become filthy
rich and immortal as well. He kept up his deposits as in Example 6.2.7 until the end of time,
when he went to the bank to reclaim his fortune. The bank manager politely said, “Your Majesty
has no money in the bank! In fact, Your Majesty owes the bank 1 million dollars for service
charges!”

Outraged, the Red King demanded to see his bank record. He was shown the following
calculation, where as before x represents the number of millions of dollars he was supposed to
have in the bank.

2x = 2 + 4 + 8 + . . .
(−) x = 1 + 2 + 4 + 8 + . . .

x = −1

Too late the Red King realized that he had misread the bank’s slogan: “Leave your money
here. You will never reget it!”

What is going on? The calculation looks exactly like in the solution to Examples 6.2.5 and
6.2.6. However, there must be something wrong!

Had the decimal expansions in Examples 6.2.5 and 6.2.6 been finite, an extra block of the
repeating digits would stick out at the end. If this extra block is far enough down the road, its
value is insignificant. When the decimal expansion is infinite, the value of such a block will be
negligible. However, this is certainly not the case in Example 6.2.7. The longer the Red King
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left off the withdrawal of funds, the more significant the amount was that the bank was hoping
to sweep under the carpet.

For converting recurrent decimal expansions into fractions, we can use with confidence the
method in the solution to Examples 6.2.5 and 6.2.6, because we know that the amount glossed
over is diminishing. A formal justification may be found in the advanced subject Calculus.

We close this section with a recreational problem.

Example 6.2.8. In the equation I
DO = .SK I SK I SK I . . . , different letters stand for different

digits while the same letter always stands for the same digit. The left side is a fraction in its
lowest terms while the right side is a recurrent decimal. Determine which digits are represented
by the letters.

Solution Using the method of converting recurrent decimals into fractions, I
DO = SK I

999 .
It follows that DO must be a two-digit divisor of 999 = 3337. Hence it must be 27 or 37, so that
O stands for 7. Suppose D stands for 3. Then I × 27 = SK I . Since I cannot possibly stand
for 0, it must stand for 5. Then SK I = 135 but we cannot have K standing for 3 along with D.
Hence D stands for 2, and I × 37 = SK I . As before, I must stand for 5, so that SK I = 185.
In summary, I stands for 5, D stands for 2, O stands for 7, S stands for 1 and K stands for 8,
and the completed equation is 5

27 = .185185185 . . . .

6.2.1 Exercises
1. Convert each of the following recurrent decimals into a fraction in lowest terms.

(a) 0.252;
(b) 0.8224.

2. Convert each of the following recurrent decimals into a fraction in lowest terms.
(a) 0.261;
(b) 0.1236.

3. Prove that 1 + 3 + 32 + 33 + · · · + 3100 = 1
2 (3101 − 1).

4. Prove that 1 + 5 + 52 + 53 + · · · + 5100 = 1
4 (5101 − 1).

5. A girl calculates 3
3 + 9

6 + 15
9 + · · · + 4023

2013 and a boy calculates 1 + 1
2 + 1

3 + · · · + 1
671 . Find

the the sum of their answers.

6. Find the value of 3
1 + 3

1+2 + 3
1+2+3 + · · · + 3

1+2+···+100 .

7. An infinite hotel has rooms numbered 1, 2, 3, . . . , all of which are occupied. On the waiting
list are 1000000 guests numbered 1, 2, . . . , 1000000. The owner hates to turn business
away, and figures out a way to accommodate all, although nobody is willing to share rooms.
How can this be done?

8. An infinite hotel has rooms numbered 1, 2, 3, . . . , all of which are occupied. On the waiting
list are infinitely many guests numbered 1, 2, 3, . . . . The owner hates to turn business away,
and figures out a way to accommodate all, although nobody is willing to share rooms. How
can this be done?

9. Two dueling wizards are at an altitude of 100 above the sea. They cast spells in turn, and
each spell is of the form “decrease the altitude by a for me and by b for my rival”, where a
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and b are real numbers such that 0 < a < b. Different spells have different values for a and
b. The set of spells is the same for both wizards, the spells may be cast in any order, and
the same spell may be cast many times. A wizard wins if after some spell he is still above
water but his rival is not. Does there exist a finite set of spells such that the second wizard
has a guaranteed win?

10. Two dueling wizards are at an altitude of 100 above the sea. They cast spells in turn, and
each spell is of the form “decrease the altitude by a for me and by b for my rival”, where a
and b are real numbers such that 0 < a < b. Different spells have different values for a and
b. The set of spells is the same for both wizards, the spells may be cast in any order, and the
same spell may be cast many times. A wizard wins if after some spell he is still above water
but his rival is not. Does there exist an infinite set of spells such that the second wizard has
a guaranteed win?

11. In the equation EV E
DI D = .T AL K T AL K T AL K . . ., different letters stand for different digits

while the same letter always stands for the same digit. The left side is a fraction in its lowest
terms while the right side is a recurrent decimal. Determine which digits are represented by
the letters.

12. In the equation DO
B E = .AW ARE AW ARE AW ARE . . ., different letters stand for different

digits while the same letter always stands for the same digit. The left side is a fraction in
its lowest terms while the right side is a recurrent decimal. Determine which digits are
represented by the letters.

6.3 Real Numbers
At the beginning of the last section, there were more fractions than decimals because the
decimals at that time were just the special fractions. By the end of the last section, the decimals
have caught up with the fractions in that recurrent decimals and fractions are one and the same
thing. Now the decimals will complete the come-back victory and take the lead forever. This is
because non-recurrent decimals are not fractions.

Because they are not rational numbers, non-recurrent decimal are called irrational numbers.
The rational and irrational numbers together constitute all the decimals. Collectively, they are
referred to as the real numbers. Like the rational numbers, the real numbers are closed under
addition, subtraction, multiplication and division other than by zero.

It is in general not easy to prove that a particular real number is irrational. Suppose we
examine the first 500 digits of its decimal expansion and do not find any clear pattern of
recurrence. It means nothing since the recurrent block may have length 500 or more, and it does
not have to start right after the decimal point. So are there really irrational numbers?

We can build a decimal expansion that is not recurrent as follows. In the first step, we put
infinitely many 1s after the decimal point. So far, we have the rational number 0.111111 . . . = 1

9 .
In the second step, we put one 0 after the first 1, two 0s after the second 1, three 0s after the
third 1, and so on, so that the decimal expansion looks like 0.1010010001 . . .. It is clearly not
recurrent as the 1s grow further and further apart.

This artificial example of an irrational number may give us the wrong impression that irra-
tional numbers are just curiosities. In geometry, the well-known number π = 3.14159265 . . .,
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featured in the formulas for the area and circumference of a circle, is perhaps the best example
of an irrational number.

When a positive integer is multiplied by itself, the result is a square. For instance, 12 =
1, 22 = 4, 32 = 9, and so on. If we ask what the square of 6 is, the answer would be 36. Suppose
we ask of what number 36 is the square. The answer could be 6, but it could also be −6. Both
of them are called square roots of 36.

We use the notation
√

36 to denote the positive square root of 36, so that
√

36 = 6. It
follows that −√

36 = −6. Note that both ±√
0 mean 0. This notation is more meaningful for

the square roots of positive integers that are not squares, such as 2. The real number
√

2 is a
number that satisfies the equation

√
2
√

2 = 2. Since 1 < 2 < 4, we know that 1 <
√

2 < 2, but√
2 �= 1.5. In fact, it is not rational at all.

We can multiply square roots according to the rule
√

a
√

b = √
ab, provided that a and b

are positive. This is because

(
√

a
√

b)2 = (
√

a
√

b)(
√

a
√

b) = (
√

a
√

a)(
√

b
√

b) = ab = (
√

ab)2.

Taking the positive square roots, we have
√

a
√

b = √
ab. However, unless one of a and b is 0,√

a + √
b �= √

a + b. For instance,
√

2 + √
3 > 1 + 1.5 = 2.5 >

√
5.

When we claim that a number is rational, we just express it as a fraction. What do we have
to do to justify that a number is irrational? It is not enough to exhibit a fraction close to it,
and show that they are not exactly the same. We have to show that nobody can come up with a
fraction equal to this number.

A standard approach is to use an indirect argument. Suppose we want to show that a certain
real number x is not rational. We assume that it is. This means that there are positive integers
m and k such that x = m

k , and we take the fraction m
k to be in the lowest terms. In other words,

m � k = 1. We then look for a contradiction.

Example 6.3.1. Use the Well-Ordering Principle to prove that
√

6 is irrational.

Solution The Well-Ordering Principle tells us that if there are fractions equal to
√

6, then
there is one, call it m

k , with the smallest positive denominator. Now 2 <
√

6 < 3. Subtracting 2,

we have 0 <
√

6 − 2 < 1, so that k(
√

6 − 2) = m − 2k is a positive integer less than k. We now

try to express
√

6 as a fraction with denominator m − 2k. We have
√

6 =
√

6(m−2k)
m−2k = 6k−2m

m−2k .

Then k is not the smallest possible denominator after all. This contradiction shows that
√

6
cannot be rational.

Example 6.3.2. Use congruence modulo 2 to prove that
√

2 is irrational.

Solution From
√

2 = m
k , we have k

√
2 = m which leads to 2k2 = m2. Congruence mod-

ulo 2 primarily means distinguishing between odd and even numbers. We know that m and k
cannot both be even because we have m � k = 1. Note that 2k2 is an even number. Hence so is
m2. If m is odd, then m2 must also be odd. Hence m is an even number, so that m = 2h for some
positive integer h. Now 2k2 = m2 = (2h)2 = 4h2 or k2 = 2h2. Since this is an even number, k
must be an even number also. This contradiction shows that

√
2 is irrational.

Example 6.3.3. Use the Fundamental Theorem of Arithmetic to prove that
√

3 is irrational.
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Solution From
√

3 = m
k , we have k

√
3 = m which leads to 3k2 = m2. The Fundamental

Theorem of Arithmetic guarantees that the prime factorization of the number 3k2 = m2 is
unique. Let us count the number of 3s in it. Considering the number as m2, we see that the
number of 3s must be even, because each appearance of it in one copy of m is duplicated in the
other. Similarly, the number of 3s in the prime factorization of k2 is even, so that the number
of 3s in the prime factorization of 3k2 must be odd. This means that 3k2 cannot possibly be the
same number as m2. In other words,

√
3 must be irrational.

The general result is that
√

n is irrational unless the positive integer n is the square of an
integer.

Unlike the rational or real numbers, the irrational numbers by themselves are not closed
under either addition or multiplication. For instance,

√
2 + (−√

2) = 0 and
√

2(−√
2) = −2

are both rational. On the other hand, the product
√

6 of the irrational numbers
√

2 and
√

3 is
irrational, as is their sum.

Example 6.3.4. Prove that
√

2 + √
3 is irrational.

Solution Suppose r = √
2 + √

3 is a rational number. Then r − √
2 = √

3. Squaring
both sides yields r2 − 2r

√
2 + 2 = 3. Hence

√
2 = r2−1

2r . This is impossible since the expression
on the right side represents a rational number.

The sum of a rational number and an irrational number must be irrational. Let a be a rational
number, b be an irrational number and c be their sum. Suppose c is rational. Since the rational
numbers are closed under subtraction, b = c − a must be rational. This is a contradiction.

Similarly, we expect that the product of a rational number and an irrational number must
be irrational. Let a be a rational number, b be an irrational number and c be their product. It
would appear that if c is rational, then b = c ÷ a would also be rational, which would be a
contradiction. This is correct most of the time, but we must remember that the rational numbers
are only closed under division other than by zero. If a = 0, then c = ab = 0 so that c is not
necessarily irrational. However, if a �= 0, then c must be irrational.

It can be proved that

1. There exists a rational number between any two distinct rational numbers.
2. There exists an irrational number between a given rational number and a given irrational

number.
3. There exists an irrational number between any two distinct irrational numbers.
4. There exists an irrational number between any two distinct rational numbers.
5. There exists a rational number between a given rational number and a given irrational

number.
6. There exists a rational number between any two distinct irrational numbers.

The first statement is just a restatement of Example 6.1.5. The proof uses the method of taking
averages. This also works for the next two statements, and the proofs are left as exercises.
To prove the last three statements, we need to consider the decimal expansions of the given
numbers.
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We obviously cannot obtain the complete decimal expansion of an irrational number. Can
we obtain the earlier and more significant digits? We are often asked to determine a decimal
expansion correct to a certain number of places. What we have to do is to go one decimal place
beyond, and round off according to whether the last digit determined is at most 4 or at least 5.

The determination of an irrational decimal expansion, to however many digits, cannot be
done by simply performing a division as we have done with a rational decimal expansion.
However, we can make use of a general approach called successive rational approximation.
This means that we are getting a sequence of rational numbers closer and closer to the irrational
number, until the desired degree of accuracy is achieved.

There are at least two different ways to implement this idea. The Comparison Method
is a simple-minded way of determining the decimal expansion one digit at a time, using basic
inequalities.

Example 6.3.5. Use the Comparison Method to determine the decimal expansion of
√

2 correct
to 3 decimal places.

Solution Since 12 = 1 < 2 < 4 = 22, we have 1 <
√

2 < 2. Since 1.42 = 1.96 < 2
while 1.52 = 2.25 > 2, we have 1.4 <

√
2 < 1.5. Now

1.412 = 1.9881 < 2 < 2.0164 = 1.422.

It follows that we have 1.41 <
√

2 < 1.42. Since

1.4142 = 1.999396 < 2 < 2.002225 = 1.4152,

we have 1.414 <
√

2 < 1.415. Finally,

1.41422 = 1.9999616 < 2 < 2.0002445 = 1.41432,

so that
√

2 = 1.414 correct to 3 decimal places.

Example 6.3.6. Use the Comparison Method to determine the decimal expansion of
√

17 correct
to 3 decimal places.

Solution Since 42 = 16 < 17 < 25 = 52, we have 4 <
√

17 < 5. Since 4.12 = 16.81 <

17 while 4.22 = 17.64 > 17, we have 4.1 <
√

2 < 4.2. Now

4.122 = 16.9744 < 17 < 17.0359 = 4.132.

Hence we have 4.12 <
√

17 < 4.13. Since

4.1232 = 16.999129 < 17 < 17.007376 = 4.1242,

we have 4.123 <
√

17 < 4.124.
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Finally,

4.12312 = 16.999954 < 17 < 17.000778 = 4.12322,

so that
√

17 = 4.123 correct to 3 decimal places.

A more sophisticated procedure is Newton’s Method, which is developed in the advanced
subject Calculus. However, we can adopt it for the special cases of finding the square root of a
non-square positive integer n. We set up two boxes called X and Y. We put a number in each,
so that at any time, their product is n. If these two numbers are equal to each other, then each is
equal to

√
n. Otherwise, one is smaller than

√
n and the other is greater than

√
n.

Now the average of these two numbers should be closer than either of them to
√

n. Put this
average into box X, and find a new number to put in box Y so that their product is n once again.
Continuing this way, while the two numbers will never be exactly equal to each other, they can
come close enough to be correct to the required number of decimal places.

Let us introduce some notation. Use x to denote the number in box X. Since this number
changes in each step, we use x0 to denote its value in step 0, x1 to denote its value in step 1,
and so on. Similarly, the number in box Y will be denoted successively by y0, y1, and so on. In
step 0, x0 is a given initial approximation and y0 = n

x0
so that x0 y0 = n. In step 1, x1 = x0+y0

2
and y1 = n

x1
. We continue as before until the two numbers agree with each other to the desired

number of decimal places.

Example 6.3.7. Use Newton’s Method with an initial approximation 1 to determine the decimal
expansion of

√
2 correct to 3 decimal places.

Solution Let x0 = 1. Then we have

y0 = 2

1
= 2,

x1 = 1 + 2

2
= 3

2
= 1.5,

y1 = 2 × 2

3
= 1.3333 . . . ,

x2 =
3
2 + 4

3

2
= 17

12
= 1.4166 . . . ,

y2 = 12 × 2

17
= 1.4117 . . . ,

x3 =
17
12 + 24

17

2
= 577

408
= 1.4142 . . . ,

y3 = 408 × 2

577
= 1.4142 . . . .

Hence
√

2 = 1.414 correct to 3 decimal places.

Example 6.3.8. Use Newton’s Method with an initial approximation 4 to determine the decimal
expansion of

√
17 correct to 3 decimal places.
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Solution Let x0 = 4. Then we have

y0 = 17

4
= 4.25,

x1 = 4 + 17
4

2
= 33

8
= 4.125,

y1 = 8 × 17

33
= 4.1212 . . . ,

x2 =
33
8 + 136

33

2
= 2177

528
= 4.1231 . . . ,

y2 = 528 × 17

2177
= 8976

2177
= 4.1231 . . . .

Hence
√

17 = 4.123 correct to 3 decimal places.

6.3.1 Exercises
1. Use the Well-Ordering Principle to prove that

√
2 is irrational.

2. Use congruence modulo 3 to prove that
√

3 is irrational.

3. Use the Fundamental Theorem of Arithmetic to prove that
√

6 is irrational.

4. Prove that
√

8 is irrational.

5. Prove that
√

2 + √
5 is irrational.

6. Prove that
√

3 + √
5 is irrational.

7. Prove that there exists an irrational number between a given rational number and a given
irrational number.

8. Prove that there exists an irrational number between any two distinct irrational numbers.

9. Use the Comparison Method to determine
√

3 to 3 decimal places.

10. Use the Comparison Method to determine
√

65 to 3 decimal places.

11. Use Newton’s Method with an initial approximation 1 to determine
√

3 to 3 decimal places.

12. Use Newton’s Method with an initial approximation 8 to determine
√

65 to 3 decimal places.

6.4 Extras
The Jabberwock, a hideous creature, kidnapped Alice.

“I understand that you have been teaching Tweedledum and Tweedledee irrational numbers,”
it said. “As an irrational being, these are my kind of numbers. Tell me more about them.”

“Are you interested in square roots?”
“I eat all kinds of roots, diced carrots, diced parsnips, and so on,” said the Jabberwock.

“These are all cube roots. I have never come across square roots.”
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“I can talk about cube roots,” said Alice, taken somewhat by surprise, “but they are numbers,
and not to be eaten. When a positive integer is multiplied by itself and then again, the result is
a cube. For instance, 13 = 1, 23 = 8, 33 = 27, and so on.”

“So, if we ask what the cube of 4 is,” asked the Jabberwock, “would the answer be 64?”
“Indeed,” replied Alice. “Suppose we ask of what number 64 is the cube. The answer could

be 4. We say that a cube root of 64 is 4.”
“What do you mean by a cube root? Are there other cube roots of 64?”
“Yes, but they are not real numbers. They belong to the system of complex numbers.”
“I am a simple creature, and I dislike complexity. Would −4 be one of the complex

answers?”
“No, −4 is a real number, and (−4)3 = −64, not 64. We use the notation 3

√
64 to denote

the real cube root of 64, so that 3
√

64 = 4.”
“We have 3

√−64 = −4 then. What is the value of
√−64?”

“Ah,” said Alice carefully, “that involves imaginary numbers.”
“These are my kinds of numbers,” said the Jabberwock. “Most people think that I am an

imaginary creature. Tell me more.”
“Well, you know that the square of a positive number is positive, the square of 0 is of

course 0, and the square of a negative number is also positive. Therefore,
√−64 cannot be a

real number. So we introduce an imaginary number i such that i2 = −1.”
“So

√−64 = ±8i , but how does that help us do cube roots?”
Seeing that the Jabberwock was getting interested, Alice said carefully, “You have said that

you do not like complexity, but to do cube roots, we have to use complex numbers. A complex
number has the form a + bi , where a and b are real numbers and i is the imaginary number
we have just defined. We call a the real part of a + bi , and bi the imaginary part of a + bi .
Note that a real number is just a special case of a complex number, with b = 0. So the system
of complex numbers is an extension of the system of real numbers.”

“How is arithmetic done in the system of complex numbers?”
“In exactly the same way as it is done in the system of real numbers,” said Alice. “Just

remember that i2 = −1. Try the following.”

Example 6.4.1.

(a) Compute (−3 + 3
√

3i)3.
(b) Compute (−3 − 3

√
3i)3.

Solution “Let me start with (a). I remember that (x + y)3 = x3 + 3x2 y + 3xy2 + y3.
From x = −3, I get x2 = (−3)2 = 9 and x3 = (−3)3 = −27. From y = 3

√
3i , I get y2 =

(3
√

3i)2 = 9(
√

3)2i2 = −27 and y3 = (3
√

3i)3 = 27(
√

3)3i3 = −81
√

3i . Putting this together,
I get −27 + 3 × 9(3

√
3i) + 3(−3)(−27) − 81

√
3i = 216. Wow! This number −3 + √

3i is a
cube root of 216.”

“Excellent,” said Alice. “Please continue.”
“In (b), the only difference is that y = −3

√
3i . I have y2 = −27 as before and y3 = 81

√
3i .

Now I get −27 + 3 × 9(−3
√

3i) + 3(−3)(−27) + 81
√

3i = 216. So this number −3 − √
3i is

another cube root of 216.”

“Along with 6, these are all the cube roots of 216. Just as there are two square roots, there
are three cube roots.”
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“Are we ready to look at some irrational numbers now?”
“Yes, we are,” said Alice.

Example 6.4.2. Prove that 3
√

2 is irrational using congruence modulo 2.

Solution “How do you prove something like this?” asked the Jabberwock.
“If 3

√
2 is rational, then there are positive integers m and k such that 3

√
2 = m

k . We take the

fraction to be in lowest terms. In other words, m � k = 1. From 3
√

2 = m
k , we have k 3

√
2 = m

which leads to 2k3 = m3. You know something about congruence, don’t you?”
“A little,” admitted the Jabberwock.
“Well, congruence modulo 2 primarily means distinguishing between odd and even num-

bers. We know that m and k cannot both be even because we have m � k = 1. Note that 2k3 is an
even number. Hence so is m3. If m is odd, then m3 must also be odd. Hence m is an even number,
so that m = 2h for some positive integer h. Now 2k3 = m3 = (2h)3 = 8h3 or k3 = 4h3. Since
this is an even number, k must be an even number also. This contradiction shows that 3

√
2 is

irrational.”

“That is hard,” said the Jabberwock. “Give me another irrational number.”

Example 6.4.3. Prove that 3
√

3 is irrational using the Fundamental Theorem of Arithmetic.

Solution “As in the last example, we have 3k3 = m3. The Fundamental Theorem of
Arithmetic guarantees that the prime factorization of this number is unique. Let us count the
number of 3s in it. Considering the number as m3, we see that the number of 3s must be a
multiple of 3, because each appearance of it in one copy of m is duplicated in the other two
copies. Similarly, the number of 3s in the prime factorization of k3 is a multiple of 3, so that the
number of 3s in the prime factorization of 3k3 cannot be a multiple of 3. This means that 3k3

cannot possibly be the same number as m3. In other words, 3
√

3 must be irrational.”

“Does that mean that 3
√

n is irrational for any integer n?”
“In general,” said Alice, “unless n is the cube of an integer.”
“Give me an irrational number that is a bit more complicated,” requested the Jabberwock,

somewhat overcoming his dislike of complexity.

Example 6.4.4. Prove that
√

2 + 3
√

2 is irrational.

Solution “Assume to the contrary that
√

2 + 3
√

2 is a rational number r ,” said Alice.
“Then r − √

2 = 3
√

2. Raising both sides to the third power, r3 − 3r2
√

2 + 6r − 2
√

2 = 2,
which yields

√
2 = r3+6r−2

3r2+2 . This is a contradiction.”

“This is neat,” said the Jabberwock. “Is there anything else you can tell me about irrational
numbers? They don’t have to involve cube roots.”

“Tons,” said Alice. “Can you prove that there exists an irrational number between any two
distinct rational numbers?”

The Jabberwock went into a brown study, and Alice made good her escape.
Later, Alice thought about her life-saving riddle. Suppose a < b are rational num-

bers. Then their decimal expansions must differ. Let them differ for the first time in the
kth decimal place. For instance, if a = 3.14159 and b = 3.1416, then we have k = 4. Let
x = 0.0000010100100010000100000 . . . be the irrational number equal to 1

100000 th of the
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irrational number constructed at the start of Section 6.3. Then a + x is irrational, and
a < a + x < b.

We return to the cube roots and find their decimal expansions.

Example 6.4.5. Use the Comparison Method to determine the decimal expansion of 3
√

2 correct
to 2 decimal places.

Solution Since 13 = 1 < 2 < 8 = 23, we have 1 <
3
√

2 < 2. It follows from 1.23 =
1.728 < 2 and 1.33 = 2.197 > 2 that 1.2 <

3
√

2 < 1.3. Now

1.253 = 1.953125 < 2 < 2.000376 = 1.263,

so that 1.25 <
3
√

2 < 1.26. Finally,

1.2593 = 1.995617 < 2 < 2.000376 = 1.2603.

We have 1.259 <
3
√

2 < 1.260, so that 3
√

2 = 1.26 correct to 2 decimal places.

Example 6.4.6. Use the Comparison Method to determine the decimal expansion of 3
√

9 correct
to 2 decimal places.

Solution Since 23 = 8 < 9 < 27 = 33, we have 2 <
3
√

9 < 3. It follows from 2.13 =
9.261 > 9 that 2 <

3
√

9 < 2.1. Now

2.083 = 8.998912 < 9 < 9.129329 = 2.093,

so that 2.08 <
3
√

9 < 2, 09. Finally,

2.083 = 8.998912 < 9 < 9.0118974 = 2.0813.

We have 2.08 <
3
√

9 < 2.081, so that 3
√

9 = 2.08 correct to 2 decimal places.

We now modify Newton’s method to find 3
√

n for some non-cube positive integer n. In step
0, x0 is a given initial approximation and y0 = n

x2
0

so that x2
0 y0 = n. In step 1, x1 = 2x0+y0

3 and

y1 = n
x2

1
. We continue as before until these two numbers agree with each other to the desired

number of decimal places.

Example 6.4.7. Use Newton’s Method with an initial approximation 1 to determine the decimal
expansion of 3

√
2 correct to 2 decimal places.
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Solution Let x0 = 1. Then we have

y0 = 2

12
= 2,

x1 = 2 + 2

3
= 1.333 . . . ,

y1 = 2

1.333 . . .2
= 1.125,

x2 = 2.666 . . . + 1.125

3
= 1.263 . . . ,

y2 = 2

1.263 . . .2
= 1.252 . . . ,

x3 = 2.526 . . . + 1.252 . . .

3
= 1.259 . . . ,

y3 = 2

1.259 . . .2
= 1.259 . . . .

Hence 3
√

2 = 1.26 correct to 2 decimal places.

Example 6.4.8. Use Newton’s Method with an initial approximation 2 to determine the decimal
expansion of 3

√
9 correct to 2 decimal places.

Solution Let x0 = 2. Then we have

y0 = 9

22
= 2.25,

x1 = 4 + 2.25

3
= 2.083 . . . ,

y1 = 9

2.083 . . .2
= 2.074 . . . ,

x2 = 4.166 . . . + 2.074 . . .

3
= 2.080 . . . ,

y2 = 9

2.080 . . .2
= 2.080 . . . .

Hence 3
√

9 = 2.080 correct to 2 decimal places.

6.4.1 Exercises
1. Compute (−3 + 3

√
3i) + (−3 − 3

√
3i).

2. Compute (−3 + 3
√

3i)(−3 − 3
√

3i).

3. Use congruence modulo 3 to prove that 3
√

3 is irrational.

4. Use the Fundamental Theorem of Arithmetic to prove that 3
√

2 is irrational.

5. Prove that
√

2 + 3
√

5 is irrational.

6. Prove that
√

3 + 3
√

5 is irrational.
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7. Prove that there exists a rational number between a given rational number and a given
irrational number.

8. Prove that there exists a rational number between any two distinct irrational numbers.

9. Use the Comparison Method to determine 3
√

3 to 3 decimal places.

10. Use the Comparison Method to determine 3
√

65 to 3 decimal places.

11. Use Newton’s Method with an initial approximation 1 to determine 3
√

3 to 3 decimal places.

12. Use Newton’s Method with an initial approximation 4 to determine 3
√

65 to 3 decimal places.
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Numeration Systems

“You boys have been swallowing a lot of mathematics lately, haven’t you?” Alice said.
“Indeed we have,” said Tweedledum.
“And we have digested most of it,” said Tweedledee. “We only have to take a few indigestion

pills now and then. On the whole, I think we have come a long way.”
“Good,” said Alice. “It does take time to ruminate, as the holy cow may tell you. Neverthe-

less, perhaps it is time for me to give you an examination.”
“Don’t!” said the twins together. “We don’t like examinations.”
“I understand how you feel,” said Alice sympathetically. “The Red Queen gave me an oral

examination in arithmetic once, and I failed.”
“Do you remember any of the questions?” asked Tweedledum.
“There was only one question,” said Alice. “It was kind of long. So here it goes. A

stagecoach went from London to Harwich and started out with six passengers. Do you think
you can remember that?”

“Of course I can remember that,” replied Tweedledee. “There’s not much to remember!”
“Very well,” replied Alice, “the coach made a stop. Two passengers got off and four

passengers got on. Got that?”
“Yes,” replied Tweedledum, who was keeping count.
“Then the coach went on and made another stop. Three passengers got off. Are you

following?”
“Yes,” said Tweedledee, who was faithfully keeping count.
“Then the coach went on and made another stop. Two passengers got off and two passengers

got on.”
“That’s the same as if the coach hadn’t stopped at all!” exclaimed Tweedledee.
“Anyway,” continued Alice, “the coach went on and made another stop. Three passengers

got off and five passengers got on. Are you still keeping count?”
“Yes, I am,” said Tweedledum.
“Then the coach arrived in Harwich. All the passengers got off. How many times did the

coach stop?”
“Oh,” swallowed the twins. “We weren’t counting that!”
“You’ll never be able to pass an examination unless you can count,” said Alice.
“But we can count,” pleaded the twins together. “It’s just that we counted the wrong thing!”
“That’s no excuse,” replied Alice. “You should always count everything, because everything

counts.”

155
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“Well,” said Tweedledee, “you didn’t do any better than we. Anyway, now that we have got
into the mood, give us our examination.”

“The first part is a written examination on basic arithmetic,” said Alice. “However, it will
not be in the familiar base ten, but in other bases.”

7.1 Arithmetic in Other Bases
The term numeration system is sometimes confused with the term number system. As we have
seen, different number systems refer to different sets of numbers. We have come across the
system of counting numbers, the system of all integers, the system of rational numbers and the
system of real numbers.

For the same number system, for instance the system of counting numbers, there are
different numeration systems, which are different names given to the numbers in the same set.
For instance, 1, 2, 3, . . . are the same as one, two, three, . . . , as un, deux, trois, . . . , and so on.

A numeration system is a way of expressing numbers in a certain base. The counting
numbers are usually expressed in base ten. It is usually thought that we chose ten as our base
because we have ten thumbs and fingers, or digits. For instance, 1453 stands for 1 × 103 + 4 ×
102 + 5 × 10 + 3. The component parts 1, 4, 5 and 3 of the number 1453 are called its digits.

Using this definition, the Roman numerals do not form a numeration system. They are very
haphazard. Shorter numbers can be larger than longer ones, and it is not exactly convenient to
do even addition, not to mention multiplication, in Roman numerals. One of the reasons why
mathematics made little progress under the Romans was the absence of a numeration system.

On the other hand, the Babylonians, who had made great strides in the field of mathematics,
used a numeration system with sixty as its base. The advantage is that their numbers look a
lot shorter than ours, but the disadvantage is that they need sixty different digits, and their
multiplication table is most impressive, to say the least. It is of philosophical interest to ponder
how various civilizations chose the numeration systems.

There are also practical reasons why we are interested in numeration systems. With the
advent of computers, two has become an important base. Here the numbers are extraordinarily
long, but the addition and multiplication tables cannot be any simpler. The binary numbers, as
base two numbers are generally called, make sense in connection with computers because the
digits 0 and 1 may represent the states of ON and OFF in electronic switches. Also, most of our
daily decisions can be broken down into a sequence of binary choices (yes or no). Other number
bases can also arise naturally, as we will see later.

For prospective teachers, the study of numeration systems is of great pedagogical value.
Since we grow up with base ten arithmetic, it has become second nature to us. In studying other
number bases with which we are unfamiliar, we are forced to re-examine our understanding of
base ten arithmetic. There is no better way to appreciate one’s own culture than to go abroad.
The main purpose of foreign travel is not to see what is different, but to observe what remains
the same.

Let us consider arithmetic in base eight. There are eight digits, namely, 0, 1, 2, 3, 4, 5, 6 and
7. The first two-digit number is 10. just like in base ten, meaning 1 case and 0 cells. However,
since the cases are smaller, this number is only 8 in base ten. The next few numbers are 11, 12,
13, 14, 15, 16, 17 and then 20. When we get to 77, the next number will be 100.
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In base 10, 1453 means 1 chest, 4 cartons, 5 cases and 3 cells. It means exactly the same
thing in base eight, but it represents a smaller number because the containers are smaller. We use
the notation 14538 to remind ourselves that the numeration system is in base eight. However,
the subscript is omitted if it is clear what the base is.

To perform arithmetical operations in base 8, the first thing we need is the base 8 addition
table. This is shown below. We read it in the usual way. Intersecting the 3-row with the 7-column,
we find that 3 + 7 = 12.

+ 1 2 3 4 5 6 7

1 2 3 4 5 6 7 10
2 3 4 5 6 7 10 11
3 4 5 6 7 10 11 12
4 5 6 7 10 11 12 13
5 6 7 10 11 12 13 14
6 7 10 11 12 13 14 15
7 10 11 12 13 14 15 16

Where does this table come from? How do we know that we should fill the intersection of
the 3-row and the 7-column with 12? We cannot already know that 3 + 7 = 12, as otherwise we
would have no need for the table. For its construction, we have to go back to something more
basic than addition, namely, counting.

When we add 1 to a number, the answer is the next number. This allows us to fill in the
1-column. Note that in the 7-row, the number which comes after 7 is 10, as we have explained
before. We say that 7 + 1 is 0 and carrying 1.

Adding 2 is the same as adding 1 and then adding 1 again. So each number in the 2-column
is the one that comes after the corresponding number in the 1-column. Continuing this way, we
can fill out the entire addition table.

There are two obvious features of this table that follow from the basic properties of addition.
The entries are symmetric with respect to the diagonal that runs from the upper left to the lower
right. This is because addition obeys the Commutative Law. Also, all entries in the same row or
column are distinct. This is because addition obeys the Cancellation Law.

We are now ready to do arithmetic in base 8. Since addition without carrying is trivial, we
start with an addition problem that involves carrying.

Example 7.1.1. Compute 1453 + 627 in base 8 arithmetic.

Solution We first compute the cells digit. From 3 + 7 = 12, we have 1 case with 2 cells.
We next compute the cases digit. From 5 + 2 = 7, we have 7 cases, but with the extra case
carried over, we have 7 + 1 = 10 or 1 carton with 0 cases. We now compute the cartons digit.
From 4 + 6 = 12, we have 1 chest and 2 cartons, but with the extra carton carried over, we have
2 + 1 = 3 cartons. Finally, we compute the chests digit. From 1 + 0 = 1, we have 1 chest, but
with the extra 1 chest carried over, we have 1 + 1 = 2 chests. In summary, we have 2 chests,
3 cartons, 0 cases and 2 cells, so that 1453 + 627 = 2302. We illustrate this process in the
following diagram.
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Chests Cartons Cases Cells

1 4 5 3
+ 6 2 7

1 12 7 12

1 2 7 2
+ 1 1

2 2 10 2

2 2 0 2
+ 1

2 3 0 2

Obviously, there is no need to do a routine problem in such great detail every time. The
same can be said of the next three examples.

In doing subtractions, we may run into the reverse process of carrying which is often called
borrowing. What we need to know is the number of cells left in a full case after a certain number
of cells have been taken out. Specifically, we have

10 − 1 = 7, 10 − 7 = 1, 10 − 2 = 6, 10 − 6 = 2, 10 − 3 = 5, 10 − 5 = 3 and 10 − 4 = 4.

Example 7.1.2. Compute 1453 − 627 in base 8 arithmetic.

Solution We first compute the cells digit. Since 3 is smaller than 7, we have to borrow
1 case. Taking 7 from it, we have 10 − 7 = 1 left, yielding a total of 3 + 1 = 4 cells. We next
compute the cases digit. We have 5 − 2 = 3, but since we have lent 1 out, the number of cases
left is 3 − 1 = 2.

We now compute the cartons digit. Since 4 is smaller than 6, we have to borrow 1 chest.
Taking 6 from it, we have 10 − 6 = 2 left, yielding a total of 4 + 2 = 6 cartons. Finally, we
compute the chests digit. We have 1 − 0 = 1, but since we have lent 1 out, the number of chests
left is 1 − 1 = 0. In summary, we have 6 cartons, 2 cases and 4 cells, so that 1453 − 627 = 624.
We illustrate this process in the following diagram.

Chests Cartons Cases Cells

1 4 5 3
− 2

1 4 3 3

1 4 3 3
− 1 1

4 2 3

10 10
− 6 7

2 1

2 1
+ 4 2 3

6 2 4
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We now turn our attention to multiplication. Here is the multiplication table for base 8
arithmetic.

× 1 2 3 4 5 6 7

1 1 2 3 4 5 6 7
2 2 4 6 10 12 14 16
3 3 6 11 14 17 22 25
4 4 10 14 20 24 30 34
5 5 12 17 24 31 36 43
6 6 14 22 30 36 44 52
7 7 16 25 34 43 52 61

How is this constructed? We go back to something more basic than multiplication, namely,
addition. To obtain the 5-row, 5 × 1 = 5, 5 × 2 = 5 + 5 = 12, 5 × 3 = 12 + 5 = 17, and so
on. It has the same two properties observed earlier in the addition table. Certain rows follow
patterns not unlike some in our base 10 multiplication table. Can you spot a few?

With the table in place, we can now perform multiplication.

Example 7.1.3. Compute 627 × 24 in base 8 arithmetic.

Solution We use the Distributive Law to break down the multiplication into two steps.
We first perform 627 times 4 cells.

Chests Cartons Cases Cells

6 2 7

× 4
30 10 34

0 0 4

+ 3 1 3
3 1 3 4

So we have 3134 cells. We now perform 627 times 2 cases.

Crates Chests Cartons Cases

6 2 7

× 2
14 4 16

4 4 6

+ 1 1
1 4 5 6
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So we have 1456 cases. Finally, we combine the two steps.

Crates Chests Cartons Cases Cells

3 1 3 4
+ 1 4 5 6 0

1 7 6 11 4

1 7 6 1 4
+ 1

1 7 7 1 4

The desired product is 1 crate, 7 chests, 7 cartons, 1 case and 4 cells, or 17714.

We will only be doing division in the quotient-remainder form. When the divider has more
than one digit, we need to construct its own row in an extended multiplication table.

Example 7.1.4. Compute 627 ÷ 24 in base 8 arithmetic.

Solution We have 1 × 24 = 24, 2 × 24 = 50, 3 × 24 = 74, 4 × 24 = 120, 5 × 24 =
144, 6 × 24 = 170 and 7 × 24 = 214. We now perform the division as follows. Since 50 < 62 <

74, the first digit of the quotient is 2. We then have 627 − 500 = 127. Since 120 < 127 < 144,
the second digit of the quotient is 4. Hence the quotient is 24 and the remainder is 127 − 120 = 7.
The computation is shown graphically below.

Cartons Cases Cells

2 4
24 ) 6 2 7

5 0
1 2 7
1 2 0

7

For bases greater than ours, additional digits are required. We now move to base 12
arithmetic, where each case contains 12 cells, and so on. What we call 10 and 11 are single-digit
numbers in base 12. We use t and e, the initial letters of ten and eleven, for this purpose. We
present the addition and multiplication tables for base 12 arithmetic.

+ 1 2 3 4 5 6 7 8 9 t e

1 2 3 4 5 6 7 8 9 t e 10
2 3 4 5 6 7 8 9 t e 10 11
3 4 5 6 7 8 9 t e 10 11 12
4 5 6 7 8 9 t e 10 11 12 13
5 6 7 8 9 t e 10 11 12 13 14
6 7 8 9 t e 10 11 12 13 14 15
7 8 9 t e 10 11 12 13 14 15 16
8 9 t e 10 11 12 13 14 15 16 17
9 t e 10 11 12 13 14 15 16 17 18
t e 10 11 12 13 14 15 16 17 18 19
e 10 11 12 13 14 15 16 17 18 19 1t
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Example 7.1.5. In base 12 arithmetic, compute

(a) 1789 + 649;
(b) 1789 − e6t .

Solution

(a) We have

1 7 8 9
+ 6 4 9

2 2 1 6

(b) We have

1 7 8 9
− e 6 t

8 1 e

× 1 2 3 4 5 6 7 8 9 t e

1 1 2 3 4 5 6 7 8 9 t e
2 2 4 6 8 t 10 12 14 16 18 1t
3 3 6 9 10 13 16 19 20 23 26 29
4 4 8 10 14 18 20 24 28 30 34 38
5 5 t 13 18 21 26 2e 34 39 42 47
6 6 10 16 20 26 30 36 40 46 50 56
7 7 12 19 24 2e 36 41 48 53 5t 65
8 8 14 20 28 34 40 48 54 60 68 74
9 9 16 23 30 39 46 53 60 69 76 83
t t 18 26 34 42 50 5t 68 76 84 92
e e 1t 29 38 47 56 65 74 83 92 t1

Example 7.1.6. Compute 649 × e3 in base 12 arithmetic.

Solution We have

6 4 9
× e 3

1 7 2 3
5 t 4 3
5 e e 5 3

Example 7.1.7. Compute 1789 ÷ 94 in base 12 arithmetic.

Solution We have 1 × 94 = 94, 2 × 94 = 169, 3 × 84 = 240, 4 × 94 = 314, 5 ×
84 = 3t8, 6 × 94 = 480, 7 × 94 = 554, 8 × 94 = 628, 9 × 94 = 700, t × 94 = 794 and
e × 94 = 868.
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We now perform the division as follows.

5 4
94 ) 4 2 4 2

3 t 8
3 8 2

3 1 4
6 t

Practically all the basic rules in ordinary arithmetic apply in arithmetic of any other base.
The exceptions are the tests of divisibility, which are specific to a number base.

Example 7.1.8.

(a) In base 12 arithmetic, explain the test of divisibility by 6 and use it to determine if 727411056
is divisible by 6.

(b) In base 8 arithmetic, explain the test of divisibility by 11 and use it to determine if 727422056
is divisible by 11.

Solution

(a) In base 12 arithmetic, a number is divisible by 6 if and only if ita last digit is 0 or 6. We
illustrate with the given number 727411056. It is equal to 7274110560 + 6. Since 6 is a
divisor of the number base, it divides any number ending in 0. Hence 727411056 is divisible
by 6 if and only if its last digit is too. Since its last digit 6 is divisible by 6, 727411056 is
indeed divisible by 6.

(b) In base 8 arithmetic, a number is divisible by 11 if and only if its alternate digit-sum is
divisible by 11, because 10 ≡ −1 (mod 11). We illustrate with the given number 727411056.
We have

727411056 =7 × 108 +2 × 107 +7 × 106 +4 × 105 +1 × 104

+1 × 103 +0 × 102 +5 × 101 +6 × 100

≡ 7 −8 +7 −4 +1

−1 +0 −5 +6

=11. (mod 11)

Hence 727411056 is indeed divisible by 11.

7.1.1 Exercises
1. Construct the addition table for base 7 arithmetic.

2. Construct the addition table for base 11 arithmetic.

3. Construct the multiplication table for base 7 arithmetic.

4. Construct the multiplication table for base 11 arithmetic.



7.2 Conversion between Bases 163

5. In base 7 arithmetic, compute
(a) 625 + 36;
(b) 225 − 36;
(c) 225 × 36;
(d) 625 ÷ 36.

6. In base 11 arithmetic, compute
(a) t25 + 3t ;
(b) 225 − 3t ;
(c) 225 × 3t ;
(d) t25 ÷ 3t .

7. In base 7 arithmetic, find the remainder when 316 is divided by 5.

8. In base 11 arithmetic, find the remainder when 5t1 is divided by 9.

9. In base 7 arithmetic, determine if the number 120036363 is divisible by
(a) 6;
(b) 11.

10. In base 11 arithmetic, determine if the number 343671907 is divisible by
(a) t ;
(b) 11.

11. In base 7 arithmetic, express 15 � 25 as a linear combination of 15 and 25.

12. In base 11 arithmetic, express 40 � 6t as a linear combination of 40 and 6t .

7.2 Conversion between Bases
There is no reason to believe that we would be replacing 10 by some other base. Thus we should
not over-emphasize the conversion process. There is no point in going to another base only to
change everything back to base 10.

However, to employ numeration systems for solving a problem that is stated in base 10, we
need to convert numbers to the target base, do our work there, and convert the answers obtained
back to base 10. Thus there are two companion processes, converting from and to our home
base. The former is like packing into containers of non-standard sizes before foreign travel, and
the latter is like unpacking from those containers after we have come home.

Example 7.2.1. Convert 1453 into base 8.

First Solution We first pack the objects into cases each of which holds 8. Dividing 1453
by 8, we have a quotient of 181 with a remainder of 5. This means that we have packed 181
cases with 5 cells left over. Next, we pack the cases into cartons each of which holds 8. Dividing
181 by 8, we have a quotient of 22 with a remainder of 5. This means that we have packed 22
cartons with 5 cases left over. Finally, we pack the cartons into chests each of which also holds
8. Dividing 22 by 8, we have a quotient of 2 with a remainder of 6. This means that we have
packed 2 chests with 6 cartons left over. So 1453 becomes 26558.
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Second Solution Each case holds 8 cells, each carton holds 8 × 8 = 64 cells and each
chest holds 8 × 8 × 8 = 512 cells. We do not need any container larger than a chest. Dividing
1453 by 512, we have a quotient of 2 with a remainder of 429. This means that we have packed
2 chests with 429 cells left over. Dividing 429 by 64, we have a quotient of 6 with a remainder
of 45. This means that we have packed 6 cartons with 45 cells left over. Dividing 45 by 8, we
have a quotient of 5 and a remainder of 5. This means that we have packed 5 cases with 5 cells
left over. So 1453 becomes 26558.

Example 7.2.2. Convert 14538 into base 10.

First Solution We first unpack the chest, yielding 8 cartons. Together with the 4 cartons
already lying around, we have 8 + 4 = 12. Unpacking them yields 12 × 8 = 96 cases. Together
with the 5 cases already lying around, we have 96 + 5 = 101. Unpacking them yields 101 ×
8 = 808 cells. Together with the 3 cells already lying around, we have 808 + 3 = 811. Thus
14538 = 811.

Second Solution Each case holds 8 cells, each carton holds 8 × 8 = 64 cells and each
chest holds 8 × 8 × 8 = 512 cells. Unpacking the chest, we have 512 cells. Unpacking the 4
cartons, we have 4 × 64 = 256 cells. Unpacking the 5 cases, we have 5 × 8 = 40 cells. The
total is 512 + 256 + 40 + 3 = 811. Thus 14538 = 811.

In each of these examples, the First Solution represents a more natural transition from
containers of one size to the next. It involves only the base 8, but not its powers.

Example 7.2.3. Convert 1453 into base 12.

Solution We have 453 = t1112 by the computation below.

121 10
12 ) 1453 12 ) 121

1452 120
1 1

Example 7.2.4. Convert tet12 into base 10.

Solution We have tet12 = 1582 by the computation below.

Cartons Cases Cells

t e t

+ 120 1572
t 131 1582

× 12 12
120 1572
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Example 7.2.5. Convert 21e412 into base 8.

Solution First, we have 21e412 = 3736 by the computation below.

Chests Cartons Cases Cells

2 1 e 4

+ 24 300 3732
2 25 311 3736

× 12 12 12
24 300 3732

Next, we have 3736 = 72308 by the computation below, so that 21e412 = 72308.

467 58 7
8 ) 3736 8 ) 467 8 ) 58

3736 464 56
0 1 2

Is it possible to convert directly from say base 8 to say base 12 without going through base
10? After all, people who were brought up in base 8 had no knowledge of base 10 arithmetic.
However, their knowledge of base 8 arithmetic is sufficient.

Example 7.2.6. Convert 72308 directly into base 12 without going through base 10.

Solution Since we use 8 as our standard base, this subscript will be omitted. Note
that 12 in base 10 is 14 in base 8. Now 1 × 14 = 14, 2 × 14 = 30, 3 × 14 = 44, 4 × 14 =
60, 5 × 14 = 74, 6 × 14 = 110 and 7 × 14 = 124. We have 7230 = 21e412 by the following
computation.

4 6 7 5 8 2
14 ) 7 2 3 0 14 ) 4 6 7 14 ) 3 1

6 0 4 4 3 0
1 2 3 0 2 7 1

1 1 0 1 4
1 3 0 1 3

1 2 4
4

There is another angle to the conversion problem.

Example 7.2.7. The number 25 in base 10 is equal to the number 31 in another base. What is
this other base?

Solution Let the other base be b. In base b, 3 cases contain 3b cells. Thus the total
number of cells is 3b + 1. From 3b + 1 = 25, we have 3b = 24 so that b = 24 ÷ 3 = 8.
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Based on this example, the famous engineer and mathematician Solomon W. Golomb
claims that Christmas (December 25) is equal to Halloween (October 31).

Example 7.2.8. The number 3t in base 12 is equal to the number 56 in another base. What is
this other base?

Solution Since we use 12 as our standard base, this subscript will be omitted. Let the
other base be b. In base b, 5 cases contain 5b cells. Thus the total number of cells is 5b + 6.
From 5b + 6 = 3t , we have 5b = 34, so that b = 34 ÷ 5 = 8.

7.2.1 Exercises
1. (a) In the Imperial system, 1 mile = 1760 yards, 1 yard = 3 feet and 1 foot = 12 inches.

Convert 3 miles, 200 yards, 2 feet and 5 inches into inches.
(b) In the metric system, 1 kilometer =100 dekameters, 1 dekameter =100 decimeters and

1 decimeter =100 millimeters. Convert 3 kilometers, 21 dekameters, 3 decimeters and
45 millimeters into millimeters.

2. (a) In the Imperial system, 1 stone = 14 pounds, 1 pound = 16 ounces and 1 ounce = 16
drachmas. Convert 3 stones, 2 pounds, 12 ounces and 5 drachmas into drachmas.

(b) In the metric system, 1 kilogram =10 hectograms, 1 hectogram =100 dekagrams and
1 dekagram =10 grams. Convert 3 kilograms, 1 hectograms, 3 dekagrams and 5 grams
into grams.

3. (a) Convert 710120 inches into miles, yards, feet and inches.
(b) Convert 11043256 millimeters into kilometers, dekameters, decimeters and

millimeters.

4. (a) Convert 5681 drachmas into stones, pounds, ounces and drachmas.
(b) Convert 1763 grams into kilograms, hectograms, dekagrams and grams.

5. Convert 2617 into base 11 via base 10.

6. Convert 2t111 into base 7 via base 10.

7. Convert 2617 directly into base 11.

8. Convert 2T 111 directly into base 7.

9. The number 74 in base 10 is equal to the number 112 in another base. What is this other
base?

10. The number 125 in base 10 is equal to the number 104 in another base. What is this other
base?

11. The number 243 in base 7 is equal to the number 108 in another base. What is this other
base?

12. The number 56 in base 11 is equal to the number 115 in another base. What is this other
base?
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7.3 Applications of Other Bases
Although we are not likely to change our arithmetic to any base other than 10, there are practical
reasons why other bases are still of interest. If in a situation, there are b possible alternatives, it
makes sense to represent the data in base b.

Example 7.3.1. A widow left 1013640 gold coins to her heirs. Each heir was to receive a number
of gold coins equal to a power of 5. At most 4 heirs might receive the same number of gold
coins. How many gold coins did each heir receive on the average?

Solution Dividing 1013640 by 5, the quotient is 202728 and the remainder is 0. This
means that the number of heirs who receive only 1 gold coin is a multiple of 5. Since this
number is also at most 4, it must be 0. Dividing 202728 by 5, the quotient is 40545 and the
remainder is 3. This means that the number of heirs who receive 5 gold coins is 3. Dividing
40545 by 5, the quotient is 8109 and the remainder is 0. This means that no heir receives 25
gold coins. Dividing 8109 by 5, the quotient is 1621 and the remainder is 4. This means that
the number of heirs who receive 125 gold coins is 4. Dividing 1621 by 5, the quotient is 324
and the remainder is 1. This means that 1 heir receives 625 gold coins. Dividing 324 by 5, the
quotient is 64 and the remainder is 4. This means that the number of heirs who receive 3125
gold coins is 4. Dividing 84 by 5, the quotient is 12 and the remainder is 4. This means that the
number of heirs who receive 15625 gold coins is 4. Dividing 12 by 5, the quotient is 2 and the
remainder is also 2. This means that the numbers of heirs who receive 78125 and 390625 gold
coins respectively are both 2. In other words, 1013640 = 2244140305. Hence the total number
of heirs of the widow is 2 + 2 + 4 + 4 + 1 + 4 + 0 + 3 + 0 = 20, and the average number of
gold coins per heir is 1013640 ÷ 20 = 50682.

Example 7.3.2. The Post Office of Luckville uses only 1-cent stamps, 7-cent stamps, 49-cent
stamps and 343-cent stamps. What is the smallest number of stamps one must use to pay for a
postage of 6 dollars and 66 cents?

Solution Note that 1, 7, 49 and 343 are the first four powers of 7. We convert 666 into
base 7. Dividing 666 by 7, the quotient is 95 and the remainder is 1. Thus the cells digit is 1.
Dividing 95 by 7, the quotient is 13 and the remainder is 4. Thus the cases digit is 4. Dividing
13 by 7, the quotient is 1 and the remainder is 6. Thus the chests digit is 1 and the cartons digit
is 6, so that 666 = 16417. In order to pay for a postage of 6 dollars and 66 cents, the minimum
number of stamps one must use is 1 + 6 + 4 + 1 = 12, consisting of 1 343-cent stamp, 6 49-cent
stamps, 4 7-cent stamps and 1 1-cent stamp.

Example 7.3.3. In one pan of a balance, we place an object whose weight is an integral number
of grams. In the other pan, we place some tokens whose weights are also integral numbers of
grams. We are to choose four tokens such that using some or all of them, we can balance objects
of weight 1 gram, 2 grams, 3 grams, and so on, for as many consecutive values as possible.
What should the weights of the four tokens be?

Solution Since each token is either used or not used, we have two choices. Thus the
highest possible weight we can balance is 24 − 1 = 15 grams. We subtract 1 to account for the
case where no tokens are used. We choose the weights of the tokens to be 1, 2, 4 and 8 grams.
Note that 1 = 12, 2 = 102, 4 = 1002 and 8 = 10002 are just the first 4 powers of 2. To balance
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an object whose weight is any positive integral number of grams up to 15, convert the number
into base 2 and choose the tokens accordingly. For example, since 11 = 10112, we can balance
an object of weight 11 grams using tokens of weights 10002 = 8 grams, 102 = 2 grams and
12 = 1 gram.

Example 7.3.4. Among 9 coins, there are 8 real ones plus 1 fake. All real coins have the same
weight, which is greater than the weight of the fake coin. In two weighings on a balance, identify
the fake coin.

First Solution Label the coins 0, 1, 2, 3, 4, 5, 6, 7 and 8. In the first weighing, put 0,
1 and 2 up against 6, 7 and 8. If they balance, the fake coin is among 3, 4 and 5, and we can
identify it in the second weighing by putting 3 up against 5. If they do not balance, the fake coin
is among those on the light side, say 0, 1 and 2. We can identify it in the second weighing by
putting 0 up against 2.

Second Solution In a weighing, there are three possible outcomes: either pan can go
down, or there may be equilibrium. For this reason, we use base 3, where the labels from 0 to 8
become 00, 01, 02, 10, 11, 12, 20, 21 and 22, with leading 0s inserted. We shall determine the
label of the fake coin as follows. In the first weighing, place the three coins with 0 as the first
digits of their labels in one pan and those with 2 as the first digits of their labels in other other.
If the first pan goes down, 2 is the first digit of the label of the fake coin. If the second pan goes
down, 0 is the first digit of the label of the fake coin. If we have equilibrium, then the first digit
of the label of the fake coin is 1. In the second weighing, we look at the second digits of the
labels, and again put the three 0s up against the three 2s. We can determine the second digit of
the label of the fake coin as in the first weighing.

The First Solution to Example 7.3.4 is sometimes called an adaptive solution. What we do
in the second weighing depends on the outcome of the first weighing. The Second Solution is
non-adaptive. What we do in the second weighing is determined in advance.

Example 7.3.5. The citizens of Evenapolis use only the even digits 0, 2, 4, 6 and 8. Thus the
first ten positive integers in Evenapolis are 2, 4, 6, 8, 20, 22, 24, 26, 28 and 40. What is the
1000th positive integer in Evenapolis?

Solution Since there are only five digits in the Evenapolis numeration system, it is
equivalent to base 5 if we read 2 as 1, 4 as 2, 6 as 3 and 8 as 4. We now convert 1000 into
base 5. Dividing 1000 by 5, the quotient is 200 and the remainder is 0. Thus the cells digit is 0.
Dividing 200 by 5, the quotient is 40 and the remainder is 0. Thus the cases digit is 0. Dividing
40 by 5, the quotient is 8 and the remainder is 0. Thus the cartons digit is 0. Dividing 8 by 5,
the quotient is 1 and the remainder is 3. Thus the crates digits is 1 and the chests digit is 3, so
that 1000 =130005. It follows that the 1000th positive integer in Evenapolis is 26000 since we
interpret 1 as 2 and 3 as 6.

Example 7.3.6. A magician shows the audience the following cards:

Card #1: 1 3 5 7 9 11 13 15
Card #2: 2 3 6 7 10 11 14 15
Card #3: 4 5 6 7 12 13 14 15
Card #4: 8 9 10 11 12 13 14 15
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The audience secretly picks a number between 1 and 15 inclusive, and then hands the magician
the cards on which this number appears. The magician is then able to tell the audience right
away what that number is.

(a) A different number base lies behind this trick. What is this base, and how could we have
spotted it?

(b) How is the chart constructed?
(c) Suppose the audience’s number is on cards #1, #3 and #4 but not #2. How can the magician

discover the audience’s number quickly?
(d) Explain why this trick works.

Solution

(a) This other number base is 2. There are at least two clues. The major clue is that for each
card, the audience’s number is either on it or not on it, a total of 2 alternatives. The minor
clue is that the first numbers on the cards are 1, 2, 4 and 8, and they are the powers of 2.

(b) The magician converts the numbers from 1 to 15 inclusive to base 2. Leading 0s are inserted.
Card #1 consists of those numbers whose cells digit is 1. Card #2 consists of those numbers
whose cases digit is 1. Card #3 consists of those numbers whose cartons digit is 1. Card #4
consists of those numbers whose chests digit is 1.

Base 10 Base 2
1 0 0 0 1
2 0 0 1 0
3 0 0 1 1
4 0 1 0 0
5 0 1 0 1
6 0 1 1 0
7 0 1 1 1
8 1 0 0 0
9 1 0 0 1

10 1 0 1 0
11 1 0 1 1
12 1 1 0 0
13 1 1 0 1
14 1 1 1 0
15 1 1 1 1

(c) The magician simply adds up the first numbers on cards #1, #3 and #4, and comes up with
1 + 4 + 8 = 13.

(d) If a number appears on card #1, its cells digit is 1. If it does not appear on card #2, its cases
digit is 0. If it appears on card #3, its carton digit is 1. If it appears on card #4, its chests
digit is 1. Hence the number is 11012 = 23 + 22 + 1 = 13. In general, the answers from the
audience determine the number in base 2, and adding the first numbers converts it back to
base 10.
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Until the enlightened reigns of Peter the Great and Catherine the Great, Czarist Russia was
a very backward country. The largely rural population consisted of peasants in serfdom, and
they were uneducated.

However, some of them had to assume accounting duties. They could add, but not multiply
beyond doubling and halving. A method known as Russian Multiplication was designed to allow
them to multiply without knowing actually how.

Example 7.3.7. Suppose that a peasant has to compute 667 × 3125. He starts the left column
with 667. Since this number is odd, he subtracts 1 before halving it, obtaining 333. The next
number 166 is obtained in the same way. Since it is even, the peasant only has to halve it to
obtain the next number 83. This continues until the number 1 is obtained. The right column
starts with 3125. Each subsequent number is double the preceding one, and he stops when both
columns have the same length.

The peasant now scans the left column and marks out all the even numbers. They are deleted
(marked in bold face in the chart below) along with the corresponding numbers in the same
rows. When he adds up the remaining numbers in the right column, he will have the correct
answer 2084375. Explain why this method works.

667 3125
333 6250
166 12500

83 25000
41 50000
20 100000
10 200000
5 400000
2 800000
1 1600000

2084375

Solution The halving process in the left column is simply a conversion of 667 into base
2. Since 667 is odd, its cells digit in base 2 is 1. Since 333 is odd, the cases digit of 667 in base
2 is 1. Since 166 is even, the cartons digit of 667 in base 2 is 0, and so on. What we have is
667 = 10100110112. The doubling process in the right column is anticipating an application of
the Distributive Law. We have

667 × 3125 = (29 + 27 + 24 + 23 + 2 + 1)3125

= 1600000 + 400000 + 50000 + 25000 + 6250 + 3125

= 2084375.

The following problem appears in many puzzle books. It is one of the hardest of its kind,
and the solution is not always given.

Example 7.3.8. Among 12 coins, there are 11 real ones plus 1 fake. All real coins have the
same weight, which is different from that of the fake coin, but it is not known which is greater.
In three weighings on a balance, identify the fake coin and determine whether it is heavier or
lighter than a real coin.
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First Solution Label the coins 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12. We divide them
into three groups of equal sizes as in Example 7.3.3. In the first weighing, put 1, 3, 4 and 5 up
against 2, 6, 7 and 8. We consider three cases.

Case I. The total weight of 1, 3, 4 and 5 is equal to that of 2, 6, 7 and 8.
In the second weighing, we put the real coins 6, 7 and 8 up against 9, 10 and 11. If they balance,
the fake coin is 12. We can determine whether it is heavy or light by putting it up against a real
coin, say 2, in the third weighing. If they do not balance, the fake coin is among 9, 10 and 11,
and we know whether it is heavy or light. The fake coin can be identified in third weighing if
we put 9 up against 11.

Case II. The total weight of 1, 3, 4 and 5 is higher than that of 2, 6, 7 and 8.
In the second weighing, we switch 1 and 2, and replace 3, 4 and 5 with the real coins 9, 10 and
11. We consider three subcases.

Subcase (a). The total weight of 1, 6, 7 and 8 is equal to that of 2, 9, 10 and 11.
The fake coin is among 3, 4 and 5, and it is heavy. It can be identified in the third weighing if
we put 3 up against 5.

Subcase (b). The total weight of 1, 6, 7 and 8 is higher than that of 2, 9, 10 and 11.
In the first two weighings, 1 is the only common coin between the heavier sides and 2 is the
only common coin between the lighter sides. Hence the fake coin is either 1, which is heavy,
or 2, which is light. This can be determined in the third weighing if we put 2 up against a real
coin, say 12.

Subcase (c). The total weight of 1, 6, 7 and 8 is less than that of 2, 9, 10 and 11.
Because there is no common coin between the heavier sides of the first two weighings, the fake
coin is light. It has to be among 6, 7 and 8. It can be identified in the third weighing if we put 6
up against 8.

Case III. The total weight of 1, 3, 4 and 5 is less than that of 2, 6, 7 and 8.
In the second weighing, we switch 1 and 2, and replace 3, 4 and 5 with the real coins 9, 10 and
11. We consider three subcases.

Subcase (a). The total weight of 1, 6, 7 and 8 is equal to that of 2, 9, 10 and 11.
The fake coin is among 3, 4 and 5, and it is light. It can be identified in the third weighing if we
put 3 up against 5.

Subcase (b). The total weight of 1, 6, 7 and 8 is higher than that of 2, 9, 10 and 11.
Because there is no common coin between the lighter sides of the first two weighings, the fake
coin is heavy. It has to be among 6, 7 and 8. It can be identified in the third weighing if we put
6 up against 8.

Subcase (c). The total weight of 1, 6, 7 and 8 is less than that of 2, 9, 10 and 11.
In the first two weighings, 2 is the only common coin between the heavier sides and 1 is the
only common coin between the lighter sides. Hence the fake coin is either 2, which is heavy,
or 1, which is light. This can be determined in the third weighing if we put 2 up against a real
coin, say 12.



172 Numeration Systems

Second Solution We choose base 3 for the same reason as in Example 7.3.4. Since we
have three weighings, we look at three-digit numbers, of which there are 27. In base 10, they
are from 0 to 26. In base 3, if we fill in the leading 0s, they are 000, 111, 222 and the 12 pairs
in the following chart.

001 010 011 012 112 120 121 122 200 201 202 220
221 212 211 210 110 102 101 100 022 021 020 002

The fake coin is one of the 12, and it may be heavy or light. Thus there are 24 possible
outcomes in our investigation. With 27 available numbers, it makes sense to discard the three
with identical digits. We intend to divide the 12 coins into three groups of equal sizes as in the
First Solution, and then weigh them four on four using the system in Example 7.3.4. So among
the 12 labels, we want four with 0 as their first digits, four with 1 as their first digits and four
with 2 as their first digits. The same applies to their second and third digits. The top row in the
chart above has these properties. So they are the labels for the 12 coins. In the second row, we
have what we call the complements of the labels, in that 1 remains the same while 0 and 2 are
interchanged.

How is this chart constructed? There are no hard and fast rules. The scheme we have
adopted is as follows. Since we have discarded the three numbers with identical digits, each of
the remaining 24 numbers contains two different digits. Check the changeover for the first time,
which may occur between the first and the second digits, or between the second and the third
digits. If it is a change from 0 over to 1, 1 over to 2 or 2 over to 0, we use the number as a label.
If it is a change from 0 over to 2, 2 over to 1 or 1 over to 0, it will be the complement of a label.

For now, assume that the fake coin is heavy. In the first weighing, place the four coins with
0 as the first digits of their labels in one pan and those with 2 as the first digits of their labels
in other pan. In the second weighing, we look at the second digits of the labels, and in the third
weighing, we look at the third digits of the labels. In both cases, as with the first weighing, we
put the four 0s up against the four 2s. Thus we can determine the label of the fake coin, on the
assumption that it is heavy. If this is indeed the label of a coin, we have identified the fake coin,
and it is heavy. If instead this is the complement of the label of a coin, we still have identified
the fake coin, but it is light.

7.3.1 Exercises
1. A widower left 5356920 silver coins to his heirs. Each heir was to receive a number of gold

coins equal to a power of 6. At most 5 heirs might receive the same number of silver coins.
How many silver coins did each heir receive on the average?

2. The Post Office of Lucklessia uses only 1-cent stamps, 13-cent stamps and 169-cent stamps.
What is the smallest number of stamps one must use to pay for a postage of 6 dollars and
66 cents?

3. In one pan of a balance, we place an object whose weight is an integral number of grams.
In either pan, we place some tokens whose weights are also integral numbers of grams. We
are to choose four tokens such that using some or all of them, we can balance objects of
weight 1 gram, 2 grams, 3 grams, and so on, for as many consecutive values as possible.
What should the weights of the four tokens be?
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4. Among 27 coins, there are 26 real ones plus 1 fake. All real coins have the same weight,
which is greater than the weight of the fake coin. In three weighings on a balance, identify
the fake coin.

5. The citizens of Holeywood use only the digits with round holes, namely, 0, 6, 8 and 9. Thus
the first ten positive integers in Holeywood are 6, 8, 9, 60, 66, 68, 69, 80 and 86. What is
the 1000th positive integer in Holeywood?

6. The citizens of Upsidetown use only the digits that may also be read upsidedown, namely,
0, 1, 2, 5, 6, 8 and 9. Thus the first ten positive integers in Upsidetown are 1, 2, 5, 6, 8, 9,
10, 11, 12, 15 and 16. What is the 1000th positive integer in Upsidetown?

7. A magician shows the audience the following cards:

Card #1 Front: 1 4 7 10 13 16 19 22 25
Back: 2 5 8 11 14 17 20 23 26

Card #2 Front: 3 4 5 12 13 14 21 22 23
Back: 6 7 8 15 16 17 24 25 26

Card #3 Front: 9 10 11 12 13 14 15 16 17
Back: 18 19 20 21 22 23 24 25 26

The audience secretly picks a number between 1 and 26 inclusive, and then hands the
magician the cards on which this number appears, with the side containing the number face
up. The magician is then able to tell the audience right away what that number is.
(a) A different number base lies behind this trick. What is this base, and how could we have

spotted it?
(b) How is the chart constructed?
(c) Suppose the audience’s number is on the front of #1 and of #2 but on the back of #3.

How can the magician discover the audience’s number quickly?
(d) Explain why this trick works.

8. A magician shows the audience the following cards:

Card #1 Front: 1 4 7 10 13 16 19 22 25
Back: 2 5 8 11 14 17 20 23 26

Card #2 Front: 2 3 4 11 12 13 20 21 22
Back: 5 6 7 14 15 16 23 24 25

Card #3 Front: 5 6 7 8 9 10 11 12 13
Back: 14 15 16 17 18 19 20 21 22

The audience secretly picks a number between 1 and 26 inclusive, and then hands the
magician the cards on which this number appears, with the side containing the number face
up. The magician is then able to tell the audience right away what that number is.
(a) A different number base lies behind this trick. What is this base, and how could we have

spotted it?
(b) How is the chart constructed?
(c) Suppose the audience’s number is on the front of #1 and of #2 but on the back of #3.

How can the magician discover the audience’s number quickly?
(d) Explain why this trick works.
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9. Use the method of Russian Multiplication to compute 345 × 567.

10. Use the method of Russian Multiplication to compute 567 × 345.

11. Among 5 coins, there are 4 real ones plus 1 fake. All real coins have the same weight,
which is different from that of the fake coin, but it is not known which is greater. One of
the coins is minted in a year different from the others, and this coin is known to be real. In
two weighings on a balance, identify the fake coin and determine whether it is heavier or
lighter than a real coin.

12. Among 32 coins, there are 30 real ones plus 2 fakes. All real coins have the same weight.
The 2 fake coins have the same weight. It is different from that of a real coin, but it is not
known which is greater. How can we partition the 32 coins into two groups of 16, with 1
fake in each group, using a balance at most four times?

7.4 Extras
The Fish Footman rapped the door of the Duchess with his knuckles. It was opened by the Frog
Footman.

The Fish Footman began by producing from under his arm a great letter, nearly as large as
himself, and this he handed over to the other, saying, in a solemn tone, “For the Duchess. An
invitation from the Queen to play croquet.”

The Frog Footman repeated, in the same solemn tone, only changing the order of the words
a little. “From the Queen. An invitation for the Duchess to play croquet.”

Then they bowed, and the door slammed shut behind the Frog Footman.
“Oh dear,” he said, “I am afraid I shall be sitting out here, until tomorrow.”
“Most likely, I shall be sitting outside the Queen’s door,” said the Fish Footman, “on and

off, for days and days.”
“So there is no reason for you to hurry back,” said the Frog Footman. “Let us play a game

to pass the time.”
“I don’t know any games,” said the Fish Footman. “Besides, all we have on hand are some

stones.”
Just then, Alice passed by. She had just given the twins a written examination on numeration

systems, and had some time on her hands. So the footmen asked her if she could teach them a
game that used only stones.

“I will teach you guys to play the game Nim,” said Alice. “We start with several piles of
stones. You guys take turns, moving alternately. In each move, you can remove any number of
stones, but they must all come from the same pile. At least one stone must be removed in each
move. When all the stones have been removed, whoever made the last move is the winner.”

“Seeing that you are the visitor here,” said the Frog Footman to the other. “You can go first.”
“How many piles do we start with, and how many stones are in them?” asked the Fish

Footman.
“That varies,” said Alice, “because Nim is really a family of games. Let us start with the

simplest scenario. Suppose there is only one pile. Which of you will win?”
“He will,” said the Frog Footman sullenly. “No matter how many stones are in the pile, he

takes all of them in the first move and wins.”
“The scenario where there are two piles is not difficult either. See if you guys can come up

with the complete analysis.”
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Example 7.4.1. Suppose that the game starts with two piles. Prove that the Fish Footman wins
if and only if the numbers of stones in the two piles are different.

Solution “Suppose we start with two equal piles,” said the Frog Footman. “Whatever he
does to either pile, I can just copy his move in the other pile. This way, I will get the last stone
for sure and win.”

“On the other hand,” said the Fish Footman, “if we start with two unequal piles, I can reduce
the larger pile to the same size as the other pile. So now there are two equal piles, and he moves
next. By his analysis, I win.”

“Excellent,” said Alice, “but let us look at this scenario in greater details. Let us specify a
position by listing the numbers of stones in each pile. Then both of you try to leave behind one
of positions (0,0), (1,1), (2,2), . . . . These are called safe positions, and they have the following
two properties.

1. From any safe position, it is not possible to reach another safe position in one move.
2. From any position that is not safe, it is always possible to reach a safe position in one move.

“If a game starts with a safe position, then the Frog Footman has a sure win. Otherwise, the Fish
Footman has a sure win. Now try a scenario with three piles.”

Example 7.4.2. Is (1,2,3) a safe position?

Solution “Let us play this game,” said the Fish Footman. “Suppose I take the only stone
in the first pile. What would you do?”

“I will take one stone from the third pile, so that the position is now (0,2,2). It is essentially
the same as the position (2,2) in the last game, and this is a safe position.”

“In that case, there is no point in my taking one stone from the third pile,” said the Fish
Footman, “because you will just take the only stone in the first pile and get (0,2,2) again. What
if I take one stone from the second pile?”

“Then I take all three stones in the third pile and get the winning position (1,1,0). So you
can forget about taking all three stones in the third pile, because I will then take one stone from
the second pile.”

“The only moves left for me,” sighed the Fish Footman, “are taking both stones in the
second pile or taking two stones from the third. Whichever choice I make, you can make the
other move and get the winning position (1,0,1). I concede, and (1,2,3) is a safe position.”

“Do I always win going second, when there are three piles of stones?” asked the Frog
Footman.

“Not always. Give the next one a try.”

Example 7.4.3. Is (3,4,5) a safe position?

Solution “I think this game is a win for me,” said the Fish Footman after a while. “I will
take two stones from the first pile and reduce the position to (1,4,5). What can you do now?”

The Frog Footman said, “I have the following ten opening moves.

(a) Take the only stone in the first pile.
(b) Take one stone from the second pile.
(c) Take two stones from the second pile.
(d) Take three stones from the second pile.
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(e) Take all four stones in the second pile.
(f) Take one stone from the third pile.
(g) Take two stones from the third pile.
(h) Take three stones from the third pile.
(i) Take four stones from the third pile.
(j) Take all five stones in the third pile.”

“I will put these into five pairs,” replied the Fish Footman, “(a) and (f), (b) and (h), (c) and
(g), (d) and (j), and (e) and (i). Whichever move you make, I will make the other one in the
same pair. It is easy to check that the resulting positions are (0,4,4), (1,3,2), (1,2,3), (1,1,0) and
(1,0,1), respectively, all of which are known to be safe. It follows that (3,4,5) is not safe because
(1,4,5) is.”

Example 7.4.4. In the (3,5,7) game, which player has a winning strategy?

Solution This was a much harder game. The Footmen only came up with a complete
analysis after quite a while.

“I claim that (2,4,6) is a safe position,” said the Frog Footman. “I organize my response to
each opening move he may make in the form of a chart.

Fish Footman moves Response
(1,4,6) (2,4,5) (1,4,5)
(0,4,6) (2,4,4) (0,4,4)
(2,1,6) (2,4,3) (2,1,3)
(2,0,6) (2,4,2) (2,0,2)
(2,3,6) (2,4,1) (2,3,1)
(2,2,6) (2,4,0) (2,2,0)

“This is what the chart means. Take the first row for instance. If he reduces (2,4,6) to (1,4,6)
or (2,4,5) by taking one stone from the first or the third pile, I make the other move and reach
the position (1,4,5), which we already know is safe. All the positions I am getting are safe. So
(2,4,6) is itself a safe position.”

“From the position (3,5,7), I can take one stone from the third pile and reach the position
(3,5,6),” said the Fish Footman. Whichever move he makes now, I have a response that takes me
to a known winning position, as shown in a similar chart. Hence (3,5,7) is not a safe position
because (3,5,6) is.”

Frog Footman moves Response
(2,5,6) (3,4,6) (2,4,6)
(3,5,3) (3,0,6) (3,0,3)
(0,5,6) (3,5,5) (0,5,5)
(1,5,6) (3,5,4) (1,5,4)
(3,1,6) (3,5,2) (3,1,2)
(3,2,6) (3,5,1) (3,2,1)
(3,3,6) (3,5,0) (3,3,0)
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“This is fun, but we mustn’t lose our heads over this,” said the Frog Footman to the Fish
Footman. “Go back to the Queen immediately, or she will make sure you lose yours.”

After the Fish Footman had departed, the Frog Footman asked Alice, “For positions with
more piles or more stones, this kind of analysis will not go very far. Is there a better way to
determine whether a position is safe?”

“Indeed there is,” said Alice, “but for that, you need to know something about binary
numbers. Learn that first, and we will talk about it another time.”

For a complete analysis of the game Nim, we convert the numbers of stones into base 2 and
examine the numbers of 1s in the cells digits, the cases digits, and so on. If all these numbers
are even, the position is safe. Otherwise, it is not safe.

Example 7.4.5. Using binary numbers, determine if the position (7,9,11,13) is safe.

Solution From the chart below, we see that (7,9,11,15) is not a safe position.

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

7 0 1 1 1
9 1 0 0 1

11 1 0 1 1
15 1 1 1 1

Total 3 2 3 4

Example 7.4.6. Using binary numbers, determine if the position (5,7,9,11) is safe.

Solution From the chart below, we see that (5,7,9,11) is a safe position.

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

5 0 1 0 1
7 0 1 1 1
9 1 0 0 1

11 1 0 1 1

Total 2 2 2 4

To get an understanding why this criterion works, let us consider the option the first player
has in Example 7.4.6. Remember that three of the piles are not touched. The only way for the
number of 1s under each digit to be even is if we do not touch the fourth pile either. However,
since at least 1 stone must be removed, the first player cannot reach another safe position in one
move.

The position (7,9,11,15) in Example 7.4.5 is not safe because the first player can reach a
safe position in one move. There are three different ways, by removing 6 stones from the second
pile, 10 stones from the third pile or 10 stones from the fourth pile.

Example 7.4.7. Suppose in the (5,7,9,11) game, the first player removes 6 stones from the
second pile, leaving 1. What is the winning response?
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Solution After the opening move, we reach the following position:

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

5 0 1 0 1
1 0 0 0 1
9 1 0 0 1

11 1 0 1 1

Total 2 1 1 4

Since we can only change one of the two 1s under the chests digit, we must change neither.
On the other hand, the sole 1 under the cartons digit must go, and this means that stones must
be removed from the first pile. We change this to 0 and replace the remaining digits (as well as
the base 10 total) in this row with question marks.

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

? 0 0 ? ?
1 0 0 0 1
9 1 0 0 1

11 1 0 1 1

Total 2 0 1 3

Since the numbers of 1s under the cases digit and the cells digit are both odd, the corresponding
question marks must be replaced by 1s. Hence the number of stones remaining in the first pile
is 112 = 3. Thus the second player’s winning move is to remove 5 − 3 = 2 stones from the first
pile, leaving behind the following safe position:

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

3 0 1 1
1 1
9 1 0 0 1

11 1 0 1 1

Total 2 0 2 4

The technique in Example 7.4.7 is to reach in one move a safe position from one that is
not. Note that we have changed the cartons digit of the first pile from 1 to 0. Whatever changes
we need to make to the cases digit and the cells digit, the resulting number is less than before,
meaning that we are making a legal move of removing at least 1 stone.

Example 7.4.8. Find all winning opening moves in the (7,9,11,15) game.

Solution From the chart in Example 7.4.5, one of the three 1s in the chests digit must go,
and any one of them may be chosen. Thus there are three winning opening moves, taking stones
from the second, third and fourth piles respectively. Suppose we take stones from the second
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pile. We change the the 1 in the chests digit to 0 and replace the remaining digits (as well as the
base 10 total) in this row with question marks.

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

7 0 1 1 1
? 0 ? ? ?

11 1 0 1 1
15 1 1 1 1

Total 2 2 3 3

Since the numbers of 1s under the cases digit and the cells digit are both odd, the corre-
sponding question marks must be replaced by 1s. Hence the number of stones remaining in the
first pile is 112 = 3, and 9 − 3 = 6 stones are moved. This results in the following safe position:

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

7 0 1 1 1
3 0 0 1 1

11 1 0 1 1
15 1 1 1 1

Total 2 2 4 4

Suppose we take stones from the third pile. We change the 1 in the chests digit to 0 and replace
the remaining digits (as well as the base 10 total) in this row with question marks.

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

7 0 1 1 1
9 1 0 0 1
? 0 ? ? ?

15 1 1 1 1

Total 2 2 2 3

Since the numbers of 1s under the cartons digit and the cases digit are both even, the corre-
sponding question marks must be replaced by 0s. On the other hand, since the number of 1s
under the cells digit is odd, the corresponding question mark must be replaced by 1. Hence the
number of stones remaining in the third pile is 12 = 1, and 11 − 1 = 10 stones are removed.
This results in the following safe position:

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

7 0 1 1 1
9 1 0 0 1
1 0 0 0 1

15 1 1 1 1

Total 2 2 2 4
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Suppose we take stones from the fourth pile. We change the the 1 in the chests digit to 0
and replace the remaining digits (as well as the base 10 total) in this row with question marks.

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

7 0 1 1 1
9 1 0 0 1

11 1 0 1 1
? 0 ? ? ?

Total 2 1 2 3

Since the number of 1s under the cartons digit and the cells digit are both odd, the corresponding
question marks must be replaced by 1s. On the other hand, since the number of 1s under the
cases digit is even, the corresponding question mark must be replaced by 0. Hence the number
of stones remaining in the third pile is 1012 = 5, and 15 − 5 = 10 stones are removed. This
results in the following safe position:

Base 10 Base 2 Numbers
Numbers Chests digit Cartons digit Cases digit Cells digit

7 0 1 1 1
9 1 0 0 1

11 1 0 1 1
5 0 1 0 1

Total 2 2 2 4

In summary, there are three winning opening moves, taking 6 stones from the second pile,
taking 10 stones from the third or taking 10 from the fourth.

Just then, Tweedledum and Tweedledee caught up with Alice and handed in their examina-
tion papers. Alice graded them on the spot. They both passed with flying colors.

“Excellent,” said Alice, “I think you can learn more on your own, if you are so motivated.”
“We are motivated all right,” said Tweedledum. “It has really been fun.”
“What do you mean by ourselves?” asked Tweedledee. “You are not leaving us high and

dry, are you?”
“Well, I don’t really belong here, you know. I have my own world, and at some point in time,

I must return to it. Are you ready for the second part, an oral examination on more advanced
arithmetic?”

“We do not like oral examinations,” said Tweedledum, reeling.
“We do not like oral examinations,” echoed Tweedledee, writhing.
“Neither do I, as I have told you. However, here it comes!”
“Ahhhhh!” said the twins in unison, opening their mouths wide.
Alice did not know how it came to be there, but she found herself holding a tongue depressor

in her right hand. She stuck it into Tweedledum’s mouth, depressed his tongue, and looked down
his throat. Then she took it out and put it into Tweedledee’s mouth.
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Suddenly, she was falling down what seemed to be a very deep throat. She was still holding
the twins’ examination papers in her left hand, but she let go in her panic. The pages came loose
and were fluttering around her as she fell.

Down, down, down. Would the fall never come to an end? “I wonder how many kilometers
I’ve fallen by this time?” she said aloud. “I must be getting somewhere near the center of the
earth. Let me see: that would be about sixty-five hundred kilometers down, I think—” (for, you
see, Alice had learnt several things of this sort in her lessons in the school-room, and though
this was not a very good opportunity for showing off her knowledge, as there was no one to
listen to her, still it was good practice to say it over) “—yes, that’s about the right distance—but
then I wonder what Latitude or Longitude I’ve got to?” (Alice had not the slightest idea what
Latitude was, or Longitude either, but she thought they were nice grand words to say.)

Suddenly, thump! thump! down she came upon a heap of sticks and dry leaves, and the fall
was over. She found herself lying on the river bank, with her head in the lap of her sister, who
was gently brushing away some dead leaves that had fluttered down from the trees upon her
face.

“Wake up, Alice dear!” said her sister. “Why, what a long sleep you’ve had!”
“Oh, I’ve had such a wonderful dream!” said Alice. And she told her sister, as well as

she could remember them, all those Mathematical Adventures she had with Tweedledum and
Tweedledee.

7.4.1 Exercises
1. Without using binary numbers, determine if the position (1, 2, 4, 5) is safe.

2. Without using binary numbers, determine if the position (1, 3, 4, 6) is safe.

3. The safe position (3, 5, 6) has the property that the total number of stones in exactly three
non-empty piles is 14. Find another safe position with this property. Do not use binary
numbers.

4. The safe position (3, 5, 6) has the property that the total number of stones in any two piles is
greater than the number of stones in the third. Find another safe position with this property.
Do not use binary numbers.

5. In the (1, 3, 5, 7) game, which player has a winning strategy? Do not use binary numbers.

6. In the (1, 2, 6, 7) game, which player has a winning strategy? Do not use binary numbers.

7. Using binary numbers, determine if the position (6, 7, 10, 11) is safe.

8. Using binary numbers, determine if the position (5, 6, 10, 11) is safe.

9. Suppose in the (22, 23, 26, 27) game, the first player removes 6 stones from the second pile,
leaving 17. What is the winning response?

10. Suppose in the (21, 23, 25, 27) game, the first player removes 6 stones from the first pile,
leaving 15. Find all winning responses.

11. What is the winning opening move in the (21, 22, 23, 29) game?

12. Find all winning opening moves in the (21, 24, 27, 28) game.





Appendix: A Legacy of Martin Gardner

Martin Gardner is famous, among other things, for his “Mathematical Games” columns
in “Scientific American”, which ran for a quarter of a century. The columns can be read
independently. They cover a great variety of topics. While he professed not to have been a
mathematician, he did have a fine sense for what is beautiful in the subject. His writing is most
inspiring, and opens up many avenues for readers, both old and young.

Later, the columns were anthologized and became chapters, in fifteen volumes. Unfortu-
nately, since these books were put out by several publishers, they varied greatly in format.
The Mathematical Association of America has packaged all of them into a compact disc, but
maintaining the original format.

A new edition, published jointly by the Association and Cambridge University Press, will
have uniform format and updated material. Three volumes were edited by Martin himself before
his passing in 2010, but other volumes will continue to appear. Here are the titles.

1. Hexaflexagons, Probability Paradoxes, and the Tower of Hanoi.
2. Origami, Eleusis, and the Soma Cube.
3. Sphere Packing, Lewis Carroll, and Reversi.
4. Knots and Borromean Rings, Rep-Tiles, and Eight Queens.
5. Klein Bottles, Op-Art, and Sliding-Block Puzzles.
6. Sprouts, Hypercubes, and Superellipses.
7. Nothing and Everything, Polyominoes, and Game Theory.
8. Random Walks, Hyperspheres, and Palindromes.
9. Words, Numbers, and Combinatorics.

10. Wheels, Life, and Knotted Molecules.
11. Knotted Doughnuts, Napier Bones, and Gray Codes.
12. Tangrams, Tilings, and Time Travel.
13. Penrose Tiles, Trapdoor Ciphers, and the Oulipo.
14. Fractal Music, Hypercards, and Chaitin’s Omega.
15. Hydras, Eggs and Other Mathematical Mystifications.
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Exercises 0.1
1. By (3), 3 and 4 must be at the ends. By (1), 6 must be the only number between 1 and 2.

By (4), the sum of the numbers between 4 and 5 is 9. If they consist of the block 1-6-2, 7,
8 and 9 will all lie between 2 and 3, contradicting (2). Hence none of 1, 6 and 2 appears
between 4 and 5, so that 9 must be the only number there. By (2), the sum of the numbers
between 2 and 3 is 14. They cannot include the block 4-9-5. It follows that the arrangement
must be 3-7-1-6-2-8-5-9-4 or its reversal.

3. The mistake occurs in going from (x + y)(x − y) = y(x − y) to x + y = y, because we
are cancelling x − y = 0. This leads to a ridiculous conclusion.

5. The meaning of am is the product of m copies of a, and the meaning of an is the product of
n copies of a. Hence the product of these two products is the product of m + n copies of a,
which is the meaning of am+n .

7. We have (100 − a2)a = b(10 − b2)b + c(c2 − 1). The possible values for (100 − a2)a are
99, 192, 273, 336, 375, 384, 357, 288 and 171. Hence the possible values for (b2 − 10)b are
0, −9, −12, −3, 24, 75, 156 and 273, while the possible values of c(c − 1)(c + 1) are 0, 6,
24, 60, 120, 210 and 336. There are two matches, namely 99 = 75 + 24 and 273 = 273 + 0,
and they yield the three numbers 153, 370 and 371.

9. Since the last digit of the product is 4, the last digit of the multiplier must be 8. Now
8 × 123 = 984. If we delete the digit 8 from the multiplier, the new product is 984 less,
and its last digit will be 2. Therefore, the last digit of the new multiplier must be 4. Now
4 × 123 = 492. If we delete the digit 4, the new product is 492 less, and its last digit will
be 1. Therefore, the last digit of the new multiplier must be 7. Now 748 × 123 = 92004,
and 748 is the smallest counting number whose product with 123 ends in 2004.

11. We have 121 − 35 = 86, 112 − 35 = 86 and 211 − 53 = 86.

Exercises 0.2
1. Take off your shoes and then take off your socks.

3. (a) In the unary operation g(x) = 2x − 3, we multiply a number by 2 and then subtract 3.
(b) We have 3x + 1 = 2x − 3. Subtracting 2x from both sides, we have x + 1 = −3 so

that x = −4.
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5. We have ((−3) − (−4)) × (3 + (−8)) = 1 × (−5) = −5.

7. We have ((−3) − 6) × ((−3) + (−5)) = (−9) × (−8) = 72.

9. We have −6 = 1 + 2 − 9, −4 = 1 + 4 − 9, −3 = 2 + 4 − 9 and −1 = 1 + 2 − 4. The
remaining combinations are positive. Hence there are 4 possible values.

11. Such an expression is 123 − 45 − 67 + 89 = 100.

Exercises 0.3
1. That a < b means that there is a positive integer h such that a + h = b. That c < d means

that there is a positive integer k such that c + k = d so that d − k = c. By the Closure
Property, h + k is also a positive integer. Now

a − d + (h + k) = (a + h) − (d − k) = b − c,

so that a − d < b − c.

3. Try a = c = −2 and b = d = 1. Indeed, we have a < b and c < d. However, ac = 4 and
bd = 1. Thus we have a counter-example to show that ac < bd is not always true.

5. We have 16 × −20 = −320 > −324 > −336 = 16 × −21. Hence 16k > −324 if and
only if k > −20.

7. Suppose the company lasts k months. Then −24k > −124. Note that we have −24 × 5 =
−120 > −124 > −144 = −24 × 6. Hence −24k > −124 if and only if k < 5. It follows
that the company lasts at most 4 months.

9. In the first store, you have to spend 15 dollars on 600 bolts and 10 dollars on 600 nuts. In
the second store, you have to buy 24 sets of 25 bolts and 25 nuts. This will cost you 24
dollars, which is 1 dollar cheaper than the first store.

11. We have

100 ≥ (a + b + c)2

= a2 + 2ab + b2 + 2ac + 2bc + c2

≥ a2 + 2b2 + b2 + 2c2 + 2c2 + c2

= a2 + 3b2 + 5c2.

Exercises 0.4
1. We have (−3) ⊕ 7 = (−3) × 7 + (−3) + 7 = −17.

3. We have (−3) ⊗ 7 = ((−3) + 7)((−3) + 7) = 16.

5. Try a = 2 and b = 1. Then 2 	 1 = 2 × 1 + 2 − 1 = 3 while 1 	 2 = 1 × 2 + 1 − 2 = 1.
Thus we have a counter-example which shows that 	 is not commutative.

7. Try a = 2 and b = c = 1. Then (2 	 1) 	 1 = (2 × 1 + 2 − 1) 	 1 = (3 × 1) + 3 − 1 = 5
while 2 	 (1 	 1) = 2 	 (1 × 1 + 1 − 1) = (2 × 1) + 2 − 1 = 3. Thus we have a counter-
example which shows that 	 is not associative.
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9. Suppose there exists an integer e such that a 	 e = a = e 	 a for any integer a. Try a = 2.
Then a 	 e = 2 × e + 2 − e = 2 or e = 0. However, 0 	 a = 0 × a + 0 − a �= a for any
a �= 0. Hence e does not exist.

11. Try a = 2 and b = c = 1. Then

2 � (1 ⊕ 1) = 2 � (1 × 1 + 1 + 1) = 2 � 3 = (2 + 3)(2 − 3) = −5

while 2 � 1 = (2 + 1)(2 − 1) = 3 and 3 ⊕ 3 = 3 × 3 + 3 + 3 = 15. Thus we have a
counter-example which shows that � is not distributive over ⊕.

Exercises 1.1
1. (a) Note that 2 × 3 = 6 < 7 < 8 = 2 × 4. Hence 7 is not the product of 2 and some positive

integer. The statement is false.
(b) The statement is true since 8 = 2 × 4 and 4 is a positive integer.
(c) The statement is true since 8 = 8 × 1 and 1 is a positive integer.
(d) Note that 8 × 1 = 8 > 2. Hence 2 is not the product of 8 and some positive integer. The

statement is false.

3. (a) Note that 5 × 1 = 5 < 7 < 10 = 5 × 2. Hence 7 is not the product of 5 and some
positive integer. The statement is false.

(b) The statement is true since 8 = 4 × 2 and 2 is a positive integer.
(c) The statement is true since 5 = 5 × 1 and 1 is a positive integer.
(d) Note that 8 × 1 = 8 > 4. Hence 4 is not the product of 8 and some positive integer. The

statement is false.

5. (a) A positive integer is divisible by 15 if and only if it is of the form 15k where k is an
arbitrary positive integer.

(b) A positive integer is divisible by 16 if and only if it is of the form 16k where k is an
arbitrary positive integer.

7. (a) The positive integers which divide 15 are 1, 3, 5 and 15.
(b) The positive integers which divide 16 are 1, 2, 4, 8 and 16.

9. (a) That 24 divides c means that c = 24k for some positive integer k. Now 24 = 8 × 3.
Hence c = 8(3k) is divisible by 8.

(b) That 8 divides b means that b = 8k for some positive integer k. That b divides c means
that c = b� for some other positive integer �. Hence c = b� = (8k)� = 8(k�) is divisible
by 8.

11. The answers are: (a) false, (b) true, (c) true, (d) false. The argument is essentially the same
as in Exercise 1.

Exercises 1.2
1. Suppose a|b and a|c. Then b = ak and c = ah for some positive integers k and h. Hence

b + c = ak + ah = a(k + h). By the Closure Property, k + h is also a positive integer. It
follows that a|(b + c).
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3. Since a|b, a|bc by the Multiples Divisibility Theorem. The same conclusion may be obtained
assuming only a|c.

5. Try a = b = c = 1. Then a|c and b|c, but a + b = 2 does not divide c = 1. We have a
counter-example.

7. Try a = b = c = 2. Then a|c and b|c, but ab = 4 does not divide c = 2. We have a counter-
example.

9. Try a = 1, b = 2, c = 3 and d = 2. Then a + c = b + d and a|b, but d does not divide c.
We have a counter-example.

11. If a|b, then b = ak for some positive integer k. Hence b3 = (ak)2b = a2(k2b). By the
Closure Property, k2b is also a positive integer. It follows that a2|b3.

Exercises 1.3
1. (a) Since the last digit is 0, the number is divisible by 5.

(b) Since the last digit is 0, the number is divisible by 2.
(c) Since the last two digits are 4 and 0, and 40 is divisible by 4, the number is divisible

by 4.
(d) Since the last three digits are 1, 4 and 0, and 140 is not divisible by 8, the number is not

divisible by 8.

3. Since 64 = 26, the last 6 digits of the given number must be examined to determine if it is
divisible by 64.

5. Carson spent 60 cents on pencils and 50 cents on the pen. Each amount was a multiple of
10. What he spent on the 10 notebooks would also be a multiple of 10. Hence the total bill
must be a multiple of 10, but the amount 542 cents is not.

7. Dividing the 101-digit number by 13, we discover that 555555 is divisible by 73. In fact, so
is 111111. Hence we can remove blocks of six 5s from the front or blocks of six 8s from the
back of the number without affecting its divisibility by 13. We are left with a 5-digit number
88x11 where x is the unknown digit. Routine testing reveals that 55588 = 13 × 4276.
Hence the middle digit is 5.

9. Let the two numbers be a and b. The number which Alice wrote down was 10000a + b =
3ab, according to the Queen of Hearts. By the Basic DivisibilityTheorem, a divides b, so that
b = na for some positive integer n. From 10000a + na = 3na2, we have 10000 + n = 3na.
Hence 3 divides 10000 + n and by the Basic Divisibility Theorem again, n divides 10000.
Since a and b are both four-digit numbers, n < 10. It follows that n = 2, 5 or 8. If n = 5,
then a = 667 is already not a four-digit number. Hence n = 2, a = 1667, b = 3334 and the
correct answer is 16673334 ÷ 3 = 5557778 = 1667 × 3334.

11. Writing a two-digit number three times in a row is equivalent to multiplying it by 10101.
Since 10101 = 13 × 21 × 37, the Transitive Property guarantees that all three divisions
are exact. Since we are multiplying by 10101 and then dividing by 13, 21 and 37, whose
product is 10101, we get back the original two-digit number.
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Exercises 1.4
1. The O-tetromino divides a rectangle if and only if both dimensions are even.

3. See the diagram below.

5. See the diagram below.

7. See the diagram below.

9. See the diagram below.

11. By Example 1.4.1, the I-tetromino does not divide the 6 × 6 square. Hence at most 8 copies
of it can fit. By Example 1.4.6, the L-tetromino does not divide the 6 × 6 square either. The
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diagram below shows that 8 copies of either the I-tetromino or the L-tetromino fit inside
the 6 × 6 square.

Exercises 2.1
1. (a) We have

2009 − 243 × 1 = 2009 − 243 = 1766,

2009 − 243 × 2 = 1766 − 243 = 1523,

2009 − 243 × 3 = 1523 − 243 = 1280,

2009 − 243 × 4 = 1280 − 243 = 1037,

2009 − 243 × 5 = 1037 − 243 = 794,

2009 − 243 × 6 = 794 − 243 = 551,

2009 − 243 × 7 = 551 − 243 = 308,

2009 − 243 × 8 = 308 − 243 = 65.

It follows that the sharing can only go 5 rounds, so that the quotient is 5. The remainder
is 287.

(b) The long division is shown below.
8

243 ) 2009
1944

65

3. The maximum value of the digit-sum is 18, with the number 99 which yields a remainder
9. If the digit-sum is 17, the number is 98 or 89, with remainder 13 or 4 respectively. If the
digit-sum is 16, the number is 97, 88 or 79, with remainder 1, 14 or 15 respectively. If the
digit-sum is less than 16, then the remainder will be less than 15. Hence the number we
seek is 79.

5. Count Sunday as Day 0, Monday as Day 1, and so on. When 47 is divided by 7, the
remainder is 5. Hence the 47th day will be a Friday, and the manager will be traveling on a
weekend.

7. When 640 is divided by 8, the remainder is 0. The busboy gets nothing that day.

9. Note that 45 + 22 + 50 + 37 = 154. When 1041 is divided by 154, the remainder is 117.
Since 117 = 45 + 22 + 50, Mrs. Sod will be visiting pub Z next.

11. We are counting a cycle of 14 caves, namely, 1-2-3-4-5-6-7-8-7-6-5-4-3-2. The next one is
back to the 1st cave. Dividing 1648 by 14, the remainder is 10. This means that there are
10 more caves to count, so that the Dormouse is hiding in the 6th cave.
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Exercises 2.2
1. (a) When 623 is divided by 5, the remainder is 3. When 113 is divided by 5, the remainder

is also 3. Hence the statement is true.
(b) When 623 is divided by 7, the remainder is 0. When 113 is divided by 7, the remainder

is 1. Hence the statement is false.

3. (a) When 31 and 22 are divided by 9, the common remainder is 4. When 46 and 28 are
divided by 9, the common remainder is 1. When 31 + 46 = 77 and 22 + 28 = 50 are
divided by 9, the common remainder is 5.

(b) The third common remainder is the sum of the first two common remainders.

5. The remainder is 101 × 103 × 107 × 109 ≡ 10 × 12 × 3 × 5 = 1800 ≡ 6 (mod 13).

7. The two-digit multiples of 17 or 23 are 17, 23, 34, 46, 51, 68, 69, 85 and 92. There is a
cycle (23, 34, 46, 69, 92) which may be repeated. The number 17 can only serve as the
last number, to be preceded by 51, 85, 68 and then 46. Since the 2014th number is 17, the
2010th number must be 46. Since we have 2014 = 402 × 5 + 4, the first number must be
the beginning of the cycle (69, 92, 23, 34, 46), which is 69.

9. We have 9 ≡ 1 (mod 8). We have 91453 ≡ 11453 ≡ 1 (mod 8). Hence the remainder when
91453 is divided by 8 is also 1.

11. (a) In modulo 26, we have 21 = 2, 22 = 4, 23 = 8, 24 = 16, 25 = 32 ≡ 6, 26 ≡ 12,
27 ≡ 24, 28 ≡ 22, 29 ≡ 18, 210 ≡ 10, 211 ≡ 20, 212 ≡ 14 and 213 ≡ 2. Hence the
remainders when successive powers of 2 are divided by 26 form a cycle of length 12,
namely, 2, 4, 8, 16, 6, 12, 24, 22, 18, 10, 20 and 14. When the power 1789 is divided
by 12, the remainder is 1. This means that the desired remainder is the first in the cycle,
namely 2.

(b) In modulo 26, we have 31 = 3, 32 = 9 and 33 = 27 ≡ 1. Hence the desired remainder
is 31789 = (33)5963 ≡ 15963 = 3 (mod 26).

Exercises 2.3
1. (a) Let a, b, c and m be positive integers. Suppose a ≡ b and b ≡ c (mod m). By the

Congruence Divisibility Theorem, m divides b − a and c − b. By the Basic Divisibility
Theorem, m divides (c − b) + (b − a) = c − a. Hence a ≡ c (mod m).

(b) Let a, b and m be positive integers. Suppose a ≡ b (mod m). By the Congruence
Divisibility Theorem, m divides b − a, and hence m divides a − b. By the Congruence
Divisibility Theorem again, b ≡ a (mod m).

3. We have 7 + 2 + 3 + 1 + 6 + 0 + 8 + 2 + 3 = 32.
(a) Since 32 is not divisible by 3, neither is 723160823.
(b) Since 32 is not divisible by 9, neither is 723160823.

5. Since 4 − 1 + 2 − 7 + 8 − 3 + 5 = 3 is not divisible by 11, neither is 4127835.

7. (a) If x = 164, then y may be any of 146, 416, 461, 614 and 641, so that z can be any of
18, 252, 297, 450 and 477.

(b) Let s be the sum of the digits of x . Then x ≡ s (mod 9). Since y is obtained from
x by scrambling, s is also the sum of the digits of y, so that s ≡ y (mod 9). By the
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Transitive Property of Congruence, x ≡ y (mod 9). By the Congruence Divisibility
Theorem, 9 divides z. From the example in (a), no number bigger than 9 can always
divide z.

(c) Let the digit crossed out be d. Then the sum of all the digits of z is d + 8 + 1 + 0 +
2 + 8 + 8 = d + 27. Since z is divisible by 9, so is the sum of its digits. This means
that 9 divides d. Since d is given to be non-zero, we must have d = 9.

9. (a) The total capacity of the five barrels the woman bought must be a multiple of 3 since
she has twice as much oil as vinegar.

Capacity 6 7 9 10 13 14 Total
Modulo 3 0 1 0 1 1 2 2

The unsold barrel must have a capacity congruent modulo 3 to 2, and the only such
barrel is the one with capacity 14. The barrels with capacities 7, 10 and 13 con-
tain 30 liters of oil while the barrels with capacities 6 and 9 contain 15 liters of
vinegar.

(b) The total capacity of the five barrels the woman bought must be a multiple of 4 since
she has three times as much oil as vinegar.

Capacity 6 7 9 10 13 14 Total
Modulo 4 2 3 1 2 1 2 3

The unsold barrel must have a capacity congruent modulo 4 to 3, and the only such
barrel is the one with capacity 7. The barrels with capacities 6, 9, 10 and 14 contain 39
liters of oil while the barrel with capacity 13 contains 13 liters of vinegar.

11. Let b be the difference between the numbers of white and red amoeba, w be the difference
between the numbers of red and blue amoeba and r be the difference between the numbers
of blue and white amoeba. When a blue amoeba and a white amoeba meet, they both turn
red. Note that r is unchanged while each of w and b changes by 3. Thus the three variables
always change by multiples of 3 when two amoeba of different colors meet. Initially,
b = 1, w = 2 and r = 1. If all amoeba eventually become the same color, then one of b, w

and r must go to 0. However, at any time, we have b ≡ 1 (mod 3), w ≡ 2 (mod 3) and
r ≡ 1 (mod 3). Thus none of them can go to 0, and the amoeba will not all be of the same
color.

Exercises 2.4
1. (a) If a ≡ 1 (mod 2) and b ≡ 1 (mod 2), then a + b ≡ 0 (mod 2).

(b) If a ≡ 1 (mod 2) and b ≡ 1 (mod 2), then ab ≡ 1 (mod 2).

3. On each page, one number is odd and the other even. Hence Peter is computing the sum of
15 odd numbers. This sum will also be odd, and cannot be 462.

5. If there were such a chain, then one of the numbers 1, 2, 3 does not occur at the ends of the
chain. Suppose the number 3 does not occur. Now inside the chain the 3s occur in pairs, so
3 occurs an even number of times. However, with the blanks discarded, there will be seven
3s in the set altogether. This is a contradiction. Hence the task is impossible.
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7. Label the squares off the diagonal as shown in the diagram below. For every two squares
with the same label, they are either both occupied or both vacant. Hence the total number
of checkers on the labelled squares is even. Since the total number of checkers is 9, the
number of checkers on the diagonal must be odd. This means there is at least one checker
on the diagonal.

12 13 14 15 16 17 18 19
12 23 24 25 26 27 28 29
13 23 34 35 36 37 38 39
14 24 34 45 46 47 48 49
15 25 35 45 56 57 58 59
16 26 36 46 56 67 68 69
17 27 37 47 57 67 78 79
18 28 38 48 58 68 78 89
19 29 39 49 59 69 79 89

9. Suppose nobody has boys on both sides. The table may be partitioned into blocks of boys
and girls. The number of blocks of boys must be equal to the number of blocks of girls, as
these two types of blocks alternate along the table. Now a girl must sit next to another girl,
as otherwise she will have boys on both sides. Since there are 13 girls, the number of blocks
of girls is at most 6. On the other hand, no three boys can sit together, as otherwise the boy
in the middle will have boys on both sides. Since there are 13 boys, the number of blocks
of boys is at least 7. This is a contradiction.

11. Clearly, each integer is either 1 or −1, and since the product is positive, the number of 1s
is even. If the sum were 0, there would have to be 7 1s. This is a contradiction.

Exercises 3.1
1. (a) The divisors of 98 are 1, 2, 7, 14, 49 and 98. The divisors of 112 are 1, 2, 4, 7, 8, 14,

16, 28, 56 and 112.
(b) By (a), the common divisors of 98 and 112 are 1, 2, 7 and 14. Hence 98 � 112 = 14.

3. By the computation below, 88673 � 58517 = 359.

4 1 15 1 1 1
359 )1436 )1795 )28361 )30156 )58517 )88673

1436 1436 26925 28361 30156 58517
359 1436 1975 28361 30156

5. (a) By the computation below, 190 � 84 = 2.
2 4 1 3 2

2 )4 )18 )22 )84 )190
4 16 18 66 168

2 4 18 22
(b) As shown in the diagram below, we can cut off in succession two squares of side

length 84, three squares of side length 190 − 2 × 84 = 22, one square of side length
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84 − 3 × 22 = 18, four squares of side length 22 − 18 = 4 and two squares of side
length 18 − 4 × 4 = 2.

7. (a) Since a � b divides ax + by = 6, the possible values of a � b are 1, 2, 3 and 6.
(b) The following chart list sample values.

a b x y a � b
1 1 3 3 1
2 2 1 2 2
3 3 1 1 3
6 12 −1 1 6

9. By the computation below, 10218 � 13755 = 393.

8 1 2 1
393 )3144 )3537 )10218 )13755

3144 3144 7074 10218
393 3144 3537

By the computation below, 393 � 14410 = 131. It follows that we have 10218 � 13755 �
14410 = 131.

2 1 36
131 ) 262 ) 393 ) 14410

262 262 14148
131 262

11. Try a = 2, b = 1 and c = 3. Then 2 � 1 = 1 = 2 � 3 but 1 �= 3.

Exercises 3.2
1. The positive divisors of 43 are 1 and 43. The positive divisors of 57 are 1, 3, 19 and 57. The

only common divisor is 1. Hence 43 and 57 are relatively prime.

3. The multiples of 43 are 43, 86, 129, 172 and so on. The multiples of 57 are 57, 114, 171
and so on. Hence 1 = 172 − 171 = 43(4) + 57(−3). It follows that any common divisor of
43 and 57 must divide 1, so that 45 � 57 = 1.

5. Since c divides b, b = ck for some integer k. Since a � b = 1, there exist integers x and y
such that 1 = ax + by = ax + (ck)y = ax + c(ky). It follows that any common divisor of
a and c must divide 1, so that a � c = 1.

7. Since 1 + 3 + 2 + 4 + 6 + 5 + 7 + 9 + 8 = 45 is divisible by 3, so is 132465798. Since
its last digit is 8, it is divisible by 2 also. Hence it is divisible by 6.
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9. Note that 15 = 3 × 5 and 3 � 5 = 1. A positive integer is a multiple of 5 if and only if its
last digit is 0 or 5. Since we are restricted to using only the digits 0 and 8, it must be 0. A
positive integer is a multiple of 3 if and only if the sum of its digits is divisible by 3. Since
we are restricted to using only the digits 0 and 8 and must use at least one 8, we must use
three 8s. It follows that the smallest multiple of the desired form is 8880.

11. The fifth digit must be 5 since the number formed of the first 5 digits is divisible by 5. The
sum of the first three digits is a multiple of 3 since the number formed of the first 3 digits is
divisible by 3. Similarly, the sum of the middle three digits is also a multiple of 3, as is the
sum of the last three digits. The second, fourth, sixth and eighth digits must be even. Now
the numbers formed of the first 4 digits and of the first 8 digits are divisible by 4. Since the
third and the seventh digits are odd, the fourth and the eighth digits are 2 and 6 in either
order. We consider two cases.

Case 1. The fourth digit is 2.

Then the eighth digit is 6. Hence the sixth digit is 8 and the second digit is 4. In order for
the number formed of the first 8 digits to be divisible by 8, the seventh digit must be 1 or
9, but only 9 leads to a feasible choice of 3 for the ninth digit. Since neither 1472589 nor
7142589 is divisible by 7, there are no solutions in this case.

Case 2. The fourth digit is 6.

Then the eighth digit is 2. Hence the sixth digit is 4 and the second digit is 8. In order for
the number formed of the first 8 digits to be divisible by 8, the seventh digit must be 3 or 7.
If it is 3, then the ninth digit is either 1 or 7. However, none of 7896543, 9876543, 1896543
and 9816543 is divisible by 7. Hence the seventh digit is 7 and the ninth digit is either 3 or
9. Of the numbers 1896547, 9816547, 1836547 and 3816547, only the last one is divisible
by 7. Hence the unique solution is 381654729.

Exercises 3.3
1. (a) By the computation below, 323 � 289 = 17.

2 8 1
17 )34 )289 )323

34 272 289
17 34

(b) By the Product Theorem, 323 � 289 = 323×289
17 = 5491.

3. By the Product Theorem, 14 � 16 = 14×16
14�16 = 112. By the computation below, 112 � 19 =

1. By the Product Theorem, 112 � 19 = 112 × 19 = 2128.

2 8 1 5
1 )2 )17 )19 )112

2 16 17 95
1 2 17

5. Try a = 1 and b = c = 2. Then 2 � 1 = 2 = 2 � 2 but 1 �= 2.
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7. Note that if we add 1 to such a number, it will become a common multiple of 2, 3, 4, 5,
6 and 7. Now 2 � 3 � 4 � 5 � 6 � 7 = 6 � 20 � 42 = 60 � 42 = 420. The smallest two
common multiples are 420 and 840. Hence the smallest two numbers we seek are 419
and 839.

9. Since a � b = c � d and a � b = c � d, we have ab = cd by the Product Theorem.
Suppose a �= c. We may assume that a < c. From b − a = d − c, we have b < d. Hence
ab < cd , which is a contradiction. It follows that a = c, which implies b = d.

11. Let the numbers Peter thinks of be p1, p2 and p3, the numbers Basil thinks of be b1, b2 and
b3, and the numbers both write down be w1, w2 and w3. Note that each of w1 � w2, w2 � w3

and w3 � w1 is equal to p1 � p2 � p3. Similarly, each of w1 � w2, w2 � w3 and
w3 � w1 is equal to b1 � b2 � b3. It follows that w1w2 = (w1 � w2)(w1 � w2) =
(w2 � w3)(w2 � w3) = w2w3, so that w1 = w3. Similarly, w2 shares this common value.

Exercises 3.4
1. Trying to shift the letters of the first word iv around, the only word that makes sense is an.

Hence the code is constructed by shifting every letter forward eight places. Decoded, the
message reads: “An Armenian skill is to rig some rag into a rug.”

I J K L M N O P Q R S T U
V W X Y Z A B C D E F G H
V W X Y Z A B C D E F G H
I J K L M N O P Q R S T U

3. Guessing that “xpa” stands for “the”, E(4) has become A(0) and T(19) has become X(23).
If the encoding function is y ≡ ax + b (mod 26), then 4a + b ≡ 0 and 19a + b ≡ 23.
Subtraction yields 15a ≡ 23 so that a ≡ 7 × 23 ≡ 5, so that b ≡ −4 × 5 ≡ 6. The decoding
function is therefore x = 21(y − 6). Decoded, the message reads: “The chick tries to check
into the male hostel but they chuck her out.”

5. First, we simplify the congruence to 54x ≡ 3 (mod 71) and then to 18x ≡ 1 (mod 71).
Now there exists an integer y such that 18x = 1 + 71y. Hence 71y ≡ −1 (mod 18). Since
71 ≡ −1 (mod 18), we have y ≡ 1 (mod 18). Taking y = 1, we have 18x = 1 + 71 = 72,
so that x ≡ 4 (mod 71). It follows that x ≡ 4, 4+71=75 and 75+71=146 (mod 213).

7. We carry out the reduction process in stages.
(1) We have 1492x = 1 + 1815y for some integer y. Hence 1815y ≡ −1 (mod 1492).
(2) Since 1815 ≡ 323 (mod 1492), we have 323y = 1492x1 − 1 for some integer x1. Hence

1492x1 ≡ 1 (mod 323).
(3) Since 1492 ≡ −123 (mod 323), we have 123x1 = 323y1 − 1 for some integer y1. Hence

323y1 ≡ 1 (mod 123).
(4) Since 323 ≡ −46 (mod 123), we have 46y1 = 123x2 − 1 for some integer x2. Hence

123x2 ≡ 1 (mod 46).
(5) Since 123 ≡ −15 (mod 46), we have 15x2 = 46y2 − 1 for some integer y2. Hence

46y2 ≡ 1 (mod 15).
(6) Since 46 ≡ 1 (mod 15), we have y2 = 1 + 15x3 for some integer x3. Hence 15x3 ≡ −1

(mod 1).
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(7) In a congruence modulo 1, the only solution is 0. Hence x3 = 0
(a) From (6), y2 = 1 + 15x3 = 1.

(b) From (5), x2 = 46y2−1
15 = 3.

(c) From (4), y1 = 123X2−1
46 = 8.

(d) From (3), x1 = 323y1−1
123 = 21.

(e) From (2), y = 1492x1−1
323 = 97.

(f) From (1), x = 1+1815y
1492 = 118.

9. We first solve two related systems.
(1) x ≡ 1 (mod 19) and x ≡ 0 (mod 11).

From the first congruence, we have x = 1 + 19y for some integer y. Putting this
into the second congruence, we have −3y ≡ 19y ≡ −1 (mod 11). Hence 3y = 1 +
11x1 for some integer x1. Then −x1 ≡ 11x1 ≡ −1 (mod 3). Hence x1 = 1 + 3y1 for
some integer y1. Then 3y1 ≡ −1 (mod 1), so that y1 = 0. Now x1 = 1, y = 4 and
x = 77.

(2) x ≡ 1 (mod 11) and x ≡ 0 (mod 19).
From the first congruence, we have x = 1 + 11y for some integer y. Putting this
into the second congruence, we have 11y = −1 + 19x1 for some integer x1. Then
−3x1 ≡ 19x1 ≡ 1 (mod 11). It follows that 3x1 = −1 + 11y1 for some integer y1. Then
−y1 ≡ 11y1 ≡ 1 (mod 3). Hence y1 = −1 + 3x2 for some integer x2. Then 3x2 ≡ 1
(mod 1), so that x2 = 0. Now y1 = −1, x1 = −4, y = −7 and x = −76.

We now combine these two results to solve the original systems.
(a) The unique answer is x ≡ 6(77) + 4(−76) ≡ 158 (mod 209).
(b) The unique answer is x ≡ 5(77) + 7(−76) ≡ 62 (mod 209).

11. Let x be the number of men the Red King sent into battle. Then x ≡ 5 (mod 11), x ≡ 8
(mod 17) and x ≡ 21 (mod 23). We first solve three related systems.
(1) x ≡ 1 (mod 11) and x ≡ 0 (mod 391).

From the first congruence, we have x = 1 + 11y for some integer y. Putting this into
the second congruence, we have 11y ≡ −1 (mod 391). Hence 11y = −1 + 391x1 for
some integer x1. Then −5x1 ≡ 391x1 ≡ 1 (mod 11). It follows that 5x1 = −1 + 11y1

for some integer y1. Then y1 ≡ 11y1 ≡ 1 (mod 5). Hence y1 = 1 + 5x2 for some integer
x2. Then 5x2 ≡ 1 (mod 1), so that x2 = 0. Now y1 = 1, x1 = 2, y = 71 and x = 782.

(2) x ≡ 1 (mod 17) and x ≡ 0 (mod 253).
From the first congruence, we have x = 1 + 17y for some integer y. Putting this into the
second congruence, we have 17y = −1 + 253x1 for some x1. Then −2x1 ≡ 253x1 ≡ 1
(mod 17). Hence 2x1 = −1 + 17y1 for some y1. Then y1 ≡ 17y1 ≡ −1 (mod 2). Hence
y1 = −1 + 2x2 for some x2. Then 2x2 ≡ 1 (mod 1), so that x2 = 0. Now y1 = −1,
x1 = −9, y = −134 and x = −2277.

(3) x ≡ 1 (mod 23) and x ≡ 0 (mod 187).
From the first congruence, we have x = 1 + 23y for some integer y. Putting this into the
second congruence, we have 23y = −1 + 187x1 for some x1. Then 3x1 ≡ 187x1 ≡ 1
(mod 23). Hence 3x1 = 1 + 23y1 for some y1. Then −y1 ≡ 23y1 ≡ −1 (mod 3). Hence
y1 = 1 + 3x2 for some x2. Then 3x2 ≡ −1 (mod 1), so that x2 = 0. Now y1 = 1,
x1 = 8, y = 65 and x = 1496.
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We now combine these three results to solve the original problem. The unique answer under
5000 is given by 5(782) + 8(−2277) + 21(1496) ≡ 4207 (mod 4301).

Exercises 4.1
1. Only multiples of the greatest common divisor of 6 and 9 can be expressed as linear

combinations of 6 and 9. Since their greatest common divisor is 3 and 1 is not a multiple of
3, 1 cannot be expressed as a linear combination of 6 and 9.

3. From the Euclidean Algorithm below, we have 34 � 45 = 1.

11 3 1
1 )11 )34 )45

11 33 34
1 11

Applying the first step of the Bézoutian Algorithm, we have

1 = 34 − 3(11),

11 = 45 − 34.

Applying the second step of the Bézoutian Algorithm, we obtain the linear combination
1 = 45(−3) + 34(4).

1 = 34 − 3(11)

= 34 − 3(45 − 34)

= 4(34) − 3(45).

5. From the Euclidean Algorithm below, we have 3922567 � 3347531 = 20537.

1 5 1
472351 )575036 )3347531 )3922567

472351 2875180 3347531
102685 472351 575036

2 1 1 4
20537 )41074 )61611 )102685 )472351

41074 41074 61611 410740
20537 41074 61611

Applying the first step of the Bézoutian Algorithm, we have

20537 = 61611 − 41074,

41074 = 102685 − 61611,

61611 = 472351 − 4(102685),

102685 = 575036 − 472351,

472351 = 3347531 − 5(575036),

575036 = 3922567 − 3347531.
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Applying the second step of the Bézoutian Algorithm, we obtain the linear combination
20537 = 3922567(−64) + 3347531(75).

20537 = 61611 − 41074

= 61611 − (102685 − 61611)

= 2(61611) − 102685

= 2(472351 − 4(102685)) − 102685

= 2(472351) − 9(102685)

= 2(472351) − 9(575036 − 472351)

= 11(472351) − 9(575036)

= 11(3347531 − 5(575036)) − 9(575036)

= 11(3347531) − 64(575036)

= 11(3347531) − 64(3922567 − 3347531)

= 75(3347531) − 64(3922567).

7. We use the Euclidean Algorithm below to find 341 � 222, but abandon it when we happen
to come across the desired number 7.

6 1 1 1
16 )103 )119 )222 )341

96 103 119 222
7 16 103 119

Applying the first step of the Bézoutian Algorithm, we have

7 = 103 − 6(16),

16 = 119 − 103,

103 = 222 − 119,

119 = 341 − 222.

Applying the second step of the Bézoutian Algorithm, we obtain the linear combination
7 = 341(−13) + 222(20).

7 = 103 − 6(16)

= 103 − 6(119 − 103)

= 7(103) − 6(119)

= 7(222 − 119) − 6(119)

= 7(222) − 13(119)

= 7(222) − 13(341 − 222)

= 20(222) − 13(341).
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9. (a) From the Euclidean Algorithm below, we have 5 � 17 = 1.
2 2 3

1 )2 )5 )17
2 4 15

1 2
(b) The two divisions with remainders in (a) may be represented geometrically by the two

rectangles in the diagram below.

We now combine these two rectangles.

The new rectangle may be rearranged as shown below.

A final combination yields the desired configuration.

11. (a) From the Euclidean Algorithm below, we have 5 � 13 = 1.
2 1 1 2

1 )2 )3 )5 )13
2 2 3 10

1 2 3
(b) The three divisions with remainders in (a) may be represented geometrically by the

three rectangles in the diagram below.

We now combine the first two rectangles and then combine the resulting rectangle with
the third.
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The new rectangle may be rearranged as shown below.

A final combination yields the desired configuration.

Exercises 4.2
1. Since 17 � 19 = 1, the general solution is x = 19k and y = 17k for any integer k.

3. From the Euclidean Algorithm below, we have 583 � 265 = 53. Since 53 does not divide
2, the Diophantine equation has no solution.

5 2
53 )265 )583

265 530
53

5. In Exercise 4.1.5, we have found that 3922567 � 3349531 = 20537. Dividing by 20537,
the equation may be simplified to 191x + 163y = 1. In Exercise 4.1.9, we have also found
that 1 = 75(3347531) − 64(3922567). It follows that the general solution is x = 163k − 64
and y = 191k + 75 for any integer k.

7. Eliminating y, we have 6x − 3z = 465, which simplifies to 2x − z = 155. By inspection,
x = 78 and z = 1 is a particular solution. Hence the general solution is x = 78 + k, z =
1 + 2k and y = 100 − (78 + k) − (1 + 2k) = 21 − 3k for any integer k.

9. Eliminating y, we have 6z + z = 66. By inspection, x = 11 and z = 0 is a particular
solution. Hence the general solution is x = 11 − k, z = 6k and y = 35 − 2(11 − k) =
13 + 2k for any integer k.

11. Set y = k for an arbitrary integer k and rewrite the equation in the form 7x + 15z =
100 − 3k. By inspection, we have 1 = 7(−2) + 15(1) so that 100 − 3k = 7(−200 + 6k) +
15(100 − 3k). It follows that the general solution is x = −200 + 6k − 15�, y = k and
z = 100 − 3k + 7�.

Exercises 4.3
1. Suppose the Duchess’s Cook always poured from the larger vessel to the smaller one. Let her

fill the larger vessel x times and empty the smaller vessel y times. Then 354x − 279y = 4.
The Euclidean Algorithm below shows that 354 � 279 = 3. Since 4 is not divisible by 3,
the Duchess’s Cook’s task was impossible.

3 1 1 2 1 3 1
3 )9 )12 )21 )54 )75 )279 )354

9 9 12 42 54 225 279
3 9 12 21 54 75
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3. Let x be the number of horses bought and let y be the number of cows bought. Then we
have 23x + 17y = 1500. The Euclidean Algorithm below shows that 23 � 17 = 1.

5 1 2 1
1 )5 )6 )17 )23

5 5 12 17
1 5 6

Applying the first step of the Bézoutian Algorithm, we have

1 = 6 − 5,

5 = 17 − 2(6),

6 = 23 − 17.

Applying the second step of the Bézoutian Algorithm, we have

1 = 6 − 5

= 3(6) − 17

= 3(23) − 4(17).

A particular solution to 1 = 23x + 17y is x = 3 and y = −4. It follows that a particular
solution to 1500 = 23x + 17y is x = 4500 and y = −6000. The general solution is x =
4500 − 17k and y = −6000 + 23k for any integer k. Since x is non-negative, we must
have 17k ≤ 4500, yielding k ≤ 264. Since we want the non-negative number x to be as
small as possible, we take k = 264 so that x = 4500 − 264(17) = 12. Then y = −6000 +
23(264) = 72.

5. Let x to be the number of cents in the amount, and y the number of dollars. Then the amount
of the check is 100y + x . The amount of cash Ms. Brown gets away with is 100x + y, and
she has 100x + y + 276. Two-thirds of this amount is equal to the amount on the check.
Hence

2(100x + y + 276) = 3(100y + x),

which simplifies to −197x + 298y = 552. We now apply the Euclidean Algorithm.

5 19 1 1 1
1 )5 )96 )101 )197 )298

5 95 96 101 197
1 5 96 101

Now 1=96−19(5)=20(96)−19(101)=20(197)−39(101)=59(197)−39(298). Hence a
particular solution of 197x + 298y = 1 is x = 59 and y = −39. Since our equation
is −197x + 298y = 5520, we have x = 5520(−59) = −325680 and y = 5520(−39) =
−215280. The general solution is x = 298k − 32568 and y = 197k − 215280 for any in-
teger k. We must choose k so that 0 < x < 100. From 0 < 298k − 325680 < 100, the only
possible integer value is k = 1093. Hence x = 34 and y = 41, so that Ms. Brown’s check
was for $41.34.
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7. Let the numbers of colts, calves and piglets Alice bought be x, y and z respectively. We
have x + y + z = 100 and 10x + 5y + z

2 = 100. The second equation may be rewritten
as 20x + 10y + z = 200. Subtracting from this the first equation, we have 19x + 9y =
100. By inspection, a particular solution is x = 1 and y = 9 so that the general solution
is x = 1 − 9k and y = 9 + 19k. We have z = 100 − (1 − 9k) − (9 + 19k) = 90 − 10k.
Since x is non-negative, we must have k ≤ 0. Since y is non-negative, we must have
9 + 19k ≥ 0, yielding k ≤ 0. It follows that we must have k = 0, so that x = 1, y = 9 and
z = 90.

9. Let the numbers of bills printed by the Dormouse, the March Hare and the Mad Hatter
be x, y and z respectively. We have x + y + z = 100 and 107x + 111y + 113z = 10720.
Subtracting 107 times the first equation from the second, we have 4y + 6z = 20, which
may be simplified to 2y + 3z = 10. By inspection, a particular solution is y = 2 and z = 2
so that the general solution is y = 2 − 3k and z = 2 + 2k. We have x = 100 − (2 − 3k) −
(2 + 2k) = 96 + k. Since y is positive, we must have 2 − 3k > 0, yielding k ≤ 0. Since z
is positive, we must have 2 + 2k > 0, yielding k ≥ 0. It follows that we must have k = 0,
so that x = 96, y = 2 and z = 2.

11. Let x be the number of tarts originally in the pantry. Let a, b, c and d be the numbers of
tarts eaten by the four brothers respectively. Let y be the number of coconuts in each share
in the evening. Then we have

x = 5a + 1,

4a = 5b + 1,

4b = 5c + 1,

4c = 5d + 1,

4d = 5y.

Substituting the equations in each other, we obtain 256x − 3125y = 1476. The Euclidean
Algorithm below shows that 256 � 3125 = 1.

8 1 4 1 4 12
1 )8 )9 )44 )53 )256 )3125

8 8 36 44 212 3072
1 8 9 44 53

Applying the first step of the Bézoutian Algorithm, we have

1 = 9 − 8,

8 = 44 − 4(9),

9 = 53 − 44,

44 = 256 − 4(53),

53 = 3125 − 12(256).
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Applying the second step of the Bézoutian Algorithm, we have

1 = 9 − 8

= 9 − (44 − 4(9))

= 5(9) − 44

= 5(53 − 44) − 44

= 5(53) − 6(44)

= 5(53) − 6(256 − 4(53)))

= 29(53) − 6(256)

= 29(3125 − 12(256)) − 6(256)

= 29(3125) − 354(229).

So 1 = 256(−354) + 3125(29) so that 1476 = 256(−522504) − 3125(−42804). Hence
a particular solution is x = −522504 and y = −42804. The general solution is x =
−522504 + 3125k and y = −42804 + 256k for any integer k. Since x is non-negative,
we must have 3125k ≥ 522504, yielding k ≥ 168. Since we want the non-negative num-
ber x to be as small as possible, we take k = 168 so that x = −522504 + 3125(168)
= 2496.

Exercises 4.4
1. Exercise 4.1.3 shows that 45 � 34 = 1. That 1 = 45(−3) + 34(4) follows from the tabular

form below.

× 0 −
× 1 +
3 3(1) + 0 = 3 −
1 1(3) + 1 = 4 +

3. Exercise 4.1.5 shows that 3922567 � 3347531 = 20537. The tabular form below shows
that 20537 = 3922567(−64) + 3347531(75).

× 0 −
× 1 +
1 1(1) + 0 = 1 −
1 1(1) + 1 = 2 +
4 4(2) + 1 = 9 −
1 1(9) + 2 = 11 +
5 5(11) + 9 = 64 −
1 1(64) + 11 = 75 +
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5. The table below yields 1 = 254(74) + 179(−105) from the relevant quotients 2, 2, 1, 1, 2,
2 and 1.

× 0 −
× 1 +
2 2(1) + 0 = 2 −
2 2(2) + 1 = 5 +
1 1(5) + 2 = 7 −
1 1(7) + 5 = 12 +
2 2(12) + 7 = 31 −
2 2(31) + 12 = 74 +
1 1(74) + 31 = 105 −

7. (a) If we start with 5, we get 52 = 12 + 13, and we have a Pythagorean triple (5, 12, 13).
(b) If we start with 7, we get 72 = 24 + 25, and we have a Pythagorean triple (7, 24, 25).
(c) This always works. Suppose we start with the odd number 2n + 1. Then (2n + 1)2 =

(2n2 + 2n) + (2n2 + 2n + 1). Since

(2n + 1)2 + (2n2 + 2n)2 = 4n4 + 8n3 + 8n2 + 4n + 1 = (2n2 + 2n + 1)2,

(2n + 1, 2n2 + 2n, 2n2 + 2n + 1) is indeed a Pythagorean triple.

9. Suppose a ≡ 0 (mod 3) and b ≡ 0 (mod 3). Then a2 ≡ b2 ≡ 1 (mod 3). However, c2 =
a2 + b2 ≡ 2 (mod 3) is a contradiction.

11. Let the primitive Pythagorean triple be (a, b, c) with a = m2 − n2, b = 2mn and c =
m2 + n2. Then the numerical value of the area is 1

2 ab = mn(m + n)(m − n) while the
numerical value of the perimeter is a + b + c = 2m(m + n). Hence we seek a solution
to n(m − n) = 1, which can only be n = 1 and m = 2. This yields a = 3, b = 4 and
c = 5. The numerical value of the area is 6 and the numerical value of the perimeter
is 12.

Exercises 5.1
1. If we write down the five divisors in five columns, the given number is in the fifth column

and the number 1 is in the first column. As in Example 5.1.2, the square of the divisor
in the third column is equal to the given number. This divisor cannot be a prime number
as otherwise the given number would be the square of a prime number and would have
only three divisors. Since every divisor of the divisor in the third column is also a divisor
of the given number, the divisor in the third column must be divisible by 1, itself and the
divisor in the second column. By Example 5.1.2 again, the divisor in the third column
is the square of the divisor in the second column, which must be a prime number. It
follows that a number with exactly five divisors must be the fourth power of a prime
number.

3. Since 251 < 259 < 289 = 172, we only need to test the prime numbers 2, 3, 5, 7, 11 and
13 as possible divisors. None of them divides 251, so that 251 is a prime number. Since
259 = 7 × 37, 259 is a composite number.
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5. These values are shown in the chart below.

p 7 13 19 37 43 67 79
q 11 17 23 41 47 71 83

7. (a) The ten numbers are y = 19, 23, 29, 37, 47, 59, 73, 89, 107 and 127. All of them are
prime.

(b) The answer is no. When we put in x = 16, y = 289 = 17 × 17.

9. In the Sieve of Eratosthenes, each multiple of 11 is obtained from the preceding one by
moving two columns to the right and one row up. When it reaches the top row, the next
multiple is in the bottom row of the next column.

11. The largest possible prime number that can be formed is 23. If it is not among the six
prime numbers, then the sum of the six prime numbers is at most 19 + 17 + 13 + 11 +
7 + 5 = 72. However 1 + 2 + · · · + 12 = 78. Hence 11 + 12 = 23 must be among the six
prime numbers. The situation is possible as the other five primes may be 9 + 10 = 19,
5 + 8 = 13, 7 + 4 = 11, 6 + 1 = 7 and 3 + 2 = 5. Hence 23 is the largest of the six prime
numbers.

Exercises 5.2
1. Suppose 3 divides ab. Then ab ≡ 0 (mod 3). We claim that either a ≡ 0 (mod 3) or b ≡ 0

(mod 3), so that 3 divides either a or b. If this is not the case, then a ≡ ±1 (mod 3) and
b ≡ ±1 (mod 2), so that ab ≡ ±1 (mod 3) also. This is a contradiction.

3. Let the number the March Hare found be 11n, and suppose it has two different prime
factorizations. The prime 11 must appear in both, and if we cancel it off, we will have
two different prime factorization of the number n. Since n is positive, it is less than 11n,
so that the March Hare’s number could not be the smallest one with two different prime
factorizations.

5. Since 2 × 2 × 5 × 7 + 1 = 141 = 3 × 47, the output consists of the prime numbers 3 and
47.

7. Suppose there are only finitely many primes p1, p2, . . . , pn which are of the form 3k + 2.
Let P = 3p1 p2 · · · pn − 1. Then P is also a number of the form 3k + 2. Since it is greater
than any prime of this form, it is composite. No prime of the form 3k + 2 can divide P as
otherwise it will also divide 1. Clearly, P is not divisible by 3. Hence all prime divisors of
P are congruent modulo 3 to 1. However, this means that P must also be congruent modulo
3 to 1. This is a contradiction.

9. Since 1 � 2 � 3 � 4 � 5 � 6 � 7 = 420, all of 422, 423, 424, 425, 426 and 427 are com-
posite numbers.

11. The prime factorization of 2009 is 72 × 41. Since the sum of the three differences is less
than 60, they must be 7, 7 and 41 in any of the three possible orders. Since 7 + 7 + 41 = 55,
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the smallest of the four numbers is at most 60 − 55 = 5. Therefore, there are 3 × 5 = 15
groups of such numbers.

Exercises 5.3
1. We have 8 = 4 × 2 = 2 × 2 × 2. Hence the number is of the form p7 for some prime p,

p2q for two distinct primes p and q, or pqr for three distinct primes p, q and r .

3. (a) We have 3500 = 22 × 53 × 7.

(b) We have 3600 = 24 × 32 × 52.

(c) We have 3500 � 3600 = 22 × 52 = 100.

(d) We have 3500 � 3600 = 24 × 32 × 53 × 7 = 126000.

(e) Since 3500 has (2 + 1)(3 + 1)(1 + 1) = 24 positive divisors and 3600 has (4 + 1)(2 +
1)(2 + 1) = 45 positive divisors, 3600 has more.

5. Let p be a prime divisor of a. Then it is also a prime divisor of a2. Since a2 divides
b2, p divides b2. Hence it divides b. Let s and t be the exponents of p in the prime
factorizations of a and b respectively. Since a2 divides b2, we must have 2s ≤ 2t . It
follows that s ≤ t . Since this is true for all prime divisors of a, we can conclude that a
divides b.

7. The prime factorization of this number must contain the primes 2 and 5. Since we are
looking for the smallest number, it contains only the primes 2 and 5. In order for 2 times it
to be a square, the number of 2s must be odd and the number of 5s must be even. In order
for 5 times it to be a fifth power, the number of 2s must be a multiple of 5 and the number
of 5s must be 4 more than a multiple of 5. Hence there are five 2s and four 5s. The desired
number is therefore 25 × 54 = 20000.

9. It is clear that none of the four factors is prime. If we take one factor from each factorization,
they will have a common divisor.

5 1 1493 1
8999 )44995 )53994 )80658037 )80712031

44995 44995 80613042 80658037
8999 44995 53994

Now 80712031 ÷ 8999 = 8969 while 86058037 ÷ 8999 = 8963. The fourth factor is
therefore 80407073 ÷ 8963 = 8971. Each of 8963, 8969, 8971 and 8999 is less than
1002. Since the number has no prime divisors under 100, these four numbers are all
prime, and the prime factorization of the original number is 8963 × 8969 × 8971 ×
8999.

11. The product is equal to 223 × 313 × 56 × 73 × 112 × 132 × 17 × 19 × 23. We have to re-
move the product 2 × 3 × 7 × 17 × 19 × 23. However, two of 2, 3 and 7 may be combined
into a single factor, so that only 5 factors need to be removed.
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Exercises 5.4
1. The table is as shown below.

× 1 4 7 10 13

1 1 4 7 10 13
4 4 16 28 40 52
7 7 28 49 70 91

10 10 40 70 100 130
13 13 52 91 130 169

3 The smallest ten Tripleton prime numbers are 4, 7, 10, 13, 19, 22, 25, 31, 34 and 37.

5 We have 100 = 4 × 25 = 10 × 10.

7. The answer is no. The prime number 55 divides the product 10 × 22 but does not divide
either 10 or 22.

9. A fourth Mersenne prime is 27 − 1 = 127.

11. From the long division below, 536870911 ÷ 233 = 2304167.

2 3 0 4 7 6 7
233 )5 3 6 8 7 0 9 1 1

4 6 6
7 0 8

6 9 9
9 7 0

9 3 2
3 8 9

2 3 3
1 5 6 1

1 3 9 8
1 6 3 1

1 6 3 1

Exercises 6.1
1. We have 289 = 17 × 17 and 323 = 17 × 19. Hence 289

323 = 17
19 .

3. Let the digit canceled be d. We have 20+d
10d+5 = 2

5 . From 100 + 5d = 20d + 10, we have
90 = 15d so that d = 6. Indeed, 26

65 = 2
5 .

5. By Example 6.1.2, the lowest common denominator of the five fractions is 5400. Hence
4

25 = 864
5400 < 5

24 = 1125
5400 < 8

27 = 1600
5400 < 7

20 = 1890
5400 < 11

30 = 1980
5400 .

7. Before and after the subtractions, the difference between the numerators is 57 − 23 = 34
and the difference between the denominators is 78 − 30 = 48. Hence in the correct equation,
both fractions must be equal to 34

48 = 17
24 . Now 23−6

30−6 = 17
24 and 57−6

78−6 = 51
72 = 17

24 . Hence the
number to be subtracted is 6.
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9. We note that 2
5 and 1

2 are adjacent Farey fractions. Hence 2+1
5+2 = 3

7 is the fraction which lies
strictly between them and has the smallest possible denominator. It follows that there are at
least 7 children in this choir. It may have exactly 7 children, with 3 boys and 4 girls.

11. (a) We have 7
10 + 1

100 + 6
1000 + 8

10000 = 7168
10000 = 448

625 .
(b) We have 37

250 = 148
1000 = 1

10 + 4
100 + 8

1000 .

Exercises 6.2
1. (a) Let x = 0.252. Then 1000x = 252.252. Subtraction yields 999x = 252. It follows that

x = 252
999 = 28

111 .
(b) Let x = 0.8224. Then 1000x = 822.4224. By subtraction, we have 999x = 821.6. It

follows that 9990x = 8214 and x = 8216
9990 = 4108

4995 .

3. Let S = 1 + 3 + 32 + 33 + · · · + 3100. Hence 3S = 3 + 32 + 33 + · · · + 3100 + 3101. Sub-
traction yields 2S = −1 + 3101. Hence S = 1

2 (3101 − 1).

5. The boy is calculating 2+1
3 + 2+1

6 + 2+1
9 + · · · + 2+1

2013 while the girl is calculating 1+2
3 +

4+5
6 + 7+8

9 + · · · + 2011+2012
2013 . Hence the sum of the corresponding terms in the two expres-

sions is always 2. It follows that the sum of the two answers is 2 × 671 = 1342.

7. The hotel owner simply announces that the guest in room n moves to room n + 1000000
for all n, and the guest who is number n on the waiting list moves to room n for all n.

9. The answer is no. With a finite number of spells, there is one for which b − a is maximum. If
the first wizard keeps casting this spell, the best that the second wizard can do is to maintain
the status quo by casting the same spell. Hence the second wizard will hit the water first,
giving the first wizard a win.

11. We have EV E
DI D = T AL K

9999 . It follows that DI D stands for a three-digit divisor of 9999 whose
prime factorization is 3 × 3 × 11 × 101. Hence I = 0 and D = 1, 3 or 9. We cannot have
D = 1 as otherwise D < E . Suppose D = 9. Then EV E × 11 = T AL K , but this forces
E = K . Hence D = 3, which forces E = 2. The possible values of V are 1, 4, 5, 6, 7,
8 and 9. We have 212 × 33 = 6996, 242 × 33 = 7986, 252 × 33 = 8316, 262 × 33 =
8646, 272 × 33 = 8976, 282 × 33 = 9306 and 292 × 33 = 9636. The only case which
does not assign the same value to two different letters is V = 4. It follows that the solution
is 242

303 = 0.7986.

Exercises 6.3
1. The Well-Ordering Principle tells us that if there are fractions equal to

√
2, then there

is one, call it m
k , with the smallest positive denominator. Now 1 <

√
2 < 2. Subtracting

1, we have 0 <
√

2 − 1 < 1, so that k(
√

2 − 1) = m − k is a positive integer less than
k. We now try to express

√
2 as a fraction with denominator m − k. We have

√
2 =√

2(m−k)
m−k = 2k−m

m−k . We have found what we are looking for, and this means that
√

2 cannot be
rational.

3. Suppose there is a fraction m
k equal to

√
6. Then 6k2 = m2. The Fundamental Theorem of

Arithmetic guarantees that the prime factorization of the number 6k2 = m2 is unique. Let
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us count the number of 3s in it. Considering the number as m2, we see that the number of
3s must be even, because each appearance of it in one copy of m is duplicated in the other.
Similarly, the number of 3s in the prime factorization of k2 is even, so that the number of
3s in the prime factorization of 6k2 must be odd. This means that 6k2 cannot possibly be
the same number as m2. In other words,

√
6 must be irrational.

5. Suppose r = √
2 + √

5 is a rational number. Then r − √
2 = √

5. Squaring both sides
yields r2 − 2r

√
2 + 2 = 5. Hence

√
2 = r2−3

2r . This is impossible since the expression on
the right side represents a rational number.

7. The sum of a rational number and an irrational number is irrational. Hence half of it is also
irrational. Hence the average of a rational number and an irrational number is an irrational
number between them.

9. Since 12 = 1 < 3 < 4 = 22, we have 1 <
√

3 < 2. Since 1.82 = 3.24 > 3 while 1.72 =
2.89 < 3, we have 1.7 <

√
3 < 1.8. Next, we observe that 1.732 = 2.9929 < 3 < 3.0276 =

1.742. It follows that 1.73 <
√

3 < 1.74. Since 1.7322 = 2.999824 < 3 < 3.003289 =
1.7332, we have 1.732 <

√
3 < 1.733. Finally, 1.73202 = 2.999824 < 3 < 3.0001704 =

1.73212, so that
√

3 = 1.732 correct to 3 decimal places.

11. Let x0 = 1. Then we have y0 = 3, x1 = 4
2 = 2, y1 = 3

2 = 1.5, x2 = 7
4 = 1.75, y2 = 12

7 =
1.7142 . . . , x3 = 97

56 = 1.7321 . . . and y3 = 168
97 = 1.7319 . . . , so that

√
3 = 1.732 correct

to 3 decimal places.

Exercises 6.4
1. We have (−3 + 3

√
3i) + (−3 − 3

√
3i) = ((−3) + (−3)) + (3

√
3 + (−3

√
3))i = −6.

3. From 3
√

3 = m
k , we have k 3

√
3 = m which leads to 3k3 = m3. Congruence modulo 3 primarily

means distinguishing between multiples of 3 and numbers which are not multiples of 3. We
know that m and k cannot both be multiples of 3 because we have m � k = 1. Note that 3k3

is a multiple of 3. Hence so is m3. If m is not a multiple of 3, neither is m3. Hence m must be
a multiple of 3, so that m = 3h for some positive integer h. Now 3k3 = m3 = (3h)3 = 27h3

or k3 = 9h3. Since this is a multiple of 3, k must also be a multiple of 3. This contradiction
shows that 3

√
3 is irrational.

5. Suppose r = √
3 + 3

√
5 is a rational number. Then r − √

3 = 3
√

5. Cubing both sides yields
r3 − 3r2

√
3 + 9r − 3

√
3 = 5. Hence

√
3 = r3+9r−5

3r2+3 . This is impossible since the expres-
sion on the right side represents a rational number.

7. Suppose the irrational number is larger. Let the two numbers differ for the first time in some
place. If this place is to the left of the decimal point, we remove all decimal digits from
the larger number. If this place is to the right of the decimal point, we remove all decimal
digits from the larger number after this place. In either case, we obtain a rational number
which lies between the two given numbers. Suppose the rational number is larger. Let the
two numbers differ for the first time in some place. If this place is to the left of the decimal
point, we add 1 to the first decimal digit of the smaller number which is not a 9, and remove
all subsequent decimal digits. If this place is to the right of the decimal point, we add 1 to
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the first decimal digit of the smaller number after this place which is not a 9, and remove all
subsequent decimal digits. In either case, we obtain a rational number which lies between
the two given numbers.

9. Since 13 = 1 < 3 < 8 = 23, we have 1 <
3
√

3 < 2. Since 1.53 = 3.375 > 3 while 1.43 =
2.744 < 3, 1.4 <

3
√

3 < 1.5. Now 1.443 < 3 < 1.453. It follows that 1.44 <
3
√

3 < 1.45.
Finally, 1.4423 < 3 < 1.4432, so that 3

√
3 = 1.44 correct to 2 decimal places.

11. Let x0 = 1. Then we have y0 = 3
12 = 3, x1 = 2+3

3 = 1.666 . . . , y1 = 27
52 = 1.08, x2 =

3.332...+1.08
3 = 1.470 . . . , y2 = 3

(1.470...)2 = 1.387 . . . , x3 = 1.442 . . . and y3 = 1.442 . . . .

Hence 3
√

3 = 1.44 correct to 2 decimal places.

Exercises 7.1
1. The base 7 addition table is shown below.

+ 1 2 3 4 5 6

1 2 3 4 5 6 10
2 3 4 5 6 10 11
3 4 5 6 10 11 12
4 5 6 10 11 12 13
5 6 10 11 12 13 14
6 10 11 12 13 14 15

3. The multiplication table for base 7 arithmetic is shown below.

× 1 2 3 4 5 6

1 1 2 3 4 5 6
2 2 4 6 11 13 15
3 3 6 12 15 21 24
4 4 11 15 22 26 33
5 5 13 21 26 34 42
6 6 15 24 33 42 51

5. (a) From the computation below, we have 625 + 36 = 664.

Cartons Cases Cells

6 2 5
+ 3 6

6 5 14

6 5 4
+ 1

6 6 4
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(b) From the computation below, we have 225 − 36 = 156.

Cartons Cases Cells

2 2 5
− 1 1

1 1 5

10 10
− 3 6

4 1

4 1
+ 1 1 5

1 5 6

(c) We use the Distributive Law to break down the multiplication into two steps. We first
perform 225 times 6 cells.

Chests Cartons Cases Cells

2 2 5
× 6

15 15 42

5 5 2
+ 1 1 4

2 0 2 2

So we have 2022 cells. We now perform 225 times 3 cases.

Crates Chests Cartons Cases

2 2 5
× 3

6 6 21

6 6 1
+ 2

1 0 1 1

So we have 1011 cases. Finally, we combine the two steps.

Crates Chests Cartons Cases Cells

2 0 2 2
+ 1 0 1 1 0

1 2 1 3 2

The desired product is 1 crate, 2 chests, 1 carton, 3 cases and 2 cells, or 12132.
(d) We have

1 × 36 = 36, 2 × 36 = 105,

3 × 36 = 144, 4 × 36 = 213,

5 × 36 = 252, 6 × 36 = 321.
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From the computation below, we have 625 ÷ 36 = 14 with remainder 22.

Cartons Cases Cells

1 4
36 ) 6 2 5

3 6
2 3 5
2 1 3

2 2

7. In modulo 5, we have 31 = 3, 32 = 12 ≡ 4, 33 ≡ 2 and 34 ≡ 1. Hence the remainders
when successive powers of 3 are divided by 5 form a cycle of length 4, namely, 3, 4, 2
and 1. When the power 16 is divided by 4, the remainder is 1. This means that the desired
remainder is the first number in the cycle, namely 3.

9. (a) In base 7 arithmetic, a number is divisible by 6 if and only if its digit sum is divisible
by 6. The digit sum of 120036363 is 33, which is divisible by 6. Hence 120036363 is
also divisible by 6.

(b) In base 7 arithmetic, a number is divisible by 11 if and only if its alternate digit sum is
divisible by 11. The alternate digit sum of 120036363 is −4, which is not divisible by
11. Hence 120036363 is not divisible by 11 either.

11. From the Euclidean Algorithm below, we have 15 � 25 = 1.

2 2 1 1 1
1 )2 )5 )10 )15 )25

2 4 5 10 15
1 2 5 10

Applying the first step of the Bézoutian Algorithm, we have

1 = 5 − 2(2),

2 = 10 − 5,

5 = 15 − 10,

10 = 25 − 15.

Applying the second step of the Bézoutian Algorithm, we have 1 = 15(11) + 25(−5).

1 = 5 − 2(2)

= 5 − 2(10 − 5)

= 3(5) − 2(10)

= 3(15 − 10) − 2(10)

= 3(15) − 5(10)

= 3(15) − 5(25 − 15)

= 11(15) − 5(25).
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Exercises 7.2
1. (a) We have 3 miles = 3 × 1760 = 5280 yards, 5280 + 200 = 5480 yards, 5280 yards =

3 × 5480 = 16440 feet and 16440 + 2 = 16442 feet. We now have 16442 feet = 12 ×
16442 = 197304 inches. It follows that the final answer is 197304 + 5 = 197309 inches.

(b) The final answer is 3210345 millimeters.

3. (a) Dividing 710120 inches by 12, we have 59176 feet and 8 inches. Dividing 59176 feet
by 3, we have 19725 yards and 1 foot. Dividing 19725 yards by 1760, we have 11 miles
and 365 yards. The final answer is 11 miles, 365 yards, 1 foot and 8 inches.

(b) The final answer is 11 kilometers, 4 dekameters, 32 decimeters and 56 millimeters.

5. We first unpack the 2 cartons, yielding 2 × 7 = 14 cases. Together with the 6 cases already
lying around, we have 14 + 6 = 20. Unpacking them yields 20 × 7 = 140 cells. Together
with the 1 cell already lying around, we have 140 + 1 = 141. Thus 2617 = 141. We have
141 = 11911 by the computation below, so that 2617 = 11911.

12 1
11 ) 141 11 ) 12

132 11
9 1

7. Since we use 7 as our standard base, this subscript will be omitted. Note that 11 in base 10 is
14 in base 7. Now 1 × 14 = 14, 2 × 14 = 31, 3 × 14 = 45, 4 × 14 = 62, 5 × 14 = 106
and 6 × 14 = 123. We have 261 = 11911 by the following computation.

1 5 1
14 ) 2 6 1 14 ) 1 5

1 4 1 4
1 2 1 1
1 0 6

1 2

9. Let the other base be b. In base b, 1 carton contains b2 cells and 1 case contains b cells.
Thus the total number of cells is b2 + b + 2. From b2 + b + 2 = 74, we have b(b + 1) =
72 = 8 × 9 so that b = 8.

11. Since we use 7 as our standard base, this subscript will be omitted. Let the other base be
b. In base b, 1 carton contains b2 cells. Thus the total number of cells is b2 + 11. From
b2 + 11 = 243, we have b2 = 232, so that b = √

232 = 14.

Exercises 7.3
1. Dividing 5356920 by 6, the quotient is 889820 and the remainder is 0. This means that the

number of heirs who receive only 1 gold coin is a multiple of 6. Since this number is also at
most 5, it must be 0. Dividing 889820 by 6, the quotient is 148303 and the remainder is 2.
This means that the number of heirs who receive 6 gold coins is 2. Dividing 148303 by 6, the
quotient is 24717 and the remainder is 1. This means that the number of heirs who receive 36
gold coins is 1. Dividing 24717 by 6, the quotient is 4119 and the remainder is 3. This means
that the number of heirs who receive 216 gold coins is 3. Dividing 4119 by 6, the quotient is
686 and the remainder is 3. This means that 3 heirs receive 1296 gold coins each. Dividing
686 by 6, the quotient is 114 and the remainder is 2. This means that the number of heirs
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who receive 7776 gold coins is 2. Dividing 114 by 6, the quotient is 19 and the remainder is
0. This means that no heirs receive 46656 gold coins. Dividing 19 by 6, the quotient is 3 and
the remainder is 1. This means that the numbers of heirs who receive 279936 and 1679616
gold coins respectively are 1 and 3. In other words, 5356920 = 310231206. Hence the total
number of heirs of the widower is 3 + 1 + 0 + 2 + 3 + 1 + 2 + 0 = 12, and the average
number of gold coins per heir is 5356920 ÷ 12 = 446410.

3. Since each token may be put on the left pan, put on the right pan or put aside, we have
three choices. Thus the highest weight we can balance is 34−1

2 = 40 grams. We subtract 1
to account for the case where none of the tokens are used, and divide by 2 to account for the
fact that the object could be in either pan. We choose the weights of the tokens to be 1, 3,
9 and 27 grams. Note that 1 = 13, 2 = 103, 4 = 1003 and 8 = 10003 are just the first four
powers of 3. To balance an object whose weight is any positive integral number of grams up
to 40, convert the number into base 3 and choose the tokens accordingly. For example, since
11 = 1023, we can balance an object of weight 11 grams using 1 token of weights 1003 = 9
grams and 2 tokens of weight 12 = 1 gram. However, since we only have 1 token of weight
1, we substitute a token of weight 3 grams, and place the 1 gram token on the other pan.

5. Since there are only four digits in the Holeywood numeration system, it is equivalent to
base 4 if we read 6 as 1, 8 as 2 and 9 as 3. We now convert 1000 into base 4. Dividing 1000
by 4, the quotient is 250 and the remainder is 0. Thus the cells digit is 0. Dividing 250
by 4, the quotient is 62 and the remainder is 2. Thus the cases digit is 2. Dividing 62 by
4, the quotient is 15 and the remainder is 2. Thus the cartons digit is 2. Dividing 15 by 4,
the quotient is 3 and the remainder is 3. Thus the crates digit is 3 and the chests digit is 3,
so that 1000 = 332204. It follows that the 1000th positive integer in Evenapolis is 99880
since we interpret 2 as 8 and 3 as 9.

7. (a) This other number base is 3. There are at least two clues. The major clue is that for
each card, the audience’s number is either on its front, on its back or not on it at all, a
total of three alternatives. The minor clue is that the first numbers on the front of the
cards are 1, 3 and 9, and they are the powers of 3.

(b) The magician converts the numbers from 0 to 26 inclusive to base 3. Leading 0s are in-
serted. The front of card #1 consists of those numbers whose cells digit is 1, and the back
of card #1 consists of those numbers whose cells digit is 2. The front of card #2 consists
of those numbers whose cases digit is 1, and the back of card #2 consists of those num-
bers whose cases digit is 2. The front of card #3 consists of those numbers whose cartons
digit is 1, and the back of card #3 consists of those numbers whose cartons digit is 2.

Base 10 Base 3 Base 10 Base 3 Base 10 Base 3
0 0 0 0 9 1 0 0 18 2 0 0
1 0 0 1 10 1 0 1 19 2 0 1
2 0 0 2 11 1 0 2 20 2 0 2
3 0 1 0 12 1 1 0 21 2 1 0
4 0 1 1 13 1 1 1 22 2 1 1
5 0 1 2 14 1 1 2 23 2 1 2
6 0 2 0 15 1 2 0 24 2 2 0
7 0 2 1 16 1 2 1 25 2 2 1
8 0 2 2 17 1 2 2 26 2 2 2

(c) The magician simply adds up the first numbers on the front of cards #1 and #2 and the
first number on the back of card #3, and comes up with 1 + 3 + 18 = 22.
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(d) If a number appears on the front of card #1, its cells digit is 1. If it does not appear
on card #2, its cases digit is 0. If it appears on the back of card #3, its cartons digit
is 2. Hence the number is 2013 = 2 × 32 + 1 = 19. In general, the answers from the
audience determine the number in base 3, and adding the first numbers on the relevant
sides of the cards converts it back to base 10.

9. The halving process is simply a conversion of 345 into base 2. Since 345 is odd, its cells
digit in base 2 is 1. Since 172 is even, the cases digit of 345 in base 2 is 0. Since 86 is even,
the cartons digit of 345 in base 2 is 0, and so on. What we have is 345 = 1010110012. The
doubling process is anticipating an application of the Distributive Law. We have

345 × 567 = (28 + 26 + 24 + 23 + 1)567

= 145152 + 36288 + 9072 + 4536 + 567

= 195615.

11. We choose base 3 for the same reason as in Example 7.3.4. Since we have two weighings,
we look at two-digit numbers, of which there are 9, from 0 to 8 in base 10. In base 3, if we
fill in the leading 0s, they are 11 and the 4 pairs (00,22), (01,21), (12,10) and (20,02). The
fake coin is one of 4, and it may be heavy or light. Thus there are 8 possible outcomes in
our investigation. With 9 available numbers, it makes sense to assign 11 to the coin which
is known to be real. We intend to divide the 5 coins into two groups of 2 with 1 left over,
and then weigh them two on two using a system similar to that in Example 7.3.4. So among
the 4 labels for the other coins, we want two with 0 as their first digits, two with 1 as their
first digits, and one with 2 as its first digit. The same applies to their second digits. The
desired properties are obtained by taking the first label in each of the pairs above. So they
are the labels for the other 4 coins. The second label in each pair is called the complement
of the label, in that 1 remains the same while 0 and 2 are interchanged. For now, assume
that the fake coin is heavy. In the first weighing, place the two coins with 0 as the first
digits of their labels in one pan and those with 1 as the first digits of their labels in other
pan. In the second weighing, place the two coins with 0 as the second digits of their labels
in one pan and those with 1 as the second digits of their labels in other pan. Thus we can
determine the label of the fake coin, on the assumption that it is heavy. If this is indeed
the label of a coin, we have identified the fake coin, and it is heavy. If instead this is the
complement of the label of a coin, we still have identified the fake coin, but it is light.

Exercises 7.4
1. The first player can take away the two stones in the second pile of (1,2,4,5) and leave behind

(1,0,4,5). This is equivalent to (1,4,5), which is a safe position by Example 4.4.3.

3. The chart below shows that (2,5,7) is a safe position.

First player moves Response
(1,5,7) (2,5,4) (1,5,4)
(0,5,7) (2,5,5) (0,5,5)
(2,0,7) (2,5,2) (2,0,2)
(2,1,7) (2,5,3) (2,1,3)
(2,2,7) (2,5,0) (2,2,0)
(2,3,7) (2,5,1) (2,3,1)
(2,4,7) (2,5,6) (2,4,6)
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5. Note that (1,3,4,6) is a safe position by Exercise 2. Also, (0,2,5,7) is equivalent to (2,5,7),
which by Exercise 3 is a safe position. The chart below shows that (1,3,5,7) is a safe position.

First player moves Response
(0,3,5,7) (1,2,5,7) (0,2,5,7)
(1,3,0,7) (1,3,5,2) (1,3,0,2)
(1,1,5,7) (1,3,5,5) (1,1,5,5)
(1,0,5,7) (1,3,5,4) (1,0,5,4)
(1,3,4,7) (1,3,5,6) (1,3,4,6)
(1,3,3,7) (1,3,5,1) (1,3,3,1)
(1,3,2,7) (1,3,5,0) (1,3,2,0)
(1,3,1,7) (1,3,5,3) (1,3,1,3)

7. From the chart below, we see that (6,7,10,11) is a safe position.

Base Base 2 Numbers
10 Chests Cartons Cases Cells

Numbers digit digit digit digit

6 0 1 1 0
7 0 1 1 1

10 1 0 1 0
11 1 0 1 1

Total 2 2 4 2

9. After the opening move, we reach the following position:

Base Base 2 Numbers
10 Crates Chests Cartons Cases Cells

Numbers digit digit digit digit digit

22 1 0 1 1 0
17 1 0 0 0 1
26 1 1 0 1 0
27 1 1 0 1 1

Total 4 2 1 3 2

The sole 1 under the cartons digit must go, and this means that stones must be removed
from the first pile. We change this to 0 and replace the remaining digits (as well as the base
10 total) in this row with question marks.

Base Base 2 Numbers
10 Crates Chests Cartons Cases Cells

Numbers digit digit digit digit digit

? 1 0 0 ? ?
17 1 0 0 0 1
26 1 1 0 1 0
27 1 1 0 1 1

Total 4 2 0 2 2
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Since the numbers of 1s under the cases digit and the cells digit are both even, the corre-
sponding question marks must be replaced by 0s. Hence the number of stones remaining
in the first pile is 100002 = 16. Thus the second player’s winning move is to remove
22 − 16 = 6 stones from the first pile, leaving behind the following safe position:

Base Base 2 Numbers
10 Crates Chests Cartons Cases Cells

Numbers digit digit digit digit digit

16 1 0 0 0 0
17 1 0 0 0 1
26 1 1 0 1 0
27 1 1 0 1 1

Total 4 2 0 2 2

11. Consider the opening position:

Base Base 2 Numbers
10 Crates Chests Cartons Cases Cells

Numbers digit digit digit digit digit

21 1 0 1 0 1
22 1 0 1 1 0
23 1 0 1 1 1
29 1 1 1 0 1

Total 4 1 4 2 3

The sole 1 under the cartons digit must go, and this means that stones must be removed
from the first pile. We change this to 0 and replace the remaining digits (as well as the base
10 total) in this row with question marks.

Base Base 2 Numbers
10 Crates Chests Cartons Cases Cells

Numbers digit digit digit digit digit

21 1 0 1 0 1
22 1 0 1 1 0
23 1 0 1 1 1
? 1 0 ? ? ?

Total 4 0 3 2 2

Since the number of 1s under the carton digit is odd, the corresponding question mark must
be replaced by a 1. Since the numbers of 1s under the cases digit and the cells digit are
both even, the corresponding question marks must be replaced by 0s. Hence the number
of stones remaining in the first pile is 101002 = 20. Thus the winning opening move is
to remove 29 − 20 = 9 stones from the fourth pile, leaving behind the following safe
position:
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Base Base 2 Numbers
10 Crates Chests Cartons Cases Cells

Numbers digit digit digit digit digit

21 1 0 1 0 1
22 1 0 1 1 0
23 1 0 1 1 1
20 1 0 1 0 0

Total 4 0 4 2 2
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Bézoutian Algorithm, 94
Chinese Remainder Algorithm, 87
Division Algorithm, 47
Euclidean Algorithm, 66

Anti-symmetric Property
for divisibility, 29
for equality, 19
for inequalities, 19

Associative Law
for addition, 3
for addition of congruences, 53
for greatest common divisors, 72
for least common multiples, 79
for multiplication, 7
for multiplicaton of congruences, 53

Binary operation, 4
Binary relation, 19

Cancellation Law
for addition, 5
for addition of congruences, 53
for multiplication, 6
for multiplication of congruences, 84

Casting out nines, 56
Closure Property

for addition, 3
for multiplication, 6

Commutative Law
for addition, 2

for addition of congruences, 53
for greatest common divisors, 70
for least common multiples, 79
for multiplication, 6
for multiplication of congruences, 53

Complex number, 150
Composite number, 116
Conclusion, 32
Conditional statement, 32
Congruence, 50
Consecutive numbers, 3
Counter-example, 8
Counting number, 1
Cube root, 150

comparison method, 152
Newton’s method, 152

Decimal, 138
decimal point, 138
non-recurrent, 144
recurrent, 140
terminating, 139

Denominator, 134
Digit, 1

alternate digit sum, 57
digit sum, 56
digital root, 56

Diophantine equation, 91
homogeneous equation, 99
linear equation, 99
non-linear equaions, 112
non-homogeneous, 99

Distributive Law
exponentiation over multiplication, 11
multiplication over addition, 8
multiplication over addition for congruences,

53

221



222 Index

Distributive Law (cont.)
multiplication over greatest common divisors,

71
multiplication over least common multiples,

78
Divisibility, 27
Division, 46
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